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IJBGPBIU�KI?PB:EVGHC�L?HJBB� 
BGNHJF:PBB 

Ki_pbZevghc� l_hjb_c�bgnhjfZpbb� y\ey_lky� l_hjby�� hkgh\ZggZy�gZ�

aZdhg_�dhfihabpbb�f_j�bgnhjfZpbb�k� 0ω ≠ �b�bf_xsZy�]_hf_ljbq_kdh_�

ij_^klZ\e_gb_�� BamqZxlky� ^\Z� lbiZ� ]_hf_ljbc� ^\mf_jguo� ]eh[Zevguo�

Zgbahljhiguo�f_ljbq_kdbo�ijhkljZgkl\�Fbgdh\kdh]h�f_j�bgnhjfZpbb�k�

0ω > �b� 0ω < ��khhl\_lkl\mxsb_�LbiZf�I �b�III h[s_c�deZkkbnbdZpbb�f_j�

bgnhjfZpbb��b� \\h^ylky� h[h[s_ggu_� ]bi_j[hebq_kdb_�b� ljb]hghf_ljb�

q_kdb_�f_ju��WlZ�]eZ\Z�baeZ]Z_lky�[_a�dZdbo-eb[h�ij_l_gabc�gZ�iheghlm��
Ij_^eZ]Zxlky� lhevdh� l_� \hijhku�� dhlhju_� b]jZxl� p_gljZevgmx� jhev� \�

]_hf_ljbq_kdhf� ij_^klZ\e_gbb� l_hjbb� bgnhjfZpbb��Imlv� Z\lhjZ� \� jZk�

kfZljb\Z_fhc�ijh[e_f_�k\yaZg�k�ZgZeh]bqguf�ih^oh^hf�\�l_hjbb��h[h[�

sZxs_c�ki_pbZevgmx� l_hjbx�hlghkbl_evghklb� >���� ����� ���@�gZ�hkgh\_�

aZdhgZ� dhfihabpbb� kdhjhkl_c�� dhlhjuc� ih� nhjf_� kh\iZ^Z_l� k� aZdhghf�

dhfihabpbb�wgljhibc� 
>\mf_jguf� f_ljbq_kdbf� ijhkljZgkl\hf� Fbgdh\kdh]h� gZau\Z_lky�

ijhkljZgkl\h��\�dhlhjhf�jZ^bmk-\_dlhj� { },= η ξR
G

�bf__l�^ebgm�>��@� 

 ( ),F= η ξR
G

.   (6.0.1) 

A^_kv� f_ljbq_kdZy� nmgdpby� F � aZ^Z_l� f_ljbdm� \� iehkdhf� b� ]eh[Zevgh�

Zgbahljhighf�ijhkljZgkl\_�b�m^h\e_l\hjy_l�ke_^mxsbf�mkeh\byf� 

 1. ( ) ( ), ,F a a aFη ξ = η ξ , 0a > , 

( ) ( ), ,F F−η −ξ = η ξ ;                                    (6.02) 
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 2. ( ), 0F η ξ > ;   

3. ( ) ( ) ( )1 2 1 2 1 1 2 2, , ,F F Fη + η ξ + ξ ≤ η ξ + η ξ .                 (6.0.2) 

Iehkdh_�beb�bkdjb\e_ggh_�ehdZevgh�Zgbahljhigh_�ijhkljZgkl\h�gZ�

au\Z_lky�\�^bnn_j_gpbZevghc�]_hf_ljbb�ijhkljZgkl\hf�Nbgke_jZ�b�oZ�

jZdl_jbam_lky�f_ljbq_kdhc�nmgdpb_c� 

 ( ),d F x dx=R
G

.  (6.0.3) 

<�wlhc�]eZ\_�bkke_^mxlky�k\hckl\Z�gh\uo�wgljhibc�b�bgnhjfZpbc�

jZaebqby�\�ik_\^h_\deb^h\hc�b�_\deb^h\hc�]_hf_ljbyo�f_j�bgnhjfZpbb��

<� jZkkfZljb\Z_fhc� l_hjbb� ijhkljZgkl\h� Fbgdh\kdh]h� kh� k\hckl\Zfb�

��������b� ��������nhjfbjm_lky�gZ�f_jZo�bgnhjfZpbc��]^_�dhhj^bgZlu� η �b�

ξ �_klv�nmgdpbb�f_j��GZqZeh�bkke_^h\Zgbc�[ueh�iheh`_gh�\�fhgh]jZnbb�

>��@�b�\�klZlvyo�Z\lhjZ�>�� – 24]. 

�����AZdhgu�dhfihabpbb�nmgdpbc�wgljhibb 

<uibr_f�khhlghr_gby��\ul_dZxsb_�ba� aZdhgZ�dhfihabpbb� wgljh�

ibc 

 1 2 1 2

1 21

H H H H
H

H H

+ + ε
=

+ ω
.  (6.1.1) 

>ey�wlh]h�ij_h[jZam_f�jZ\_gkl\h����������ke_^mxsbf�h[jZahf 

 

1 2 1 2

2 2 2
1 1 2 2

1

2 2
1 1 2 2

2

2 2
2 2 1 1

1 2

2 2
1 1 2 2

1 1 1

1

1 1

1

1 1

,
1 1

H H H HH

H H H H H H

H

H H H H

H

H H H H

H H

H H H H

+ + ε
= =

+ ε − ω + ε − ω + ε − ω

= ⋅ +
+ ε − ω + ε − ω

+ ⋅ +
+ ε − ω + ε − ω

+ε ⋅
+ ε − ω + ε − ω

 

 (6.1.2)
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2 2 2

1 1 2 2

1 2

2 2
1 1 2 2

1 1 1

1 1 1

1 1

H H H H H H

H H

H H H H

= ⋅ +
+ ε − ω + ε − ω + ε − ω

+ω ⋅
+ ε − ω + ε − ω

 

 (6.1.3)

 

b��bkihevamy�\ujZ`_gby 

 

1

2 2
1 1 1 1

2
2

1

2
1 1

1

21 1

1 ,
4 1

H

H H H H

H

H H

  ε  = − +
  + ε − ω + ε − ω 

   ε  + + + ω   + ε − ω    

 

 (6.1.4)

 

 

2

2 2
2 2 2 2

2
2

2

2
2 2

1

21 1

1 ,
4 1

H

H H H H

H

H H

  ε  = − +
  + ε − ω + ε − ω 

   ε  + + + ω   + ε − ω    

 

 (6.1.5)

 

hdhgqZl_evgh�ihemqbf�aZdhgu�dhfihabpbb�nmgdpbc�wgljhibb 

 1 2

2 2 2
1 1 2 21 1 1

H HH

H H H H H H

        = =     + ε − ω + ε − ω + ε − ω     
D  

 1 2

2 2
1 1 2 2

21 1

H H

H H H H

  ε  = − +
  + ε − ω + ε − ω 

 

 

2
2

2 2

2 2
2 2 2 2

1
4 1 1

H H

H H H H

   ε  + + + ω + ×   + ε − ω + ε − ω    
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2
2

1 1

2 2
1 1 1 1

1
2 41 1

H H

H H H H

      ε ε    × − + + + ω +      + ε − ω + ε − ω      

 

 1 2

2 2
1 1 2 21 1

H H

H H H H
+ε ⋅

+ ε − ω + ε − ω
,  (6.1.6) 

2 2 2
1 1 2 2

2 2 2
1 1 2 2 1 1

2
2

2 2
1 1 2 2

1 1 1

1 1 1

1 1 1 1

21 1 1

1 1

4 21 1

H H H H H H

H H H H H H

H H H H

        = =     + ε − ω + ε − ω + ε − ω     
 ε  = + −ω  + ε − ω + ε − ω + ε − ω 

     ε ε   − + ω − ω −      + ε − ω + ε − ω     

D

 

 

2
2

2
2 2

1

4 1 H H

   ε  − + ω − ω   + ε − ω    

.  (6.1.7) 

Wgljhiby�b� \\_^_ggu_�nmgdpbb�� h[eZ^Zxsb_� ]jmiih\ufb� k\hckl�

\Zfb�� y\eyxlky� hkgh\hc� ^ey�bkihevah\Zgby� khhl\_lkl\mxsbo� ]_hf_ljb�

q_kdbo�ij_^klZ\e_gbc�k�h[h[s_ggufb�]bi_j[hebq_kdbfb�b�ljb]hghf_l�

jbq_kdbfb�nmgdpbyfb� 

�����H[h[s_ggu_�]bi_j[hebq_kdb_�nmgdpbb� 
f_j�bgnhjfZpbb 

>ey� gZ]ey^ghklb� jZkkfhljbf� nbabq_kdb_� [_ajZaf_jgu_� f_ju� bg�

nhjfZpbc�jZaebqguo� lbih\�b��ke_^h\Zl_evgh��bf__f� 1λ = − �\�nhjfmeZo�

��������� b� ���������� Bkihevam_f� bahfhjngh_� hlh[jZ`_gb_� ]jmiiu� ihem�

ghjf�jZkij_^_e_gbc�gZ�]jmiim�ljb]hghf_ljbq_kdbo�m]eh\� 



 302 

 

1/( 1)

1 1ln ( ), ( )

qm
q
i

i
q q q m

i
i

p
N p N p

p

−

− −

 
 

α = − =  
   

∑

∑
,  (6.2.1) 

 

1/( 1)
1

1 1ln ,

qm
q q
i i

i
q q q m

i
i

p u
p p

N N
u u p

−
−

− −

 
    ′α = =            

∑

∑
.  (6.2.2) 

Ijb� 1q = �ihemghjfu�ij_h[jZamxlky�\�kj_^gb_�]_hf_ljbq_kdb_�jZk�

ij_^_e_gbc�b�lh]^Z�ihemqbf 

 
( )ln

ln ( ), ( ) exp

m

i i
i

m

i
i

p p
N p N p

p

 
 

α = − =  
 
  

∑

∑
,  (6.2.3) 

 

ln

ln , exp

m
i

i
i i

m

i
i

p
p

up p
N N

u u p

  
         ′α = =          
  

∑

∑
.  (6.2.4) 

AZdhgu�dhfihabpbb�ljb]hghf_ljbq_kdbo�m]eh\�\ujZ`Zxlky�\�\b^_�

h[uqgh]h�keh`_gby 

 1 2 1 2q q q q qα = α α = α + αD , 1 2 1 2q q q q q
′ ′ ′ ′ ′α = α α = α + αD ,  (6.2.5) 

]^_� qα , 1qα �b� 2qα �khhl\_lkl\mxl�jZkij_^_e_gbyf� ij i jp p p= , ip �b� jp �b�

bf_xl� ]jmiih\u_� k\hckl\Z� dhffmlZlb\ghklb�� Z� lZd`_� ZkkhpbZlb\ghklb��

?^bgbqgufb�we_f_glZfb�]jmii�y\eyxlky�gme_\u_�agZq_gby��Z�h[jZlgufb�– 

ijhlb\hiheh`gu_�agZq_gby� ( )q−α �b� ( )q
′−α . 

JZkkfhljbf�hlh[jZ`_gb_�nmgdpbc� wgljhibb�\�Lbi_� I �h[s_c�deZk�

kbnbdZpbb� f_j� bgnhjfZpbc�� Ba� �������� –� �������� ke_^mxl� \ujZ`_gby�

h[h[s_gguo�]bi_j[hebq_kdbo�nmgdpbc� 
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( )
2

Sinh
1

q

H

H H

ωωα =
+ ε − ω

, ( )
2

1
Cosh

1
q

H H
ωα =

+ ε − ω
,  (6.2.6) 

 ( ) ( )
( )

Sinh
Tgh

Cosh

q

q

q

H
ωα

ωα = = ω
ωα

,  (6.2.7) 

 ( ) ( )
( ) ( )

Cosh 1
Ctgh

Sinh Tgh

q

q

q q

ωα
ωα = =

ωα ωα
.  (6.2.8) 

Bkihevamy� bkoh^guc� aZdhg� dhfihabpbb� wgljhibc� ��������� Z� lZd`_�

khhlghr_gby���������b����������ihemqbf�nhjfmeu� 
���L_hj_fu�keh`_gby�Zj]mf_glh\�� 

 

( ) ( )
( ) ( ) ( ) ( )

( ) ( ) ( )

1 2

1 2 2 1

1 2

Sinh Sinh

Sinh Cosh Sinh Cosh

Sinh Sinh ,

q q q

q q q q

q q

 ωα = ω α + α = 

= ωα ωα + ωα ωα +

+ ε ω ωα ωα

 

 (6.2.9)

 

 
( ) ( )

( ) ( ) ( ) ( )
1 2

1 2 1 2

Cosh Cosh

Cosh Cosh Sinh Sinh .

q q q

q q q q

 ωα = ω α + α = 

= ωα ωα + ωα ωα
 
 (6.2.10)

 

( ) ( )
( ) ( ) ( ) ( ) ( )

( ) ( )

1 2

2 1 21

1 2

Tgh Tgh

Tgh Tgh Tgh Tgh
,

1 Tgh Tgh

q q q

q q qq

q q

 ωα = ω α + α = 

+ ωα + ε ω ωα ωαωα
=

+ ωα ωα
(6.2.11)

 

 

( ) ( )
( ) ( )

( ) ( ) ( )

1 2

1 2

1 2

Ctgh Ctgh

Ctgh Ctgh 1
.

