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H;S:Y�DE:KKBNBD:PBY�F?J�BGNHJF:PBC 

BaeZ]Z_lky�hkgh\ghc�f_lh^��bkihevamxsbc�]jmiih\u_�k\hckl\Z�f_j�

bgnhjfZpbc��Bkke_^mxlky�lbiu�wgljhibc�b�bgnhjfZpbc�jZaebqby��dhlh�

ju_� \ul_dZxl� ba� aZdhgZ� dhfihabpbb� we_f_glh\� ]jmiiu�� mqblu\Zxs_]h�

d\Z^jZlbqgmx�g_ebg_cghklv��I_j\u_�j_amevlZlu�\�wlhf�gZijZ\e_gbb�[u�

eb� ^Zgu� \� fhgh]jZnbb� >��@� b� klZlvyo� >��-��@� Z\lhjZ� b� kihkh[kl\h\Zeb�
jZa\blbx�]jmiih\uo�f_lh^h\�\�h[h[s_gghc�l_hjbb�bgnhjfZpbb��Ijb\h�

^blky� h[sZy� deZkkbnbdZpby�f_j�bgnhjfZpbc��^h\_^_ggZy�^h� _kl_kl\_g�

guo�]jZgbp��BamqZxlky�ij_^klZ\e_gby�jZkkfZljb\Z_fuo�]jmii�f_j��<g_�

k_gu�\Z`gu_�b^_b�b�ihemq_gu�gh\u_�]em[hdb_�j_amevlZlu� 

�����=jmiiu�b�ij_^klZ\e_gby�]jmii 

JZkkfhljbf� h[sb_� k\_^_gby� h� ]jmiiZo�� g_h[oh^bfu_� ^ey� aZ^Zq�

h[h[s_gghc�l_hjbb�bgnhjfZpbb�� 
Imklv�bf__lky�g_imklh_�fgh`_kl\h�we_f_glh\�^ey�g_aZ\bkbfuo�klZ�

lbklbq_kdbo� h[t_dlh\��<� aZ\bkbfhklb� hl� ijbeh`_gbc� hgh� ij_^klZ\ey_l�

kh\hdmighklv�wgljhibc��bgnhjfZpbc�jZaebqby��ihemghjf�jZkij_^_e_gbc�

b�^jm]bo�\_ebqbg� 
Hij_^_e_gb_����=jmiihc�G�gZau\Z_lky�fgh`_kl\h�we_f_glh\�]jmi�

iu��_keb�\uihegyxlky�ke_^mxsb_�mkeh\by��]jmiih\u_�Zdkbhfu�� 
1. Hij_^_e_g� aZdhg� dhfihabpbb�� lh� _klv� [bgZjgZy� Ze]_[jZbq_kdZy�

hi_jZpby�� dhlhjZy� dZ`^hc� mihjy^hq_gghc� iZj_� we_f_glh\� A � b� B � ba�G 
_^bgkl\_gguf� h[jZahf� khihklZ\ey_lky� hij_^_e_gguc� we_f_gl� C A B= D  
ba�G��<� h[s_f� kemqZ_� A BD � b� B AD � y\eyxlky� jZaebqgufb� b� hi_jZpby��

gZau\Z_fZy� ijhba\_^_gb_f� we_f_glh\�� g_� h[eZ^Z_l� i_j_f_klbl_evguf��

beb�dhffmlZlb\guf��k\hckl\hf�� 
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2. Hi_jZpby�ZkkhpbZlb\gZ��lh�_klv� ( ) ( )A B C A B C A B C= =D D D D D D  

^ey�ijhba\hevguo� ,A B�b�C �ba�G. 

3. <�]jmii_�G�bf__lky�_^bgbqguc�we_f_gl��lh�_klv�lZdhc�we_f_gl�E , 
qlh� A E E A A= =D D �^ey�ijhba\hevgh]h� A �ba�G. 

4. <�]jmii_�G�bf__lky�h[jZlguc�we_f_gl��lh�_klv�^ey�ijhba\hevgh]h�

A � ba� G� kms_kl\m_l� lZdhc� we_f_gl�� h[hagZqZ_fuc� \� \b^_� 1A− �� qlh�
1 1A A A A E− −= =D D . 
:dkbhfu���b���jZ\ghkbevgu�h^ghc�Zdkbhf_�3′ ��>ey�^\mo�ijhba\hev�

guo�we_f_glh\� A �b� B �ba�G�\k_]^Z��kms_kl\mxl�lZdb_�we_f_glu� X �b�Y , 
dhlhju_�gZau\Zxlky�e_\uf�qZklguf�b�ijZ\uf�qZklguf�ijb�^_e_gbb� B  
gZ� A ��qlh� A X B=D �b�Y A B=D . 