Ctgh Ctgh

q q q

q q

q q

 ωα = ω α + α = 

ωα ωα +
=

ωα + ωα + ε ω

 
 (6.2.12)

 

���Khhlghr_gby�f_`^m�nmgdpbyfb� 

( ) ( ) ( ) ( ) ( )2 2Cosh Cosh sinh Sinh 1,q q q qωα + ε ω ωα ωα − ωα =   (6.2.13) 

 ( ) ( ) ( ) ( )
2

2

1
Cosh

1 Tgh Tgh
q

q q

ωα =
+ ε ω ωα − ωα

,  (6.2.14) 
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 ( ) ( )
( ) ( ) ( )

2

2

2

Tgh
Sinh

1 Tgh Tgh

q

q

q q

ωα
ωα =

+ ε ω ωα − ωα
.    (6.2.15) 

���Nmgdpbb�^\hcgh]h�Zj]mf_glZ�� 

 
( ) ( ) ( )

( ) ( )2

Sinh 2 2Sinh Cosh

Sinh ,

q q q

q

ω α = ωα ωα +

+ ε ω ωα
 

 (6.2.16)
 

 ( ) ( ) ( )2 2Cosh 2 Cosh Sinhq q qω α = ωα + ωα ,  (6.2.17) 

 ( ) ( ) ( ) ( )
( )

2

2

2Tgh Tgh
Tgh 2

1 Tgh

q q

q

q

ωα + ε ω ωα
ω α =

+ ωα
,  (6.2.18) 

 ( ) ( )
( ) ( )

2Ctgh 1
Ctgh 2

2Ctgh

q

q

q

ωα +
ω α =

ωα + ε ω
.  (6.2.19) 

���KmffZ�nmgdpbc� 

 

( ) ( )1 2

1 2 1 2

1 2 1 2

Sinh Sinh

2Sinh Cosh
2 2

Sinh Sinh ,
2 2

q q

q q q q

q q q q

ωα + ωα =

 α + α   α − α    
= ω ω +                  

 α + α   α − α    ε+ ω ω         ω          

  

(6.2.20)

 

 

( ) ( )1 2

1 2 1 2

1 2 1 2

Cosh Cosh

2Cosh Cosh
2 2

Cosh Sinh ,
2 2

q q

q q q q

q q q q

ωα + ωα =

 α + α   α − α    
= ω ω +                  

 α + α   α − α    ε+ ω ω         ω          

 

 (6.2.21)
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( ) ( )
( ) ( ) ( ) ( )

( ) ( )

1 2

1 2 1 2

1 2

Tgh Tgh

Sinh Sinh Sinh
,

Cosh Cosh

q q

q q q q

q q

ωα + ωα =

 ω α + α − ε ω ωα ωα =
ωα ωα

 
 (6.2.22)

 

       

( ) ( )
( ) ( ) ( ) ( )

( ) ( )

1 2

1 2 1 2

1 2

Ctgh Ctgh

Sinh Sinh Sinh
.

Sinh Sinh

q q

q q q q

q q

ωα + ωα =

 ω α + α − ε ω ωα ωα =
ωα ωα

  
(6.2.23)

 

���H[jZlgu_�nmgdpbb� 

        ( )2 2 2

2

1
ArcSinh ln 1 4 1 4 1

1 4
x x x = + ε ω + + ε ω +  + ε ω

,  (6.2.24) 

      ( )2 2 2

2

1
ArcCosh ln 1 4 1 4 1

1 4
x x x = + ε ω + + ε ω −  + ε ω

,  (6.2.25) 

          
( )
( )

2

2 2

1 1 4 41
ArcTgh ln

2 1 4 1 1 4 4

x
x

x

 + + ε ω − ε ω =  + ε ω − + ε ω + ε ω  

,  (6.2.26) 

         
( )
( )

2

2 2

1 1 4 41
ArcCtgh ln

2 1 4 1 1 4 4

x
x

x

 + + ε ω − ε ω =  + ε ω − + ε ω + ε ω  

,  (6.2.27) 

���Kmffu�h[jZlguo�nmgdpbc� 

 ( ) ( )2 2 2 2

ArcSinh ArcSinh

ArcSinh 1 4 1 1 4 1 ,

x y

x y y x

+ =

 = + ε ω + + + ε ω +  
  

(6.2.28)
 

 ( ){
( ) }

2 2

2 2

ArcCosh ArcCosh 

ArcCosh 1 4 1 2

1 4 1 2 ,

x y

xy x x

y y

+ =

 = + + ε ω − + ε ω ×  

 × + ε ω − + ε ω  

  

(6.2.29)

 

 
( )

ArcCtgh ArcCtgh ArcCtgh
1

x y xy
x y

xy

 + + ε ω
 + =
 +
 

,  (6.2.30) 
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 ( )
1

ArcCtgh ArcCtgh ArcCtgh
xy

x y
x y

 + + =
 + + ε ω 

.  (6.2.31) 

���Ijhba\h^gu_� 

 
( ) ( ) ( ) ( )Sinh

Cosh 4 Sinh
q

q q
q

d

d

ωα
= ωα + ε ω ωα

ω α
,  (6.2.32) 

 
( ) ( ) ( ) ( )Cosh

Sinh 4 Cosh
q

q q
q

d

d

ωα
= ωα − ε ω ωα

ω α
,  (6.2.33) 

 
( ) ( ) ( ) ( )

( )2

Tgh 1 Cosh Sinh

Cosh

q q q

q q

d

d

ωα − ε ω ωα ωα
=

ω α ωα
,  (6.2.34) 

 
( ) ( ) ( ) ( )

( )2

Ctgh 1 Cosh Sinh

Sinh

q q q

q q

d

d

ωα − ε ω ωα ωα
= −

ω α ωα
,  (6.2.35) 

 
( )2 2

Ark6LQK �

1 1 4

d x

dx x
=

+ + ε ω
,  (6.2.36) 

 
( )2 2

Ark&RVK �

1 4 1

d x

dx x
=

+ ε ω −
,  (6.2.37) 

 ( ) 2

Ark7JK �

1

d x

dx x x
=

+ ε ω −
, 1x < ,  (6.2.38) 

 ( ) 2

ArcCtgh 1

1

d x

dx x x
= −

+ ε ω −
.  (6.2.39) 

Nhjfmeu� n -djZlgh]h�b�iheh\bggh]h�Zj]mf_glZ��Z�lZd`_�^jm]b_�kh�
hlghr_gby�e_]dh�\u\h^ylky�ba����2.6) – (6.2.39). 

<� kemqZ_� bgnhjfZpbb� jZaebqby� bf__f� h[h[s_ggu_� ]bi_j[hebq_�

kdb_�nmgdpbb 

 ( )Tgh q I′ωα = − ω , ( ) ( )
1

Ctgh
Tgh

q

q

′ωα =
′ωα

,  (6.2.40) 
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( )
2

Sinh
1

q

I

I I

ω′ωα = −
− ε − ω

,    ( )
2

1
Cosh

1
q

I I
′ωα =

− ε − ω
.  (6.2.41) 

<� aZdexq_gb_� \\_^_f� ij_^klZ\e_gby� Z[_e_\hc� ]jmiiu� wgljhibc�

nmgdpbyfb� ( )1 Hϕ �b� ( )2 Hϕ ��dhlhju_�gZoh^ylky�\�ke_^mxs_f�khhl\_lkl�

\bb�k�we_f_glZfb�wgljhibc 

 
( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( )
1 1 1 2 1 1 2 2 1 2 2 1

1 1 1 2 ,

H H H H H H H

H H

ϕ = ϕ = ϕ ϕ + ϕ ϕ +

+ ε ω ϕ ϕ

D

  
(6.2.42)

 

 ( ) ( ) ( ) ( ) ( ) ( )2 2 1 2 2 1 2 2 1 1 1 2H H H H H H Hϕ = ϕ = ϕ ϕ + ϕ ϕD .  (6.2.43) 

Nmgdpbb� k� mkeh\byfb� ( )1 0 0ϕ = � b� ( )2 0 1ϕ = � m^h\e_l\hjyxl� ke_�

^mxs_fm�jZ\_gkl\m 

 ( ) ( ) ( ) ( ) ( )2 2
2 1 2 1 1H H H Hϕ + ε ω ϕ ϕ − ϕ = .  (6.2.44) 

Lh]^Z�ijb�ba\_klghf�aZdhg_�dhfihabpbb�wgljhibc���������h^ghagZq�

gh�\ul_dZxl�\ujZ`_gby 

 ( )1 21

H
H

H H

ωϕ =
+ ε − ω

, ( )2 2

1

1
H

H H
ϕ =

+ ε − ω
,  (6.2.45) 

jZ\gu_�h[h[s_gguf�]bi_j[hebq_kdbf�nmgdpbyf��������� 

�����=_hf_ljbq_kdh_�ij_^klZ\e_gb_� 
k�ik_\^h_\deb^h\uf�b�]Zebe__\uf��ij_^_ehf� 

^ey�f_ljbq_kdhc�nmgdpbb 

Kh]eZkgh� j_amevlZlZf� jZa^_eZ� ����� aZibr_f� aZdhg� dhfihabpbb� wg�

ljhibc���������lZd 

 ( ) ( )1 2 1 2 1 2
1 2

1 2 1 21

H H H H
H H H

H H

+ + ε − ε
= =

+ ε ε
D .  (6.3.1) 

Ih^klZ\eyy�\�h[h[s_ggu_�]bi_j[hebq_kdb_�nmgdpbb�agZq_gb_�wgljhibb�

���������k� 1λ = − �^ey�aZdhgZ�dhfihabpbb���������\�\b^_ 

 

( ) ( )

( ) ( )
( ) ( )

( ) ( )

1 2

1 2

1 2 1 2 1 2

1 2 1 2 1 2

1 1

2 1 1 1

2 2

2 2
2 1 2 1

,
q q q q

q q q q

q q

q q

N p N p
H

N p N p

e e e e

e e e e

−ε ε

− −
−ε ε

− −

ε α −ε α ε +ε α − ε +ε α

ε α −ε α ε +ε α − ε +ε α

   −   = =
   ε + ε   

− −= =
ε + ε ε + ε

  (6.3.2) 
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k�ba\_klgufb�agZq_gbyfb�iZjZf_ljh\� 1 2ε = ε − ε , 1 2ω = ε ε �b� 0D > ��ihem�

qbf�nhjfmeu 

 ( )
( ) ( )

( ) ( )
1 2 1 2

1 2 1 2

2 2

1 2 1 2 2 2

2 1

Tgh
q q

q q
q

e e

e e

ε +ε α − ε +ε α

ε +ε α − ε +ε α

−ε ε α = ε ε
ε + ε

, (6.3.3) 

 

( )
( ) ( )

( ) ( )

( )

1 2

1 2

1 2 1 2

1 2 1 2 2

1 2

2 2

1 2
1 2

Sinh

,

q q

q

q q

q

e e

e

e e

ε α −ε α

ε −ε α

ε +ε α − ε +ε α

−ε ε α = ε ε =
ε + ε

−= ε ε
ε + ε

 

 (6.3.4)

 

 

( )
( ) ( )

( ) ( )

( )

1 2

1 2

1 2 1 2

2 1
1 2 2

1 2

2 2

2 1

1 2

Cosh

,

q q

q

q q

q

e e

e

e e

ε α −ε α

ε −ε α

ε +ε α − ε +ε α

ε + ε
ε ε α = =

ε + ε

ε + ε
=

ε + ε

 

 (6.3.5)

 

 ( ) ( ) ( )1 2 2

1 2 1 2 1 2Cosh Sinh q
q q e

ε +ε αε ε α + ε ε ε ε α = ,  (6.3.6) 

 ( ) ( ) ( )1 2 2

1 2 2 1 1 2Cosh Sinh q
q q e

− ε +ε αε ε α − ε ε ε ε α = .  (6.3.7) 

<� �������� wgljhiby� bf__l� dhg_qguc� bgl_j\Ze� agZq_gbc�

( ) ( )1 21 1H− ε < < ε . 

Ijb� mfgh`_gbb� khhlghr_gby� �������� gZ� �������� \ul_dZ_l� nhjfmeZ�

����������Z�ijb�^_e_gbb�–�wdkihg_gpbZevgZy�nmgdpby 

 ( ) ( ) ( )
( ) ( )

1 2 1 2 1 2 1 2

1 2 2 1 1 2

Cosh Sinh

Cosh Sinh
q q q

q q

e
ε +ε α ε ε α + ε ε ε ε α

=
ε ε α − ε ε ε ε α

.  (6.3.8) 

<aZbfhk\yav� h[h[s_gguo� ]bi_j[hebq_kdbo� nmgdpbc� k� h[uqgufb�

]bi_j[hebq_kdbfb�nmgdpbyfb�^Z_lky�khhlghr_gbyfb 

 ( ) ( )
1 2 1 2

1 2
1 2

2
Sinh sinh

2q q

ε ε ε + ε ε ε α = α ε + ε  
,  (6.3.9) 
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( ) 1 2
1 2

1 2 1 2

1 2

Cosh cosh
2

sinh ,
2

q q

q

ε + ε ε ε α = α − 
 

 ε − ε ε + ε − α    ε + ε   

 

 (6.3.10)

 

 ( )
1 2

1 2
1 2

1 2 1 2 1 2

1 2

tgh
2 2

Tgh

1 tgh
2

q

q

q

 ε + ε  α  ε ε    ε ε α =   ε + ε  ε − ε ε + ε   − α     ε + ε    

,  (6.3.11) 

ba�dhlhjuo�\ul_dZxl�jZ\_gkl\Z 

 ( ) ( )1 2 1 2Sinh Sinh 0q qε ε α + − ε ε α = ,  (6.3.12) 

 

( ) ( )
( )

1 2 1 2

1 2
1 2

1 2

Cosh Cosh

Sinh ,

q q

q

ε ε α − − ε ε α =

 ε − ε
 = − ε ε α
 ε ε 

 
 (6.3.13)

 

 
( )
( )

( )
( )

1 2 1 2 2 1 1 2

2 1 1 2 1 2 1 2

1 Tgh 1 Tgh

1 Tgh 1 Tgh

q q

q q

+ ε ε ε ε α − ε ε − ε ε α
=

− ε ε ε ε α + ε ε − ε ε α
,  (6.3.14) 

 ( ) ( )
1 2

11 2 1 2 2

1 1

Tgh Tghq q

 ε − ε + = −
 ε εε ε α − ε ε α  

,  (6.3.15) 

 ( ) ( )
( )

1 2

1 2

1 2
1 2

1 2

Tgh
Tgh

1 Tgh

q

q

q

− ε ε α
ε ε α = −

 ε − ε
 − − ε ε α ε ε 

,  (6.3.16) 

 ( ) ( )
( )

1 2

1 2

1 2

Sinh
Tgh

Cosh

q

q

q

− ε ε α
− ε ε α =

− ε ε α
.  (6.3.17) 

Nmgdpbb� ( )1 2Cosh qε ε α �b� ( )1 2Tgh qε ε α �g_�y\eyxlky�kbff_ljbq�

gufb�hlghkbl_evgh�aZf_gu� qα �gZ� ( )q−α . 

Mqblu\Zy� nhjfmeu� h[h[s_gguo� ]bi_j[hebq_kdbo� nmgdpbc�� ba�
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��������� b� ��������� \ul_dZ_l� khhl\_lkl\mxs__� fZljbqgh_� ij_^klZ\e_gb_�

]jmii�f_j�bgnhjfZpbc�\�ljb]hghf_ljbq_kdhf�\b^_ 

( )

( )
( ) ( )

( ) ( )

1 2

1 2 1 21 2
1 2

1 2

1 2 1 2
1 2

Cosh

Sinh
Sinh

1
Sinh Cosh

q

q

q

q
q

q q

e
−να

  ε ε α +  
 ε ε ε ε α ε − ε
 + ε ε α α = ε ε    
 ε ε α ε ε α  ε ε 

A ,  (6.3.18) 

( )

( )
( ) ( )

( ) ( )

1 2

1 2 1 21 2
1 2

1 2

1 2 1 2
1 2

Cosh

Sinh
Sinh

1
Sinh Cosh

q

q

q

q
q

q q

e
′να

  ′ε ε α +  
 ′− ε ε ε ε α ε − ε

′ + ε ε α ′α = ε ε    
 ′ ′− ε ε α ε ε α  ε ε 

A .  (6.3.19) 

>Ze__�^ey�kemqZy�]jmiiu�wgljhibc�hij_^_ebf�^\mf_jgh_�ijhkljZg�

kl\h�k�dhhj^bgZlgufb�hkyfb� η �b� ξ ��Ijhba\hevgZy�lhqdZ�\�wlhc�kbkl_f_�

dhhj^bgZl��aZ^ZggZy�jZ^bmk-\_dlhjhf� ( ),= η ξR
G

��hij_^_ey_lky�jZkklhygb�

_f�beb�^ebghc� R
G

�hl�p_gljZ�dhhj^bgZl�b�m]ehf� qα ��qlh�hljZ`Z_lky�kh�

hlghr_gbyfb 

( )1 2Coshq
qe

−ναη = ε ε αR
G

, ( )1 2Sinhq
qe

−ναξ = ε ε αR
G

.  (6.3.20) 

Lh]^Z�ihemqbf�\ujZ`_gb_ 

 ( )
1 2

1 2 2 21 2

2 1 1 2

,F

ν
ε +ε η + ε ε ξ ε − ε

 = η ξ = η + ηξ − ξ
 η − ε ε ξ ε ε 

R
G

  (6.3.21) 

k�wd\b\Ze_glghc�nhjfhc 

 
( )

( ){ }

1 2 21
1 2 1 2

2

2

1
1

1

exp 2 Ark7JK � �

H
H H

H

H H H

ν
ε +ε + ε

= η + ε − ε − ε ε =  − ε 
 = η ν ω + ε − ω 

R
G

 

 (6.3.22)

 

]^_� ( )1 2 1 2Tgh q Hε ε α = ξ η = ε ε . 
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Ij_h[jZah\Zgb_�dhhj^bgZl 

( )
( ) ( )

( ) ( )

1 2

1 21 2
1 2

1 2

1 2 1 2

Cosh

Sinh
Sinh

Sinh Cosh

q

q

q
q

q q

e
−να

  ε ε α +  ′ξ ξ    ε ε α ε − ε    + ε ε α =   ε ε       ′η η    
 ε ε α ε ε α 

  (6.3.23) 

ijb�ih\hjhl_�bkoh^ghc�kbkl_fu�dhhj^bgZl�gZ�m]he� qα �hklZ\ey_l�nhjf-

bg\ZjbZglguf�agZq_gb_�jZkklhygby���������� 
>ey� jZkkfZljb\Z_fhc� kbkl_fu� dhhj^bgZl� bf__f� \f_klh� fZljbpu�

���������ke_^mxs__�fZljbqgh_�ij_^klZ\e_gb_ 

 
1 2

2 1

1 2

1
( )

1

H
H

H

ν−
ε +ε − ε ε

 = ×
 + ε ε 

A  

( )
( ) ( )

( ) ( )

1 2 1 2 1 2

2 2
1 2 1 2 1 2 1 2

1 2

2 2
1 2 1 2 1 2 1 2

1

1 1

1

1 1

H H

H H H H

H

H H H H

 + ε − ε ε ε ε ε
 
 + ε − ε ε ε − + ε − ε ε ε −
 ×
 ε ε
 
 + ε − ε ε ε − + ε − ε ε ε − 

, (6.3.24) 

dhlhjh_�b�^Z_l�ij_h[jZah\Zgb_�dhhj^bgZl� ����������<�blh]_�khhlghr_gby�

���������aZibrmlky�lZd 

 
( )

1 22

2
1 1 2 1 2

1 1

1 1

H

H H H

ν
ε +ε − εη =   + ε + ε − ε − ε ε R

G ,  (6.3.25) 

 
( )

1 2 1 22

2
1 1 2 1 2

1

1 1

HH

H H H

ν
ε +ε ε ε − εξ =   + ε + ε − ε − ε ε R

G ,  (6.3.26) 

Z�ij_h[jZah\Zgby�\_ebqbg� ( ),η ξR R
G G

�ihkj_^kl\hf�fZljbpu����������

^Zxl�gh\u_�agZq_gby�wgljhibb��m^h\e_l\hjyxs_c�aZdhgm��������� 
:gZeh]bqgh�hij_^_eyxlky�nhjfmeu�^ey� ]jmiiu�bgnhjfZpbc�jZa�

ebqby� 
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JZkkfhljbf�kemqZc�k� ( )1 2,ν = ν ε ε �b�aZibr_f����������lZd� 

 ( ) ( )1 2 1 2

1 1
2 2

1 2 2 1

   ν ν
+ −      ε +ε ε +ε   = η − ε ε ξ η + ε ε ξR

G

.  (6.3.27) 

Ijb�fZeuo�m]eZo� qα �bf__f� ≈ ηR
G

�b�ba����������\ul_dZ_l�agZq_gb_�

iZjZf_ljZ 

 1 2

2

ε − ε
ν = ,  (6.3.28) 

dhlhjh_� \� kbem� bkoh^gh]h� mjZ\g_gby� ��������� m^h\e_l\hjy_l� mkeh\bx�

0ν ≠ . 
>ebgZ�jZ^bmk-\_dlhjZ�ijbf_l�\b^ 

 

( ) ( ) ( )
2 1

1 2 1 2

1 2

1 2

1 2 2 1

1
2

1 2 2 21 2

2 1 1 2

,

.

F

ε ε
ε +ε ε +ε

 ε −ε
  ε +ε 

= η ξ = η − ε ε ξ η + ε ε ξ =

 η − ε ε ξ ε − ε
 = η + ηξ − ξ
 η + ε ε ξ ε ε 

R
G

 

 (6.3.29)

 

JZkkfZljb\Z_fu_�^\mf_jgu_� ]_hf_ljbb�f_j�bgnhjfZpbb� _klv� ]_h�

f_ljbb� iehkdbo� b� ]eh[Zevgh� Zgbahljhiguo� f_ljbq_kdbo� ijhkljZgkl\�

Fbgdh\kdh]h� >��@�k�f_ljbq_kdhc�nmgdpb_c� ���������b� ����������:gbahljh�

iby� ijhkljZgkl\� oZjZdl_jbam_lky� iZjZf_ljZfb� ν � b� ε �� Ij_h[jZah\Zgb_�
dhhj^bgZl����������j_Zebam_l�^\b`_gb_�ijhkljZgkl\Z�� 

F_ljbq_kdZy� nmgdpby� iehkdh]h� b� ]eh[Zevgh� Zgbahljhigh]h� ijh�

kljZgkl\Z� Fbgdh\kdh]h� ijb� mkeh\byo� ( )1 2 2rν = ε + ε , 2 1ε = γε � b�

1 1 qε = − �bf__l�ke_^mxsbc�\b^ 

 ( ) ( ) 2

2 2
1 1

,

r

F
 η − γ ξ − γ = η ξ = η + ηξ − ξ
 η + γξ γ
 

R
G

  (6.3.30) 

^ey�nbabq_kdhc�[_ajZaf_jghc�wgljhibb�\�Lbi_�ID  

 

1

, 1

1
1

1
1

m m
q
i i

i iphys
q

m m
q
i i

i i

p p
H

q
p p

+γ

γ +γ

  −    =  −   + γ     

∑ ∑

∑ ∑
.  (6.3.31) 
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Hij_^_ebf�mjZ\g_gb_�bg^bdZljbku�>��@ 

 ( ), 1F η ξ = ,  (6.3.32) 

dhlhjZy� ij_^klZ\ey_l� kh[hc� \� ^\mf_jghf� ijhkljZgkl\_� djb\mx� ebgbx� 

JZ^bmk-\_dlhj�R
G

�i_j_k_dZ_l�wlm�ebgbx�\�h^ghc��b�lhevdh�h^ghc��lhqd_� 
GZ� jbk�� ���� ijb\_^_gu� bg^bdZljbku� ^ey� kemqZ_\� Z�� 0r = � b� 

[�� 1 2r = ��Ebgbb�1�b�2�khhl\_lkl\mxl� γ = 1�b� γ = 1 2 . 

Z [ 

Jbk� ���� Bg^bdZljbku ^ey LbiZ ID : 

1 – ( )1γ = , 2 – ( )1 2γ =  

?keb� 0r = �b� 1γ = ��lh�bg^bdZljbku�y\eyxlky�_^bgbqgufb�]bi_j[h�

eZfb��Ba� ��������� \ul_dZ_l� f_ljbq_kdZy�nmgdpby�� jZ\gZy� ^ebg_� jZ^bmk-
\_dlhjZ�\�bahljhighc�ik_\^h_\deb^h\hc�]_hf_ljbb 

 ( ) 2 2,F= η ξ = η − ξR
G

,  (6.3.33) 

Z�ba����������ihemqbf�\ujZ`_gb_�wgljhibb�\�Lbi_�IC  

 

2

2

1
1

1
1

m m
q
i i

i iphys
q

m m
q
i i

i i

p p
H

q
p p

  −    =  −   +     

∑ ∑

∑ ∑
.  (6.3.34) 

<� wlhf� kemqZ_� h[h[s_ggu_� ]bi_j[hebq_kdb_� nmgdpbb� kh\iZ^Zxl� 
k� h[uqgufb� ]bi_j[hebq_kdbfb�nmgdpbyfb� b� ba� �������� –� �������� bf__f�
nhjfmeu 

–2           –1         0               1             2  ξ –2            –1            0                  1                2  ξ 

η 
2 

1 

–1

–2 

η 
2 

1 

–1

–2 

2 

1 

2 

1 1 

2 

1 

2 
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( ) ( )
( )2 2

1

1
sinh 1

1 1

1
,

2

q

m m m m
q q
i i i i

i i i i

q H
q

q H

p p p p
−

− − α = = 
− −

    = −         
∑ ∑ ∑ ∑

 

 (6.3.35)

 

 

( )
( )2 2

1

1
cosh 1

1 1

1
,

2

q

m m m m
q q
i i i i

i i i i

q
q H

p p p p
−

 − α = = 
− −

    = +         
∑ ∑ ∑ ∑

 

 (6.3.36)

 

 

( ) ( )
1

1

tgh 1 1

,

q

m m m m
q q
i i i i

i i i i

m m m m
q q
i i i i

i i i i

q q H

p p p p

p p p p

−

−

 − α = − = 
    −         =
    +         

∑ ∑ ∑ ∑

∑ ∑ ∑ ∑

 
 (6.3.37)

 

 

( ) ( )
1

1

1
ctgh 1

1

.

q

m m m m
q q
i i i i

i i i i

m m m m
q q
i i i i

i i i i

q
q H

p p p p

p p p p

−

−

 − α = =  −

    +         =
    −         

∑ ∑ ∑ ∑

∑ ∑ ∑ ∑

  

(6.3.38)

 

<�l_hjbb�bgnhjfZpbb�bkihevamxlky�ghjfbjh\Zggu_�f_ju��Ihwlhfm�

^ey�gbo�b�jZkkfhljbf�hlebqbl_evgu_�k\hckl\Z�wgljhibc�\�Zgbahljhighf�

b�bahljhighf�kemqZyo�]_hf_ljbc��GZ�jbk������ij_^klZ\e_gu�aZ\bkbfhklb�

ghjfbjh\Zgghc�wgljhibb�\�Lbi_�ID  



 315

 
( )( )

( )( )

1

1 1

, 11 1

1
1 2

1 2
1

m
q

q i
i

q q m
q
i

i

p

H

p

+γ

+γ −

γ +γ+γ −

  −  + γ   =  −   + γ     

∑

∑
  (6.3.39) 

hl�jZkij_^_e_gby�ijb� 2m= , 3 2q = �b� 1p p= ��Ebgbb�1, 2�b�3�khhl\_lkl�

\mxl�agZq_gbyf� 7γ = − , 0γ = �b� 5 2γ = . 

 
( )S+

T γ�

S

�

�

�

 
Jbk� ���� AZ\bkbfhklv wgljhibb hl jZkij_^_e_gby� 

1 – ( )7γ = − , 2 – ( )0γ = , 3 –( )5 2γ =  
 
 

�����Wgljhiby�b�bgnhjfZpby�jZaebqby� 
\�ik_\^h_\deb^h\hc�]_hf_ljbb� 

f_j�bgnhjfZpbb 

JZkkfhljbf�g_dhlhju_�k\hckl\Z�ghjfbjh\Zgghc�wgljhibb�b�bgnhj�

fZpbb�jZaebqby 

 ( )

2

2(1 )

2(1 ) 2

1
1 2

1 2
1

m
q

q i
i

q q m
q
i

i

p
H p

p

−

−

  −  +   =  −   +     

∑

∑
, 1

m

i
i

p =∑ ,  (6.4.1) 
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 ( )

2
1

2(1 )

2(1 ) 2
1

1
2 1

:
2 1

1

m
q q

q i i
i

q q m
q q
i i

i

p u

I p u

p u

−
−

−
−

  −  +   =  −   +     

∑

∑
, 1

m

i
i

u =∑   (6.4.2) 

\� kemqZ_� bahljhighc� ik_\^h_\deb^h\hc� ]_hf_ljbb� f_j� bgnhjfZpbb� k�

f_ljbq_kdhc�nmgdpb_c����������� 
���<uimdehklv� b� agZdhhij_^_e_gghklv ��Wgljhiby� b� bgnhjfZpby�

jZaebqby�_klv�\_s_kl\_ggu_�b�\uimdeu_�nmgdpbhgZeu��KijZ\_^eb\u�g_�

jZ\_gkl\Z 

 ( ) 0qH p > ,  (6.4.3) 

 ( ) ( ): 0 0qI p u q> > , ( ) ( ): 0 0qI p u q< < ,  (6.4.4) 

 ( ) ( ) ( )1 1 2 2 1 1 2 2q q qH a p a p a H p a H p+ ≤ + , 1 2 1
m m

i i
i i

p p= =∑ ∑ ,  (6.4.5) 

 ( ) ( ) ( )1 1 2 2 1 1 2 2: : :q q qI a p a p u a I p u a I p u + ≤ +  ,  (6.4.6) 

]^_� 1 2 1a a+ = , 1 0a > �b� 2 0a > ��Ijb� 0q = �ba���������\ul_dZ_l�jZ\_gkl\h 

 ( )
2

0 2

5 1

3 1

m
H p

m

 −=  + 
.  (6.4.7) 

GZ�jbk������ij_^klZ\e_gu�aZ\bkbfhklb�wgljhibb� ( )qH p ��Z��hl�jZk�

ij_^_e_gby� p �ijb�agZq_gbyo� 2m= , 1p p= , 1; 0; 1; 3q = − �b�[��hl�qbk�

eZ�q �ijb� 2m= , 1 1 4p = . 
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Z [ 
Jbk� ���� AZ\bkbfhklv wgljhibb� 

Z – hl jZkij_^_e_gby� 1 – (q = –1); 2 – (q = 0);  
3 – (q = 1); 4 – (q  �� b [ – hl qbkeZ q 

 

GZ�jbk������ijb\_^_gu�aZ\bkbfhklb�bgnhjfZpbb�jZaebqby� ( ):qI p u : 

Z�� hl� jZkij_^_e_gby� ijb� agZq_gbyo� 2m= , 1p p= , 1 1 3u = � b�

1 2; 0; 1 2; 1q = − �b�[��hl�qbkeZ�q �ijb� 2m= , 1 1 4p = , 1 1 3u = . 

Z [ 

Jbk� ���� AZ\bkbfhklv bgnhjfZpbb jZaebqby� 
Z – hl jZkij_^_e_gby� 1 – (q = –1/2);  2 – (q = 0);  

3 – (q = 1/2); 4 – (q  �� b [ – hl qbkeZ q 

1

0,8

0,6

0,4

0,2

0
 0,2        0,4        0,6        0,8         1  p –4     –2     0       2       4       6       8      10  q 

1,1

1

0,9

0,8

0,7

( )
q

H p  ( )
q

H p  

4 

3 

2 

1 

 –3      –2       –1      0           1         2         3  q 

0,1

0,05

–0,05

–0,1

–0,15

–0,2

( : )
q

I p u ( : )
q

I p u

4 

3 

2 

1 

1,5

1

0,5

0

–0,5

–1

 0,2        0,4        0,6        0,8         1  p 
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���G_Z^^blb\ghklv�^ey�g_aZ\bkbfuo�h[t_dlh\��Imklv�kh\f_klgh_�
khklhygb_�kemqZcgh]h�h[t_dlZ�hibku\Z_lky�ghjfbjh\Zggufb�kh\f_klgu�

fb�jZkij_^_e_gbyfb� ij i jp p p= �b� ij i ju u u= �ijb�klZlbklbq_kdhc�g_aZ\bkb�

fhklb�^\mo� kemqZcguo� h[t_dlh\��Bf__l�f_klh� k\hckl\h�g_Z^^blb\ghklb�

f_j�bgnhjfZpbb 

 ( ) ( ) ( )
( ) ( )

1 2
12 2

1 1 21
q q

q
q q

H p H p
H p

H p H p

+
=

+ ε
,  (6.4.8) 

 ( ) ( ) ( )
( ) ( )

1 1 2 2
12 12 2

1 1 1 2 2

: :
:

1 : :
q q

q
q q

I p u I p u
I p u

I p u I p u

+
=

+ ε
,  (6.4.9) 

]^_�d\Z^jZl�iZjZf_ljZ�bf__l�agZq_gb_ 

 
( )

( )

2
2 1

2
1 2 1

1 2

1 2

q

q

−

−

 −ε =  
+  

.  (6.4.10) 

Ijb� 1q = �ba���������b���������ke_^m_l�Z^^blb\ghklv�^ey�wgljhibb�R_ggh�

gZ–<bg_jZ�b�bgnhjfZpbb�jZaebqby�Dmev[ZdZ–E_c[e_jZ� 
��� Wgljhiby� jZ\gh\_jhylgh]h � khklhygby�� Wdklj_fmf� wgljhibb�

ijb�mkeh\bb�khojZg_gby�ghjfbjh\db�jZkij_^_e_gby� p �^Z_l�jZ\gh\_jhyl�

gh_�jZkij_^_e_gb_ 

 
1

ip
m

= .  (6.4.11) 

Wdklj_fZevgh_�agZq_gb_�wgljhibb�ijb�jZ\gh\_jhylghf�khklhygbb 

 ( )
( )

( )

2 12(1 )

2(1 ) 2 1

1 2 1

1 2 1

qq

q qext q

m
H p

m

−−

− −

 + −=  
− +  

  (6.4.12) 

aZ\bkbl�hl�iZjZf_ljZ� q ��Ijb� 1q = �ba����������ke_^m_l�ba\_klgh_�\ujZ`_�

gb_ 

 ( ) ( )1 21
lim logqext extq

H p H p m
→

= = .  (6.4.13) 

���BgnhjfZpby�jZaebqby�k� 1iu m= .�BgnhjfZpby�jZaebqby�\�kh�

klhygbb�k�jZkij_^_e_gb_f� p �hlghkbl_evgh�jZ\gh\_jhylgh]h�khklhygby�k�

1iu m= �jZ\gy_lky� 
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 ( )

2
1

2(1 )

2(1 ) 2
1

1
2 1

:
2 1

1

m
q q

q i
i

q q m
q q
i

i

p m

I p u

p m

−
−

−
−

  −  +   =  −   +     

∑

∑
.  (6.4.14) 

<aZbfhk\yav�f_`^m�nmgdpbhgZeZfb� ��������� ���������b� ���������hljZ�

`_gZ�\�jZ\_gkl\Zo 

 
( )
( )

( )
( )

( )
( )

1 1 1

1 1 1

1 1 : 1

1 1 : 1
q q qext

q q qext

H p I p u H p

H p I p u H p

   + ε + ε + ε
=    

− ε − ε − ε      
,  (6.4.15) 

 ( )
( ) ( )

( ) ( )2
1

:
1

q qext
q

q qext

H p H p
I p u

H p H p

−
=

+ ε
.  (6.4.16) 

Kh]eZkgh�g_jZ\_gkl\Zf���������ba����������\ul_dZ_l 

 ( ) ( )q q ext
H p H p< �ijb� 0q > ,  (6.4.17) 

 ( ) ( )q q ext
H p H p> �ijb� 0q < .  (4.4.18) 

Ke_^h\Zl_evgh��wgljhiby�f_gvr_��[hevr_���q_f�wgljhiby�jZ\gh\_jhylgh�

]h�khklhygby�ijb� 0q >  ( )0q < . 

���F_jZ�g_lhqghklb��F_jm� klZlbklbq_kdhc� g_lhqghklb� hij_^_ebf�

nmgdpbhgZehf 

 ( )
( ) ( )

( ) ( )2
1

:
:

1 :
q q

q
q q

H p I p u
H p u

H p I p u

+
=

+ ε
,  (6.4.19) 

dhlhjuc� khhl\_lkl\m_l� aZdhgm� dhfihabpbb� f_j� bgnhjfZpbb� \� ljb]hgh�

f_ljbq_kdhf�\b^_ 

 ( ) ( ) ( )
( ) ( )
1 1

1

1 1

tgh tgh
tgh

1 tgh tgh

q q

q q

q q

′ε α + ε α
 ′ε α + α =  ′+ ε α ε α

  (6.4.20) 

ijb�keh`_gbb�m]eh\� qα �b� q
′α . 

<�ij_^_e_� 1q → �ba����������\ul_dZ_l�f_jZ�g_lhqghklb�D_jjb^`Z 

 ( ) ( ) ( )21
: lim : log

m

q i iq i
H p u H p u u p

→
= = −∑ .  (6.4.21) 

GZ�jbk������ij_^klZ\e_gu�aZ\bkbfhklb�wgljhibb� ( )qH p ��bgnhjfZ�
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pbb� jZaebqby� ( ):qI p u � b�f_ju� g_lhqghklb� ( ):qH p u � hl� jZkij_^_e_gby�

ijb� 2m= , 2q = , 1p p= �b�Z�� 1 1 3u = ��[�� 1 1 2u = . 

Z [ 

Jbk� ���� AZ\bkbfhklb nmgdpbhgZeh\ hl jZkij_^_e_gby� 
1 – wgljhiby Hq(p), 2 – bgnhjfZpby jZaebqby Iq(p:u),  

3 –f_jZ g_lhqghklb Hq(p:u)  
 
���Ghjfbjh\Zgghklv�b�jZaf_jghklv��Hij_^_eyy�ghjfbjh\Zgghklv�

wgljhibb�gZ�_^bgbpm�ijb� 2m= �b� 1 2 1 2p p= = ��l_f�kZfuf�aZ^Z_lky�_^b�

gbpZ�baf_j_gby�\�^Zgghc�fh^_eb�h^gbf�[blhf� 
K\yav� f_`^m� jZkkfZljb\Z_fufb� ghjfbjh\Zggufb� b� nbabq_kdbfb�

[_ajZaf_jgufb�f_jZfb�bgnhjfZpbb 

 ( )

2

2

1
1

1
1

m
q
i

iphys
q

m
q
i

i

p
H p

q
p

  −    =  −   +     

∑

∑
,  (6.4.22) 

 ( )

2
1

2
1

1
1

:
1

1

m
q q
i i

iphys
q

m
q q
i i

i

p u

I p u
q

p u

−

−

  −    =  −   +     

∑

∑
  (6.4.23) 

^Z_lky�jZ\_gkl\Zfb: 
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q q q
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( )
1 1

,
2 2

phys
q

q
phys
q

H p
H p

H
=

 
  

, 
( )

( )

2 1

2 1

1 1 1 1 2
,

2 2 1 1 2

q
phys
q q

H
q

−

−

 −  =    −  +  
,  (6.4.24) 

( )
( ):

:
1 1

1,0 : ,
2 2

phys
q

q
phys
q

I p u
I p u

I
=

 
  

, 
( )

( )

2 1

2 1

1 1 1 2 1
1,0 : ,

2 2 1 2 1

q
phys
q q

I
q

−

−

 −  =    −  +  
.  (6.4.25) 

���BgnhjfZpby�Nbr_jZ��Ij_^_evgh_�agZq_gb_�bgnhjfZpbb�jZaeb�

qby�\�kemqZ_�jZkij_^_e_gbc� ( )ip θ �b� ( ) ( )i iu pθ = θ + δθ �bf__l�\b^ 

 

( )
( ) ( )

( ) ( )

( ) ( ) ( )

( ) ( )

2
1

2(1 )

2(1 ) 2
1

2 2 12(1 )

2(1 ) 2

2(1 )
2

2(1 )

1
2 1

:
2 1

1

2 1

22 1

1 2 1
,

2 2 1

m
q q

q i i
i

q q m
q q
i i

i

qq m
q
iq

i

q

q

p p

I

p p

p
p

q q

−
−

−
−

−−

−

−

θθ−

  − θ θ + δθ  +   θ θ + δθ = = −   + θ θ + δθ    

δθ ∂ θ += − θ = − ∂θ 
−  += Γ δθ − 

∑

∑

∑

  (6.4.26)

 

]^_�\_ebqbgZ 

 
( ) ( )

2
lnm

i
i

i

p
pθθ

∂ θ 
Γ = θ ∂θ 

∑   (6.4.27) 

_klv� bgnhjfZpby�Nbr_jZ� h� \_ebqbg_� g_nemdlmbjmxs_]h� iZjZf_ljZ� θ   
\�l_hjbb�hp_gb\Zgby�fZl_fZlbq_kdhc�klZlbklbdb�>������������������@� 

8. f-wgljhiby�b�f -bgnhjfZpby�jZaebqby��Wgljhiby�b�bgnhjfZpby�
jZaebqby�ij_^klZ\eyxl�kh[hc�nmgdpbb�ihemghjfu�jZkij_^_e_gbc 

 ( ) ( )1f qH p f N p−
 =   ,  

( )

( )
( ) ( )

( ) ( )

2 1
2 1

1

2 1 2 1

1

11 2

1 2 1

q
q

q

q q

q

N p
f

N p

−
−

−
− −

−

  −+   =  
−   +   

,  (6.4.28) 
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( ) 1:f q

p
I p u f N

u−
  =     

,   
( )

( )

( )

( )

2 1

2 1 1

2 1 2 1

1

1
2 1

2 1
1

q

q q

q q

q

p
N

u
f

p
N

u

−

− −

− −

−

    −   +    =  
−    +       

.  (6.4.29) 

6����H[h[s_ggu_�ljb]hghf_ljbq_kdb_�nmgdpbb 

JZkkfhljbf�hlh[jZ`_gb_�nmgdpbc�wgljhibb�\�Lbi_�III �h[s_c�deZk�

kbnbdZpbb� f_j� bgnhjfZpbc�� Ba� ������� – �������� ke_^mxl� \ujZ`_gby�

h[h[s_gguo�ljb]hghf_ljbq_kdbo�nmgdpbc 

 ( )
2

Sin
1

q

H

H H

−ω−ωα =
+ ε − ω

,   (6.5.1) 

 ( )
2

1
Cos

1
q

H H
−ωα =

+ ε − ω
,  (6.5.2) 

 ( ) ( )
( )

Sin
Tg

Cos

q

q

q

H
−ωα

−ωα = = −ω
−ωα

,  (6.5.3) 

 ( ) ( )
( ) ( )

Cos 1
Ctg

Sin Tg

q

q

q q

−ωα
−ωα = =

−ωα −ωα
.  (6.5.4) 

Bkihevamy� bkoh^guc� aZdhg� dhfihabpbb� wgljhibc� ��������� Z� lZd`_�

khhlghr_gby���������b����������ihemqbf�nhjfmeu� 
1. L_hj_fu�keh`_gby�Zj]mf_glh\�� 

 

( ) ( )
( ) ( ) ( ) ( )

( ) ( ) ( )

1 2

1 2 2 1

1 2

Sin Sin

Sin Cos Sin Cos

Sin Sin ,

q q q

q q q q

q q

 −ωα = −ω α + α = 

= −ωα −ωα + −ωα −ωα +

+ ε −ω −ωα −ωα

  

(6.5.5)

 

 
( ) ( )

( ) ( ) ( ) ( )
1 2

1 2 1 2

Cos Cos

Cos Cos Sin Sin .

q q q

q q q q

 −ωα = −ω α + α = 

= −ωα −ωα + −ωα −ωα
  (6.5.6) 
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( ) ( )
( ) ( ) ( ) ( ) ( )

( ) ( )

1 2

1 2 1 2
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Tg Tg

Tg Tg Tg Tg
,

1 Tg Tg

q q q

q q q q

q q

 −ωα = −ω α + α = 

−ωα + −ωα + ε −ω −ωα −ωα
=

− −ωα −ωα

 
 (6.5.7)
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Ctg Ctg

Ctg Ctg 1
.

Ctg Ctg

q q q

q q

q q

 −ωα = −ω α + α = 

−ωα −ωα −
=

−ωα + −ωα + ε −ω

 
 (6.5.8)

 

���Khhlghr_gby�f_`^m�nmgdpbyfb� 
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2

2

Cos Cos Sin

Sin 1,

q q q

q

−ωα + ε −ω −ωα −ωα +
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(6.5.9)
 

 ( ) ( ) ( ) ( )
2

2

1
Cos

1 Tg Tg
q

q q

−ωα =
+ ε −ω −ωα + −ωα

,  (6.5.10) 

 ( ) ( )
( ) ( ) ( )

2

2

2
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Sin

1 Tg Tg

q

q

q q

−ωα
−ωα =

+ ε −ω −ωα + −ωα
.  (6.5.11) 

���Nmgdpbb�^\hcgh]h�Zj]mf_glZ� 

 
( ) ( ) ( )

( ) ( )2

Sin 2 2Sin Cos
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q q q

q

−ω α = −ωα −ωα +

+ ε −ω −ωα
  (6.5.12) 

 ( ) ( ) ( )2 2Cos 2 Cos Sinq q q−ω α = −ωα + −ωα .  (6.5.13) 

 ( ) ( ) ( ) ( )
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2

2

2Tg Tg
Tg 2

1 Tg

q q

q

q

−ωα + ε −ω −ωα
−ω α =

− −ωα
,  (6.5.14) 
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( ) ( )

2Ctg 1
Ctg 2

2Ctg

q

q

q

−ωα −
−ω α =

−ωα + ε −ω
.  (6.5.15) 
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���KmffZ�nmgdpbc� 
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1 2 1 2
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q q q q

q q q q

−ωα + −ωα =
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(6.5.16)
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2Cos Cos
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q q q q

q q q q

−ωα + −ωα =

 α + α   α − α    
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(6.5.17)
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Tg Tg

Sin Sin Sin
,

Cos Cos
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q q q q

q q

−ωα + −ωα =

 −ω α + α − ε −ω −ωα −ωα =
−ωα −ωα

  
(6.5.18)
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1 2 1 2
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.

Sin Sin
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q q q q
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−ωα + −ωα =

 −ω α + α − ε −ω −ωα −ωα =
−ωα −ωα

 
 (6.5.19)

 

���H[jZlgu_�nmgdpbb� 
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( )2

2

2
2

1
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x x
 

= − ε −ω 
 − ε −ω

,  (6.5.20) 
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2

2
2

1
Ark&RV ZUkkRV � �

1 2

x x
 

= − ε −ω 
 − ε −ω

,  (6.5.21) 
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2

2
2

1 21
Ark7J ZUkWJ

1 2
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x
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− ε −ω 

=  
+ ε −ω − ε −ω   

,  (6.5.22) 
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( )
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2

2
2

1 21
Ark&WJ ZUkkWJ

21 2

x
x

x

 
− ε −ω 

=  
+ ε −ω − ε −ω   

,  (6.5.23) 

���Kmffu�h[jZlguo�nmgdpbc� 

( )2
2 2ArcSin ArcSin ArcSin 1 1 2x y x y

  + = − − ε −ω +   
 

 ( )2
2 21 1 2 ,y x

 + − − ε −ω    
                           (6.5.24) 

( )2
2 2ArcCos ArcCos ArcCos 1 1 2x y xy x

   + = − − − ε −ω +     
 

( )2
2 21 1 2 ,

2 2

x y
y

 ε ε  + × − − ε −ω +     −ω −ω  
 

 

(6.5.25) 
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Ark7J $Uk7J $Uk7J
1

x y xy
x y
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 + + ε −ω
 + =
 −
 

,  (6.5.26) 

 ( )
1

Ark&WJ $Uk&WJ $Uk&WJ
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x y
x y

 − + =
 + + ε −ω 

.  (6.5.27) 

���Ijhba\h^gu_� 
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,  (6.5.28) 

 
( ) ( ) ( ) ( )Cos
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q

q q
q

d

d

−ωα
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−ω α
,  (6.5.29) 

 
( ) ( ) ( ) ( )

( )2

Tg 1 Cos Sin
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q q q

q q

d

d

−ωα − ε −ω −ωα −ωα
=

−ω α −ωα
,  (6.5.30) 

 
( ) ( ) ( ) ( )

( )2

Ctg 1 Cos Sin
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q q q

q q

d

d

−ωα − ε −ω −ωα −ωα
= −

−ω α −ωα
,  (6.5.31) 



 326 

 

( )2
2 2

Ark6LQ �

1 1 2

d x

dx
x

=
 − − ε −ω  

,  (6.5.32) 

 

( )2
2 2

Ark&RV �

1 1 2

d x

dx
x

= −
 − − ε −ω  

,  (6.5.33) 

 ( ) 2

Ark7J �

1

d x

dx x x
=

+ ε −ω +
,  (6.5.34) 

 ( ) 2

Ark&WJ �

1

d x

dx x x
= −

+ ε −ω +
.  (6.5.35) 

Nhjfmeu� n -djZlgh]h�b�iheh\bggh]h�Zj]mf_glZ��Z�lZd`_�^jm]b_�kh�
hlghr_gby�e_]dh�\u\h^ylky�ba���������– (6.5.35). 

<� kemqZ_�bgnhjfZpbb�jZaebqby�bf__f�h[h[s_ggu_� ljb]hghf_ljb�

q_kdb_�nmgdpbb 

 ( )Tg q I′−ωα = − −ω , ( ) ( )
1

Ctg
tg

q

q

′−ωα =
′−ωα

,  (6.5.36) 

( )
2

Sin
1

q

I

I I

−ω′−ωα = −
− ε − ω

, ( )
2

1
Cos

1
q

I I
′−ωα =

− ε − ω
.  (6.5.37) 

<� aZdexq_gb_� \\_^_f� ij_^klZ\e_gby� Z[_e_\hc� ]jmiiu� wgljhibc�

nmgdpbyfb� ( )1 Hϕ �b� ( )2 Hϕ ��dhlhju_�gZoh^ylky�\�ke_^mxs_f�khhl\_lkl�

\bb�k�we_f_glZfb�wgljhibc 

 
( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( )
1 1 1 2 1 1 2 2 1 2 2 1

1 1 1 2 ,

H H H H H H H

H H

ϕ = ϕ = ϕ ϕ + ϕ ϕ +

+ ε −ω ϕ ϕ

D

  
(6.5.38)

 

 ( ) ( ) ( ) ( ) ( ) ( )2 2 1 2 2 1 2 2 1 1 1 2H H H H H H Hϕ = ϕ = ϕ ϕ + ϕ ϕD .  (6.5.39) 

Nmgdpbb� k� mkeh\byfb� ( )1 0 0ϕ = � b� ( )2 0 1ϕ = � m^h\e_l\hjyxl� ke_�

^mxs_fm�jZ\_gkl\m� 

 ( ) ( ) ( ) ( ) ( )2 2
2 1 2 1 1H H H Hϕ + ε −ω ϕ ϕ + ϕ = .  (6.5.40) 

Lh]^Z�ijb�ba\_klghf�aZdhg_�dhfihabpbb�wgljhibc���������h^ghagZq�

gh�\ul_dZxl�\ujZ`_gby� 
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 ( )1 21

H
H

H H

−ωϕ =
+ ε − ω

, ( )2 2

1

1
H

H H
ϕ =

+ ε − ω
,           (6.5.41) 

jZ\gu_�h[h[s_gguf�ljb]hghf_ljbq_kdbf�nmgdpbyf��������� 

�����=_hf_ljbq_kdh_�ij_^klZ\e_gb_� 
k�_\deb^h\uf�ij_^_ehf�^ey�f_ljbq_kdhc�nmgdpbb 

Kh]eZkgh� j_amevlZlZf� jZa^_eZ� ����� aZibr_f� aZdhg� dhfihabpbb� wg�

ljhibc���������lZd 
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D   (6.6.1) 

b��ih^klZ\eyy�\�h[h[s_ggu_� ljb]hghf_ljbq_kdb_�nmgdpbb� agZq_gb_� wg�

ljhibb�����������k� 1λ = − �^ey�aZdhgZ�dhfihabpbb���������\�\b^_ 
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  (6.6.2) 

k� ba\_klgufb� agZq_gbyfb� iZjZf_ljh\� 1 2ε = ε − ε , ( )2 2
1 2 2ω = − ε + ε � b�

0D < ��ihemqbf�nhjfmeu�\aZbfhk\yab�k�ljb]hghf_ljbq_kdbfb��djm]h\u�

fb��nmgdpbyfb 
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q

q

q

 ε + ε α = ε + ε ×  
 ε + ε α ×

  ε + ε − ε − ε ε + ε α   

  
(6.6.3)

 

 ( ) ( ) ( )
( )

1 22 2 2 2
1 2 1 2

1 2

sin 2
Sin 2 2

2
q

q

  ε + ε α    ε + ε α = ε + ε     ε + ε
 

,  (6.6.4) 

 

( )
( ) ( ) ( ) ( )

( )

2 2
1 2

1 2 1 2 1 2 1 2

1 2

Cos 2

cos 2 sin 2
,

q

q q

 ε + ε α =  
   ε + ε ε + ε α − ε − ε ε + ε α   =

ε + ε

 

 (6.6.5)
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( )

( )
( )

( ) ( )

2 2 2 21
1 2 1 22 2

1 2

1 2 1 2

Cos 2 Sin 2
2

kRV � VLQ � �

q q

q q

ε   ε + ε α + ε + ε α =      ε + ε

   = ε + ε α + ε + ε α   

 

 (6.6.6)

 

 
( )

( )
( )

( ) ( )

2 2 2 22
1 2 1 22 2

1 2

1 2 1 2

Cos 2 Sin 2
2

kRV � VLQ � �

q q

q q

ε   ε + ε α − ε + ε α =      ε + ε

   = ε + ε α − ε + ε α   

  

(6.6.7)

 

Z�lZd`_�lh`^_kl\h 

( )
( )

( )

( )
( )

( )

2

2 2 2 21
1 2 1 22 2

1 2

2

2 2 2 22
1 2 1 22 2

1 2

Cos 2 Sin 2
2

Cos 2 Sin 2 1 .
2

q q

q q

 ε    ε + ε α + ε + ε α +       ε + ε  

 ε    + ε + ε α − ε + ε α =       ε + ε  

  

(6.6.8)

 

Ba���������–���������\ul_dZxl�jZ\_gkl\Z 

 ( )( ) ( )( )2 2 2 2
1 2 1 2Sin 2 Sin 2 0q qε + ε α + − ε + ε α = ,  (6.6.9) 

 

( )( ) ( )( )

( )
( )( )

2 2 2 2
1 2 1 2

2 21 2
1 22 2

1 2

Cos 2 Cos 2

Sin 2 ,
2

q q

q

ε + ε α − − ε + ε α =

 ε − ε = − ε + ε α  ε + ε 

 
 (6.6.10)

 

  

( ) ( )( )
( ) ( )( )
( ) ( )( )
( ) ( )( )

2 2 2 2
1 1 2 1 2

2 2 2 2
2 1 2 1 2

2 2 2 2
2 1 2 1 2

2 2 2 2
1 1 2 1 2

1 2 Tg 2

1 2 Tg 2

1 2 Tg 2
,

1 2 Tg 2

q

q

q

q

+ ε ε + ε ε + ε α
=

− ε ε + ε ε + ε α

− ε ε + ε − ε + ε α
=

+ ε ε + ε − ε + ε α

  

(6.6.11)
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( )( ) ( )( )

( )

2 2 2 2
1 2 1 2

1 2

2 2
1 2

1 1

Tg 2 Tg 2

,
2

q q

+ =
ε + ε α − ε + ε α

 ε − ε = −  ε + ε 

 

 (6.6.12)

 

 

( )( )
( )( )

( )
( )( )

2 2
1 2

2 2
1 2

2 21 2
1 22 2

1 2

Tg 2

Tg 2

1 Tg 2
2

q

q

q

ε + ε α =

− ε + ε α
= −

 ε − ε − − ε + ε α  ε + ε 

,  (6.6.13) 

 ( )( ) ( )( )
( )( )

2 2
1 2

2 2
1 2

2 2
1 2

Sin 2
Tg 2

Cos 2

q

q

q

− ε + ε α
− ε + ε α =

− ε + ε α
,  (6.6.14) 

ba� dhlhjuo� ke_^m_l�� qlh� nmgdpbb� ( )( )2 2
1 2Cos 2 qε + ε α � b�

( )( )2 2
1 2Tg 2 qε + ε α � g_� y\eyxlky� kbff_ljbqgufb� hlghkbl_evgh� aZf_gu�

qα �gZ� ( )q−α . 

Mqblu\Zy�nhjfmeu� h[h[s_gguo� ljb]hghf_ljbq_kdbo�nmgdpbc��ba�

���������b� ��������� \ul_dZxl� khhl\_lkl\mxsb_�fZljbqgu_�ij_^klZ\e_gby�

]jmii�f_j�bgnhjfZpbc 

 ( ) q
q e

−ναα = ×A  

( )

2 2
1 2

2 2 2 2
1 2 1 2

2 2
1 2 1 2

2 2
1 2

2 2 2 2
1 2 1 2

2 2
1 2

Cos
2

Sin
2 2

Sin
22

2
Sin Cos

2 2

q

q

q

q q

   ε + ε   α +
     ε + ε ε + ε     α     ε − ε ε + ε     + α×   ε + ε     
    ε + ε ε + ε    α α    ε + ε     

,  (6.6.15) 
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 ( ) q
q e

′−να′α = ×A  

( )

2 2
1 2

2 2 2 2
1 2 1 2

2 2
1 2 1 2

2 2
1 2

2 2 2 2
1 2 1 2

2 2
1 2

Cos
2

Sin
2 2

Sin
22

2
Sin Cos

2 2

q

q

q

q q

   ε + ε   ′α −
     ε + ε ε + ε     ′− α     ε −ε ε + ε     ′− α×   ε + ε     
    ε + ε ε + ε    ′ ′− α α    ε + ε     

. (6.6.16) 

>Ze__�^ey�kemqZy�]jmiiu�wgljhibc�hij_^_ebf�^\mf_jgh_�ijhkljZg�

kl\h�k�dhhj^bgZlgufb�hkyfb� η �b� ξ ��Ijhba\hevgZy�lhqdZ�\�wlhc�kbkl_f_�

dhhj^bgZl��aZ^ZggZy�jZ^bmk-\_dlhjhf� ( ),= η ξR
G

��hij_^_ey_lky�jZkklhygb�

_f�beb�^ebghc� R
G

�hl�p_gljZ�dhhj^bgZl�b�m]ehf� qα ��qlh�hljZ`Z_lky�kh�

hlghr_gbyfb 

 
( )( )

( )( )
2 2
1 2

2 2
1 2

Cos 2 ,

Sin 2 .

q

q

q

q

e

e

−να

−να

η = ε + ε α

ξ = ε + ε α

R

R

G

G
  (6.6.17) 

Lh]^Z�ihemqbf�\ujZ`_gb_ 

( )
( ) ( )
( ) ( )

( )

2 2
1 2 1 2

2 2
1 2 1 2 1 2

2 21 2

2 2
1 2

2 2
, exp arctg

2 2

,
2

F

  ξ ε + ε ε + εν  = η ξ = ×  ε + ε  η + ε − ε ξ ε + ε   
ε − ε

× η + ηξ + ξ
ε + ε

R
G

 

 (6.6.18)

 

k�wd\b\Ze_glghc�nhjfhc 

 

( ) ( )
( )

( ) ( )
( ){ }

1 2

1 2 1 2

2 2 2
1 2 1 2

2

2
, exp arctg

1 2

1 2

exp 2 ArcTg 1 ,

H
F

H

H H

H H H

  ε + εν= η ξ = η   ×  ε + ε + ε − ε   

× + ε − ε + ε + ε =

 = η ν −ω + ε − ω 

R
G

 

 (6.6.19)
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]^_� ( )( ) ( )2 2 2 2
1 2 1 2Tg 2 2q Hε + ε α = ξ η = ε + ε . 

Ij_h[jZah\Zgb_� dhhj^bgZl� ��������� ijb� ih\hjhl_� kbkl_fu� dhhj^b�

gZl�gZ�m]he� qα  

( )

2 2
1 2

2 2
1 2

2 2
1 2 1 2

2 2
1 2

2 2 2 2
1 2 1 2

Cos
2

Sin
2

Sin
22

Sin Cos
2 2

q

q

q

q

q q

e
−να

   ε + ε   α +
     ε + ε     α′ξ ξ        ε − ε ε + ε        + α=      ε + ε     ′  η η    
    ε + ε ε + ε    α α         

(6.6.20) 

hklZ\ey_l�nhjf-bg\ZjbZglguf�\ujZ`_gb_���������� 
>ey� jZkkfZljb\Z_fhc� kbkl_fu� dhhj^bgZl� bf__f� \f_klh� fZljbpu�

���������ke_^mxs__�fZljbqgh_�ij_^klZ\e_gb_� 

 
( )

( )
1 2

1 2 1 2

22
( ) exp arctg

1 2

H
H

H

  ε + εν= −  ×  ε + ε + ε − ε   
A   

 

( )
( )
( )

( )

( )
( )

( )
( )
( )

( )
( )

( )

1 2

2 2 2 2
1 2 1 2

1 2 1 22 2

2 2 2 2
1 2 1 2

2 2
1 2

1 2 1 22 2

2 2 2 2
1 2 1 2

1
2 2

1 1
2 2

2 1

1 1
2 2

H

H

H H
H H

H

H H
H H

 ε − ε
+ 

 ε + ε ε + ε
 
 ε − ε ε − ε

+ − + − 
 ε + ε ε + ε× 
 ε + ε 
 ε − ε ε − ε + − + − ε + ε ε + ε  

,  (6.6.21) 

dhlhjh_�b�^Z_l�ij_h[jZah\Zgb_�dhhj^bgZl� ����������<�blh]_�khhlghr_gby�

���������aZibrmlky�lZd� 



 332 

 

( )
( )

( ) ( )

1 2

1 2 1 2

2 2 2
1 2 1 2

exp arctg
1 2

1
,

1 2

H

H

H H

  ε + εη ν=   ×  ε + ε + ε − ε   

×
+ ε − ε + ε + ε

R
G

  

(6.6.22)

 

 

( )
( )

( )
( ) ( )

1 2

1 2 1 2

2 2
1 2

2 2 2
1 2 1 2

exp arctg
1 2

2
,

1 2

H

H

H

H H

  ε + εξ ν=   ×  ε + ε + ε − ε   

ε + ε
×

+ ε − ε + ε + ε

R
G

 

 (6.6.23)

 

Z�ij_h[jZah\Zgby�\_ebqbg� ( ),η ξR R
G G

�ihkj_^kl\hf�fZljbpu����������

^Zxl�gh\u_�agZq_gby�wgljhibb��m^h\e_l\hjyxs_c�aZdhgm��������� 
:gZeh]bqgh�hij_^_eyxlky�nhjfmeu�^ey�]jmiiu�bgnhjfZpbc�jZaeb�

qby� 
JZkkfZljb\Z_fZy� ^\mf_jgZy� ]_hf_ljby� f_j� bgnhjfZpbb� _klv� ]_h�

f_ljby�iehkdh]h�b� ]eh[Zevgh�Zgbahljhigh]h�f_ljbq_kdh]h�ijhkljZgkl\Z�

Fbgdh\kdh]h� >��@� k� f_ljbq_kdhc� nmgdpb_c� ���������� :gbahljhiby� ijh�

kljZgkl\Z�oZjZdl_jbam_lky�iZjZf_ljZfb� ν �b� ε ��Ij_h[jZah\Zgb_�dhhj^b�
gZl����������j_Zebam_l�^\b`_gb_�ijhkljZgkl\Z� 

F_ljbq_kdZy� nmgdpby� iehkdh]h� b� ]eh[Zevgh� Zgbahljhigh]h� ijh�

kljZgkl\Z� Fbgdh\kdh]h� ijb� mkeh\byo� ( )1 2 2rν = ε + ε , 2 1ε = γε � b�

1 1 qε = − �bf__l�ke_^mxsbc�\b^ 

 

( )
( ) ( )

( ) ( )

( )

2

2

2 2

2

1 2 1 2
, exp arctg

2 1 2 1 2

1

1 2

r
F

  ξ + γ + γ  = η ξ = ×   η + ξ − γ + γ   
− γ× η + ηξ + ξ

+ γ

R
G

 

 (6.6.24)

 

^ey�nbabq_kdhc�[_ajZaf_jghc�wgljhibb�\�Lbi_�IIIC:  
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1

2

, 1
2

tg ln

1

1
1 1

tg ln
2 2

m m
q
i i

i i
phys
q

m m
q
i i

i i

p p

H
q

p p

+γ

γ +γ

  
   
       =  −   + γ − γ    −        

∑ ∑

∑ ∑

.  (6.6.25) 

Hij_^_ebf�mjZ\g_gb_�bg^bdZljbku�>��@ 

 ( ), 1F η ξ = ,  (6.6.26) 

dhlhjZy�ij_^klZ\ey_l�kh[hc�\�^\mf_jghf�ijhkljZgkl\_�\uimdemx�b�aZfd�

gmlmx�djb\mx��JZ^bmk-\_dlhj�R
G

�i_j_k_dZ_l�wlm�ebgbx�\�h^ghc��b�lhevdh�

h^ghc��lhqd_� 
GZ�jbk������ijb\_^_gu�bg^bdZljbku�ijb� 0r = ��Ebgbb�1�b�2�khhl\_l�

kl\mxl� γ = 1�b� 1 2γ = ��DZd�\b^gh��baf_g_gb_�nhjfu�hl�hdjm`ghklb�km�

s_kl\_ggh� aZ\bkbl� hl� iZjZf_ljZ� γ �� Baf_g_gb_� iZjZf_ljZ� r � ijb\h^bl 

ebrv�d�jZkly`_gbx-k`Zlbx�bkoh^ghc�aZ\bkbfhklb� 
  η 

 ξ  

 1  

 2  

 
Jbk� ���� Bg^bdZljbku ^ey LbiZ IIIC : 

1 – ( )1γ = , 2 – ( )1 2γ =  

 
?keb� 0r = � b� 1γ = �� lh� bg^bdZljbkZ� y\ey_lky� _^bgbqghc� hdjm`gh�

klvx��Ba� ��������� \ul_dZ_l� f_ljbq_kdZy�nmgdpby�� jZ\gZy� ^ebg_� jZ^bmk-
\_dlhjZ�\�bahljhighc�ik_\^h_\deb^h\hc�]_hf_ljbb� 
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 ( ) 2 2,F= η ξ = η + ξR
G

,  (6.6.27) 

Z�ba����������ihemqbf�\ujZ`_gb_�wgljhibb�\�Lbi_�IIIB  

 ,

1
tg ln

1

m m
phys q
q i i

i i
H p p

qγ
  =   −   

∑ ∑ .  (6.6.28) 

<� wlhf� kemqZ_�h[h[s_ggu_� ljb]hghf_ljbq_kdb_�nmgdpbb� kh\iZ^Z�

xl�k�ljb]hghf_ljbq_kdbfb� �djm]h\ufb��nmgdpbyfb�b�ba� ��������– (6.5.4) 
bf__f�nhjfmeu 

 ( ) ( )
( )2 2

1
sin 1 sin ln

1 1

m
q
i

i
q m

i
i

p
q H

q
q H p

 
 − − α = =     + −   

∑

∑
,  (6.6.29) 

 ( )
( )2 2

1
cos 1 cos ln

1 1

m
q
i

i
q m

i
i

p
q

q H p

 
 

 − α = =     + −   

∑

∑
,  (6.6.30) 

 ( ) ( )tg 1 1 tg ln

m
q
i

i
q m

i
i

p
q q H

p

 
 

 − α = − =       

∑

∑
,  (6.6.31) 

 ( ) ( )
1

ctg 1 ctg ln
1

m
q
i

i
q m

i
i

p
q

q H p

 
 

 − α = =    −    

∑

∑
.  (6.6.32) 

<�l_hjbb�bgnhjfZpbb�bkihevamxlky�ghjfbjh\Zggu_�f_ju��Ihwlhfm�

^ey�gbo�b�jZkkfhljbf�hlebqbl_evgu_�k\hckl\Z�wgljhibc�\�Zgbahljhighf�

b�bahljhighf�kemqZyo�]_hf_ljbc��GZ�jbk������ij_^klZ\e_gu�aZ\bkbfhklb�

ghjfbjh\Zgghc�wgljhibb�\�Lbi_�IIIC:  
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( ) ( ) ( )( )( )
( )( )( )

( )

( ) ( ) ( )

,

1 1 tg 1 1 ln 2 2

tg 1 1 ln 2 2

1
tg 1 ln

2
, 1

1
1 1 tg 1 ln

2

q

m
q
i mi

im iq
i

i

q
H

q

p

p

p

γ

+ γ − − γ + γ −  = ×
+ γ −  

  + γ     × =
  + γ − − γ + γ     

∑
∑

∑

 

 (6.6.33)

 

hl�jZkij_^_e_gby�ijb� 2m= , 2q = �b� 1p p= ��Ebgbb�1, 2�b�3�khhl\_lkl\m�

xl�agZq_gbyf� 4γ = − , 0γ = �b� 5 2γ = . 
  ( )S+

T γ�   

   p 

 1  

 3  

 2  

 
Jbk� ���� AZ\bkbfhklb wgljhibb hl jZkij_^_e_gby� 

1 – ( )4γ = − , 2 – ( )0γ = , 3 –( )5 2γ =  
 

�����Wgljhiby�b�bgnhjfZpby�jZaebqby� 
\�_\deb^h\hc�]_hf_ljbb�f_j�bgnhjfZpbb 

JZkkfhljbf�g_dhlhju_�k\hckl\Z�ghjfbjh\Zgghc�wgljhibb�b�bgnhj�

fZpbb�jZaebqby 

 ( ) ( )

tg ln

tg 1 ln 2

m
q
i

i
q

p

H p
q

  
    =
−  

∑
, 1

m

i
i

p =∑ ,  (6.7.1) 

 ( ) ( )

1tg ln

:
tg 1 ln 2

m
q q
i i

i
q

p u

I p u
q

−  
    =

−  

∑
, 1

m

i
i

u =∑   (6.7.2) 

\�kemqZ_�bahljhighc�ik_\^h_\deb^h\hc�]_hf_ljbb�f_j�bgnhjfZpbb�� 
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���<uimdehklv� b� agZdhhij_^_e_gghklv ��Wgljhiby� b� bgnhjfZpby�
jZaebqby�_klv�\_s_kl\_ggu_�b�\uimdeu_�nmgdpbhgZeu��Bf_xl�f_klh�g_�

jZ\_gkl\Z 

 ( ) 0qH p > ,  (6.7.3) 

 ( ) ( ): 0 0qI p u q> > , ( ) ( ): 0 0qI p u q< < ,  (6.7.4) 

 ( ) ( ) ( )1 1 2 2 1 1 2 2q q qH a p a p a H p a H p+ ≤ + , 1 2 1
m m

i i
i i

p p= =∑ ∑ ,  (6.7.5) 

 ( ) ( ) ( )1 1 2 2 1 1 2 2: : :q q qI a p a p u a I p u a I p u + ≤ +  , (6.7.6) 

]^_� 1 2 1a a+ = , 1 0a > �b� 2 0a > ��Ijb� 0q = �ba���������ihemqbf�jZ\_gkl\h 

 ( ) ( )
( )0

tg ln

tg ln 2

m
H p = .  (6.7.7) 

GZ�jbk������ij_^klZ\e_gu�aZ\bkbfhklb�wgljhibb� ( )qH p ��Z��hl�jZk�

ij_^_e_gby� p � ijb� agZq_gbyo� 2m= , 1p p= , 1 9; 0; 1; 3 2q = − � b� 

[��hl�qbkeZ�q �ijb� 2m= , 1 1 4p = . 
 

   p 

 1  

 4  

 3  

 2  

( )S+
T

  

T

( )S+
T

 
Z [ 

Jbk� ���� AZ\bkbfhklv wgljhibb� Z – hl jZkij_^_e_gby�  
1 – (q = –1/9); 2 – (q = 0); 3 – (q = 1); 4 – (q  ���� b [ – hl qbkeZ q 
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GZ�jbk������ijb\_^_gu�aZ\bkbfhklb�bgnhjfZpbb�jZaebqby� ( ):qI p u : 

Z�� hl� jZkij_^_e_gby� ijb� agZq_gbyo� 2m= , 1p p= , 1 1 3u = , 

1 10; 0; 1 2; 1q = − �b�[��hl�qbkeZ�q �ijb� 2m= , 1 1 4p = , 1 1 3u = . 

 
 ( )XS,

T
�   

   p
 1  

 4  

 3  

 2  

( )XS,
T

�

T

 
Z                         [ 

Jbk� ���� AZ\bkbfhklv bgnhjfZpbb jZaebqby�  
Z – hl jZkij_^_e_gby� 1 – (q = –1/10); 2 – (q = 0); 3 – (q = 1/2);  

4 – (q  �� b [ – hl qbkeZ q 
 
���G_Z^^blb\ghklv�^ey�g_aZ\bkbfuo�h[t_dlh\��Imklv�kh\f_klgh_�

khklhygb_�kemqZcgh]h�h[t_dlZ�hibku\Z_lky�ghjfbjh\Zggufb�kh\f_klgu�

fb�jZkij_^_e_gbyfb� ij i jp p p= �b� ij i ju u u= �ijb�klZlbklbq_kdhc�g_aZ\bkb�

fhklb�^\mo� kemqZcguo� h[t_dlh\��Bf__l�f_klh� k\hckl\h�g_Z^^blb\ghklb�

f_j�bgnhjfZpbb 

 ( ) ( ) ( )
( ) ( )

1 2
12 2

1 1 21
q q

q
q q

H p H p
H p

H p H p

+
=

− ε
,  (6.7.8) 

 ( ) ( ) ( )
( ) ( )

1 1 2 2
12 12 2

1 1 1 2 2

: :
:

1 : :
q q

q
q q

I p u I p u
I p u

I p u I p u

+
=

− ε
,  (6.7.9) 

]^_�d\Z^jZl�iZjZf_ljZ�bf__l�agZq_gb_ ( )22
1 1 qε = − . 

Ijb� 1q = � ba� �������� b� �������� ke_^m_l� Z^^blb\ghklv� ^ey� wgljhibb�

R_gghgZ–<bg_jZ�b�bgnhjfZpbb�jZaebqby�Dmev[ZdZ–E_c[e_jZ� 
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��� Wgljhiby� jZ\gh\_jhylgh]h � khklhygby�� Wdklj_fmf� wgljhibb�
ijb�mkeh\bb�khojZg_gby�ghjfbjh\db�jZkij_^_e_gby� p �^Z_l�jZ\gh\_jhyl�

gh_�jZkij_^_e_gb_ 

 
1

ip
m

= .  (6.7.10) 

Wdklj_fZevgh_�agZq_gb_�wgljhibb�ijb�jZ\gh\_jhylghf�khklhygbb 

 ( ) ( )
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tg 1 ln

tg 1 ln 2q ext

q m
H p

q

−  =
−  

  (6.7.11) 

aZ\bkbl� hl� iZjZf_ljZ� q �� Ijb� 1q = � ba� ��������� ke_^m_l� ba\_klgh_� 
\ujZ`_gb_ 

 ( ) ( )1 21
lim logqext extq

H p H p m
→

= = .  (6.7.12) 

���BgnhjfZpby�jZaebqby�k� 1iu m= .�BgnhjfZpby�jZaebqby�\�kh�

klhygbb�k�jZkij_^_e_gb_f� p �hlghkbl_evgh�jZ\gh\_jhylgh]h�khklhygby�k�

1iu m= �jZ\gy_lky 

 ( ) ( )

1tg ln

:
tg 1 ln 2

m
q q
i i

i
q

p m

I p u
q

−  
    =

−  

∑
.  (6.7.13) 

<aZbfhk\yav�f_`^m�nmgdpbhgZeZfb� ��������� ���������b� ���������hljZ�

`_gZ�\�jZ\_gkl\_ 

 ( )
( ) ( )

( ) ( )2
1

:
1

q qext
q

q qext

H p H p
I p u

H p H p

−
=

+ ε
.  (6.7.14) 

Kh]eZkgh�g_jZ\_gkl\Zf���������ba����������\ul_dZ_l 

 ( ) ( )q q ext
H p H p<   �ijb� 0q > ,  (6.7.15) 

 ( ) ( )q q ext
H p H p>   �ijb� 0q < .  (6.7.16) 

Ke_^h\Zl_evgh��wgljhiby�f_gvr_��[hevr_���q_f�wgljhiby�jZ\gh\_jhylgh�

]h�khklhygby�ijb� 0q >  ( )0q < . 

���F_jZ�g_lhqghklb��F_jm� klZlbklbq_kdhc� g_lhqghklb� hij_^_ebf�

nmgdpbhgZehf 

 ( )
( ) ( )

( ) ( )2
1

:
:

1 :
q q

q
q q

H p I p u
H p u

H p I p u

+
=

− ε
,  (6.7.17) 



 339

dhlhjuc� khhl\_lkl\m_l� aZdhgm� dhfihabpbb� f_j� bgnhjfZpbb� \� ljb]hgh�

f_ljbq_kdhf�\b^_ 

 ( ) ( ) ( )
( ) ( )
1 1

1

1 1

tg tg
tg

1 tg tg

q q

q q

q q

′ε α + ε α
 ′ε α + α =  ′− ε α ε α

  (6.7.18) 

ijb�keh`_gbb�m]eh\� qα �b� q
′α . 

<�ij_^_e_� 1q → �ba����������\ul_dZ_l�f_jZ�iehlghklb�D_jjb^`Z 

 ( ) ( ) ( )21
: lim : log

m

q i iq i
H p u H p u u p

→
= = −∑ .  (6.7.19) 

GZ�jbk�������ij_^klZ\e_gu�aZ\bkbfhklb�wgljhibb� ( )qH p ��bgnhjfZ�

pbb� jZaebqby� ( ):qI p u � b�f_ju� g_lhqghklb� ( ):qH p u � hl� jZkij_^_e_gby�

ijb� 2m= , 2q = , 1p p= �b�Z�� 1 1 3u = ��[�� 1 1 2u = . 
 

 ( ) ( ) ( )XS+XS,S+
TTT

����   

   p 

  1  

  2  

  3  

 

( ) ( ) ( )XS+XS,S+
TTT

����   

   p 

  1  

  2  

  3  

 
Z [ 
Jbk� ����� AZ\bkbfhklb nmgdpbhgZeh\ hl jZkij_^_e_gby� 

1 – wgljhiby ( )qH p , 2 – bgnhjfZpby jZaebqby ( ):qI p u ,  

3 –f_jZ g_lhqghklb ( ):qH p u  

 
���Ghjfbjh\Zgghklv � b� jZaf_jghklv�� ?^bgbpZ� baf_j_gby� bgnhj�

fZpbb� \� ^Zgghc� fh^_eb� hij_^_ey_lky� h^gbf� [blhf�� K\yav� f_`^m� jZk�

kfZljb\Z_fufb�ghjfbjh\Zggufb�b�nbabq_kdbfb�[_ajZaf_jgufb�f_jZfb�

bgnhjfZpbb 
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 ( ) 1
tg ln

1

m
phys q
q i

i
H p p

q

  =   −   
∑ ,  (6.7.20) 

 ( ) 11
: tg ln

1

m
phys q q
q i i

i
I p u p u

q
−  =   −   

∑   (6.7.21) 

^Z_lky�jZ\_gkl\Zfb 

 ( )
( )
1 1

,
2 2

phys
q

q
phys
q

H p
H p

H
=

 
  

, ( )1 1 1
, tg 1 ln 2

2 2 1
phys
qH q

q
  = −    − 

,  (6.7.22) 

( )
( ):

:
1 1

1,0: ,
2 2

phys
q

q
phys
q

I p u
I p u

I
=

 
  

, ( )1 1 1
1,0 : , tg 1 ln 2

2 2 1
phys
qI q

q
  = −    − 

.  (6.7.23) 

���BgnhjfZpby�Nbr_jZ��Ij_^_evgh_�agZq_gb_�bgnhjfZpbb�jZaeb�

qby�\�kemqZ_�jZkij_^_e_gbc� ( )ip θ �b� ( ) ( )i iu pθ = θ + δθ �bf__l�\b^ 

 

( )
( ) ( )

( )

( )
( ) ( ) ( )

( )
( ) ( )

1

2 2 1

2

2

tg ln

:
tg 1 ln 2

1

2tg 1 ln 2

1
,

2 tg 1 ln 2

m
q q
i i

i
q

qm
q
i

i

p p

I
q

p
p

q

q q

q

−

−

θθ

  θ θ + δθ    θ θ + δθ = =
−  

δθ ∂ θ
= − θ =

∂θ−  
−

= Γ δθ
−  

∑

∑  

 (6.7.24)

 

]^_�\_ebqbgZ 

 
( ) ( )

2
lnm

i
i

i

p
pθθ

∂ θ 
Γ = θ ∂θ 

∑   (6.7.25) 

_klv�bgnhjfZpby�Nbr_jZ�h�\_ebqbg_�g_nemdlmbjmxs_]h�iZjZf_ljZ� θ �\�

l_hjbb�hp_gb\Zgby�fZl_fZlbq_kdhc�klZlbklbdb�>������������������@� 
8. f-wgljhiby�b�f -bgnhjfZpby�jZaebqby��Wgljhiby�b�bgnhjfZpby�

jZaebqby�ij_^klZ\eyxl�kh[hc�nmgdpbb�ihemghjf�jZkij_^_e_gbc� 
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 ( ) ( )1f qH p f N p−
 =   , 

( ){ }
( ){ }

1

1tg ln

tg 1 ln 2

q

qN p
f

q

−

−
  

=
−

,  (6.7.26) 

 ( ) 1:f q

p
I p u f N

u−
  =     

, 
( ){ }

1

1tg ln

tg 1 ln 2

q

q

p
N

u
f

q

−

−

    
       =

−
.  (6.7.27) 

�����=_hf_ljbq_kdb_�ij_^klZ\e_gby�f_j�bgnhjfZpbb� 
\�fh^_eyo��OZ\j^Z–QZj\Zl–>Zjhrb�b�J_gvb 

Kh]eZkgh� j_amevlZlZf� jZa^_eZ� ����� aZibr_f� aZdhg� dhfihabpbb� wg�

ljhibc�OZ\j^Z–QZj\Zl–>Zjhrb�\�Lbi_�IA  

 1 2 1 2 1 2H H H H H H H= = + + εD ,  (6.8.1) 

]^_� \� �������� ijbgbfZ_lky� 2 0ε = � b� 1 1 qε = ε = − � ^ey�nbabq_kdhc� [_ajZa�

f_jghc� wgljhibb�� >ey� g_aZ\bkbfuo� h[t_dlh\� kijZ\_^eb\h� g_jZ\_gkl\h�

1 H− ε < < ∞ �� AgZq_gb_� ( )1− ε � g_� y\ey_lky� we_f_glhf� ]jmiiu�� lZd� dZd�

h[jZlguc�we_f_gl�hl�wlh]h�agZq_gby�hklZ_lky�g_hij_^_e_gguf�\\b^m�gZ�

jmr_gby�^hihegbl_evgh]h�mkeh\by�\�hij_^_e_gbb����������H^gZdh�\uihe�

gy_lky�nhjfZevgh_�khhlghr_gb_ 

 
1 1

H  − = − ε ε 
D ����ijb�

1
H ≠ −

ε
,  (6.8.2) 

ba�dhlhjh]h�ke_^m_l��qlh�\_ebqbgZ� ( )1− ε �_klv�bg\ZjbZgl�^ey�\k_o�g_aZ�

\bkbfuo�h[t_dlh\��Ba����������–����������bf__f�jZ\_gkl\Z 

 ( ) ( )( )1
1

1 1
, 1 1 1H H

H H
−

−− = ε + ε + ε =
−

,  (6.8.3) 

 ( )( )1 21 1 1H H H+ ε = + ε + ε ,  (6.8.4) 

 ( ) ( )( )( )1 2 3 1 2 31 1 1 1H H H H H H+ ε = + ε + ε + εD D ,  (6.8.5) 

 1 2
1 2

21

H H
H H H

H
− −

= =
+ ε

D ,  (6.8.6) 
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 1 1
2 1

11

H H
H H H

H
− −

= =
+ ε

D ,  (6.8.7) 

 
1 1

1 2 2 1

1 1

H H H H− −+ = −ε
D D

, (2) 22H H H H H= = + εD ,  (6.8.8) 

 
( )

(2)

(2)1 1

H
H

H
=

+ + ε
, ( )(2)1 1H H+ ε = + ε ,  (6.8.9) 

 
( ) ( )(2) (2) (2)

1 2 1 2 1 2

(2) (2) (2) (2)
1 2 1 2 .

H H H H H H H

H H H H

= = =

= + + ε

D D D D

  
(6.8.10)

 

Bkihevam_f� \ujZ`_gby�ihemghjfu� ��������b�ij_^klZ\bf� wgljhibx�OZ\�

j^Z–QZj\Zl–>Zjhrb�\�\b^_ 

 ( ){ } ( ) ( )2

1

1 1
1 sinh 2

2
q

q qH N p e
−ε εα

−
 = − = εα ε ε

,  (6.8.11) 

qlh��\�blh]_�ijb\_^_l�d�\ujZ`_gbyf 

 
21

1
qe

H

−εα=
+ ε

, 
( ) ( )1

sinh 2
21 q

H

H
= εα

ε+ ε
.  (6.8.12) 

Ba����������b����������bf__f�fZljbqgh_�ij_^klZ\e_gb_�]jmii�f_j�bg�

nhjfZpbb 

 ( )
1 0

( ) 1 1

1 1

H
H H H

H H

ν−
ε

 + ε
 = + ε  
 + ε + ε 

A ,  (6.8.13) 

 ( )
1 0

( ) 1 1

1 1

I
I I I

I I

ν
ε

 − ε
 = − ε  
 − ε − ε 

A ,  (6.8.14) 

dhlhjh_�ij_^klZ\bf�\�ljb]hghf_ljbq_kdhc�nhjf_� 
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( )
( )
( )

( ) ( ) ( )
( )

2

2

cosh 2
0

sinh 2
,

cosh 21
sinh 2

2 sinh 2

q

q

q

q

q

q

q

q

q

e

e

e

−να

εα

−εα

α = ×

  εα +   =  + εα   × 
  εα −
  εα = ε − εα    

A

 
 (6.8.15)

 

 

( )
( )
( )

( ) ( ) ( )
( )

2

2

cosh 2
0

sinh 2
.

cosh 21
sinh 2

2 sinh 2

q

q

q

q

q

q

q

q

q

e

e

e

′να

′εα

′−εα

′α = ×

  ′εα +   =  ′+ εα   × 
 ′ εα −
  ′− εα = ε ′− εα    

A

 
 (6.8.16)

 

<\_^_f� ij_^klZ\e_gby� Z[_e_\hc� ]jmiiu� wgljhibc� nmgdpbyfb�

( )1 Hϕ � b� ( )2 Hϕ �� dhlhju_� gZoh^ylky� \� ke_^mxs_f� khhl\_lkl\bb� k� we_�

f_glZfb�wgljhibc 

 ( ) ( ) ( ) ( ) ( ) ( )1 1 1 2 1 1 2 2 1 2 2 1H H H H H H Hϕ = ϕ = ϕ ϕ + ϕ ϕD ,  (6.8.17) 

 ( ) ( ) ( ) ( )2 2 1 2 2 1 2 2H H H H Hϕ = ϕ = ϕ ϕD .  (6.8.18) 

Nmgdpbb� k� mkeh\byfb� ( )1 0 0ϕ = � b� ( )2 0 1ϕ = � m^h\e_l\hjyxl� ke_�

^mxs_fm�jZ\_gkl\m 

 ( ) ( ) ( )2
2 1 2 1H H Hϕ + εϕ ϕ = .  (6.8.19) 

Lh]^Z�ijb�ba\_klghf�aZdhg_�dhfihabpbb�wgljhibc���������h^ghagZq�

gh�\ul_dZxl�\ujZ`_gby 

 ( )1

2

1

H
H

H

εϕ =
+ ε

, ( )2

1

1
H

H
ϕ =

+ ε
,  (6.8.20) 

jZ\gu_�]bi_j[hebq_kdhc�b�ihdZaZl_evghc�nmgdpbyf���������� 
>ey�wgljhibb�OZ\j^Z–QZj\Zl–>Zjhrb�bf__f�nmgdpbx 

 
( )

( ) ( ) ( )
( )

( )
1

2

tgh 21

2 2 1 tgh 2

q

q

H
H

H

εαϕ
= =

ε ϕ ε − εα
,  (6.8.21) 
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]^_�]bi_j[hebq_kdbc�lZg]_gk�ijb�keh`_gbb�Zj]mf_glh\�jZ\gy_lky 

 ( ) ( ) ( )
( ) ( )

1 2

1 2

1 2

tgh 2 tgh 2
tgh 2

1 tgh 2 tgh 2

q q

q q

q q

εα + εα
 ε α + α =  + εα εα

.  (6.8.22) 

>Ze__�^ey�kemqZy�]jmiiu�wgljhibc�hij_^_ebf�^\mf_jgh_�ijhkljZg�

kl\h�k�dhhj^bgZlgufb�hkyfb� η �b� ξ ��Ijhba\hevgZy�lhqdZ�\�wlhc�kbkl_f_�

dhhj^bgZl��aZ^ZggZy�jZ^bmk-\_dlhjhf� ( ),= η ξR
G

��hij_^_ey_lky�jZkklhygb�

_f�beb�^ebghc� R
G

�hl�p_gljZ�dhhj^bgZl�b�m]ehf� qα ��qlh�hljZ`Z_lky�kh�

hlghr_gbyfb 

 ( ) ( )cosh 2 sinh 2q
q qe

−να  η = εα + εα R
G

,  (6.8.23) 

 ( )sinh 2q
qe

−ναξ = εαR
G

 .  (6.8.24) 

Lh]^Z�ihemqbf�\ujZ`_gb_ 

 ( ) 2,F

ν
ε η + εξ= η ξ = η + εηξ η 

R
G

  (6.8.25) 

k�wd\b\Ze_glghc�nhjfhc 

 
( )1 1

2
exp arctgh 1 ,

1 2

H H

H
H

H

ν
ε= η + ε + ε =

   ε = η ν + ε   + ε    

R
G

 

 (6.8.26)

 

]^_� ( ) ( )tgh 2 1 tgh 2 2q q H εα − εα = ξ η = ε  . 

Ij_h[jZah\Zgb_�dhhj^bgZl 

( )
( )

( ) ( ) ( )
( )

2

2

cosh 2
0

sinh 2

cosh 21
sinh 2

2 sinh 2

q

q

q

q

q

q

q

q

e

e

e

−να

εα

−εα

′ξ 
  = × 
 ′η 

  εα +   =   ξ + εα     ×     εα − η   εα = ε − εα    

  

(6.8.27)
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ijb�ih\hjhl_�bkoh^ghc�kbkl_fu�dhhj^bgZl�gZ�m]he� qα �hklZ\eyxl�nhjf-

bg\ZjbZglguf�agZq_gb_�jZkklhygby���������� 
:gZeh]bqgh� hij_^_eyxlky� nhjfmeu� ^ey� ]jmiiu� bgnhjfZpbc� 

jZaebqby� 
JZkkfZljb\Z_fu_�^\mf_jgu_� ]_hf_ljbb�f_j�bgnhjfZpbb� _klv� ]_h�

f_ljbb� iehkdbo� b� ]eh[Zevgh� Zgbahljhiguo� f_ljbq_kdbo� ijhkljZgkl\�

Fbgdh\kdh]h� >��@� k� f_ljbq_kdhc� nmgdpb_c� ���������� :gbahljhiby� ijh�

kljZgkl\�oZjZdl_jbam_lky�iZjZf_ljZfb� ν �b� ε ��Ij_h[jZah\Zgb_�dhhj^bgZl�
���������j_Zebam_l�^\b`_gb_�ijhkljZgkl\Z�� 

F_ljbq_kdZy� nmgdpby� iehkdh]h� b� ]eh[Zevgh� Zgbahljhigh]h� ijh�

kljZgkl\Z�Fbgdh\kdh]h�^ey�fh^_eb�OZ\j^Z–QZj\Zl–>Zjhrb�ijb�mkeh\bb�

2rν = ε �bf__l�ke_^mxsbc�\b^ 

 ( )
2

2,
r

F
 η + εξ= η ξ = η + εηξ η 

R
G

.  (6.8.28) 

Hij_^_ebf�mjZ\g_gb_�bg^bdZljbku�>��@ 

 ( ), 1F η ξ = .  (6.8.29) 

?keb� 0r = �� lh� bg^bdZljbkZ� bkke_^m_fhc� ]_hf_ljbb� y\ey_lky� djb�

\hc��mjZ\g_gb_�dhlhjhc�_klv 

 
1 1 ξ = − η ε η 

.  (6.8.30) 

Ba� ��������� \ul_dZ_l� f_ljbq_kdZy� nmgdpby�� jZ\gZy� ^ebg_� jZ^bmk-
\_dlhjZ�\�Zgbahljhighc�]_hf_ljbb 

 ( ) 2,F= η ξ = η + εηξR
G

.  (6.8.31) 

GZ�jbk�������ijb\_^_gu�bg^bdZljbku�^ey�Z�� 0r = �b�[�� 4 5r = ��Eb�

gbb�1, 2�b�3�khhl\_lkl\mxl� 1 2; 1 2q = − �b��� 
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  η 

   ξ 

 1  

 3  

 2  

 3  

 1  

 2  

 

  η 

    ξ  

 1  

 3  

 2  

 3  

 1  

 2  

 
Z [ 

Jbk� ����� Bg^bdZljbku ^ey LbiZ IA : 
1 – (q = –1/2), 2 – (q = 1/2), 3 – (q = 1) 

 
=_hf_ljbq_kdh_�ij_^klZ\e_gb_�]jmii�f_j�bgnhjfZpbb�J_gvb�\�Lbi_�IV  

hlh[jZ`Z_lky�jZ\_gkl\Zfb� 

 qH = α , qI ′= −α .  (6.8.32) 

>ebgZ�jZ^bmk-\_dlhjZ�\�iehkdhc�b�]eh[Zevgh�Zgbahljhighc�]_hf_l�
jbb�f_j�bgnhjfZpbb�hij_^_ey_lky�f_ljbq_kdhc�nmgdpb_c 

 ( ) 2, exp
2

r
F

 ξ= η ξ = η  η 
R
G

  (6.8.33) 

k�wd\b\Ze_glghc�nhjfhc 

 2 exp
2

rH = η   
R
G

,   (6.8.34) 

]^_� qα = ξ η �b� 2rν = .  

Kh]eZkgh�����������bf__f�ij_h[jZah\Zgby�dhhj^bgZl 

 
1 0

1
q

q

e
−να′  ξ ξ   =      −α′η η    

  (6.8.35) 

\� ]_hf_ljbb� Fbgdh\kdh]h�� Ij_h[jZah\Zgby� j_Zebamxl� ^\b`_gb_� ijh�

kljZgkl\Z��Z�ijb� 0r = �jZkkfZljb\Z_fZy�f_ljbq_kdZy�nmgdpby�kh\iZ^Z_l�k�

^ebghc�jZ^bmk-\_dlhjZ�\�]Zebe__\hc�]_hf_ljbb 

 2= ηR
G

.  (6.8.36) 
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GZ�jbk�������ijb\_^_gZ�bg^bdZljbku�ijb� 2 3r = − ; 0 ; 1 3. 

  η 

 ξ 

 3  

 1  

 2  

 3  

 1  

 2  

 
Jbk� ����� Bg^bdZljbku ^ey LbiZ IV : 
1 – (r = –2/3), 2 – (r = 0), 3 – (r = 1/3) 

 
Lbi� II �h[s_c�deZkkbnbdZpbb�f_j�bgnhjfZpbb�a^_kv�g_�jZkkfZljb�

\Z_f��ihkdhevdm�^bkdjbfbgZgl�ljzoqe_gZ� 21 H H+ ε − ω ��beb�hij_^_ebl_ev�

d\Z^jZlbqghc�nhjfu��jZ\gy_lky�gmex�b�bf__f�\ujh`^_gguc�kemqZc��g_�

ij_^klZ\eyxsbc�bgl_j_kZ�^ey�nbabq_kdbo�ijbeh`_gbc� 
Ijb\_^_ggu_� ]_hf_ljbq_kdb_� ij_^klZ\e_gby� ^ey� jZkkfZljb\Z_fuo�

Lbih\�f_j�bgnhjfZpbb�kh\iZ^Zxl�k�^\mf_jgufb�ijhkljZgkl\Zfb�Fbg�

dh\kdh]h� \� h[h[s_gbyo� ki_pbZevghc� l_hjbb� hlghkbl_evghklb� >���� �����

���@�� _keb� \_ebqbgu� ctη = � b� xξ = � oZjZdl_jbamxl�nbabq_kdh_� \j_fy� b�

h^ghf_jgh_� jZkklhygb_�� AZdhg� dhfihabpbb� wgljhibc�bf__l� h^bgZdh\mx�

nhjfm�k�aZdhghf�dhfihabpbb�h^ghf_jguo�h^ghgZijZ\e_gguo�Zgbahljhi�

guo�kdhjhkl_c�\�ik_\^h_\deb^h\hc��_\deb^h\hc�b�]Zebe__\hc�]_hf_ljbyo� 
 