Ba� ]jmiih\uo� Zdkbhf� ke_^m_l�� qlh� \� ]jmii_� bf__lky� lhevdh� h^bg�

_^bgbqguc�we_f_gl��^ey�dZ`^h]h�we_f_glZ�ba�G�kms_kl\m_l�lhevdh�h^bg�

h[jZlguc�we_f_gl��?keb� C A B= D ��lh� 1 1 1C B A− − −= D �\�kbem�ZkkhpbZlb\�

ghklb� aZdhgZ�dhfihabpbb�\�]jmii_��<k_]^Z�kijZ\_^eb\h� A B A C≠D D �b� ��

_keb�B C≠ . 

Ijb�\uiheg_gbb�dhffmlZlb\ghklb�aZdhgZ�dhfihabpbb� A B A C≠D D  
^ey�ijhba\hevguo� A �b�B �ba�G�bf__f�Z[_e_\m�]jmiim 

Hij_^_e_gb_� �� =jmiiu� gZau\Zxlky� bahfhjngufb�� _keb� dZ`^hfm�
we_f_glm�ba�G �\aZbfgh�h^ghagZqgh�ihklZ\e_g�\�khhl\_lkl\b_�hij_^_e_g�

guc�we_f_gl�ba�G� �lZdbf�h[jZahf��qlh�[bgZjgZy�hi_jZpby�C A B= D �ba�G 

khhl\_lkl\m_l�[bgZjghc�hi_jZpbb� C A B=� � �D �khhl\_lkl\mxsbo�we_f_glh\�

ba�G� . 
Hij_^_e_gb_ � ���We_f_gl� A′ �gZau\Z_lky� khijy`_gguf� k� we_f_g�

lhf A ��_keb�kijZ\_^eb\h�jZ\_gkl\h� 1A C A C−′ = D D �^ey�A, A′ �b�C �ba�G . 
Ba�ijb\_^_ggh]h�hij_^_e_gby�ke_^m_l��qlh�we_f_gl� A �lZd`_�y\ey�

_lky�khijy`_gguf�k�we_f_glhf� A′ ��We_f_gl��h[jZlguc�we_f_glm��khijy�
`_gghfm�k� A ��y\ey_lky�khijy`_gguf�k�we_f_glhf� 1A− ��lZd�dZd�kijZ\_^�

eb\h�jZ\_gkl\h� ( ) 1 1 1A C A C
− − −′ = D D ��?keb� A A′ = �^ey�ex[h]h�we_f_glZ C  

ba�G ��lh� A �gZau\Z_lky�kZfhkhijy`_gguf�we_f_glhf� 

Hij_^_e_gb_� ���We_f_gl� ( ) ...nA A A A= D D D �� y\eyxsbcky� dhfihab�

pb_c� n � we_f_glh\�� _klv� n -y� kl_i_gv� we_f_glZ� A �� KijZ\_^eb\h�

( ) ( ) ( )n m n mA A A +=D , ( ) ( ) ( )n m n mA A A− −=D , ( ) ( ) ( )m
n nmA A  =  �b� ( ) ( ) ( )1

n nA A
−−  =   
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k� ( ) 1 1 1...mA A A A− − − −= D D D ��<�qZklghklb�� ( ) ( ) (0)n nA A A E− = =D �b�ijb� 1n =  

bf__f� (1)A A= �b� ( 1) 1A A− −=  
Hij_^_e_gb_����<kydh_�g_imklh_�ih^fgh`_kl\h�M�]jmiiu�G��dhlh�

jh_�kZfh�ih�k_[_�y\ey_lky�]jmiihc�hlghkbl_evgh�[bgZjghc�hi_jZpbb��gZ�

au\Z_lky�ih^]jmiihc�]jmiiu�G. 
Ihkdhevdm� d� M� ijbgZ^e_`bl� _^bgbpZ� ]jmiiu� G�� lh� hklZ\rZyky�

qZklv�]jmiiu�G�g_�h[jZam_l�]jmiim��KZfZ�]jmiiZ�G�y\ey_lky�k\h_c�ih^�
]jmiihc�b�kh^_j`bl�_^bgbqgmx�ih^]jmiim��khklhysmx�lhevdh�ba�we_f_g�

lZ� E ��Wlb�ih^]jmiiu�gZau\Zxlky�g_kh[kl\_ggufb��Z�hklZevgu_�ih^]jmi�

iu�–�kh[kl\_ggufb� 
Hij_^_e_gb_����<kydZy�]jmiiZ�M �dhg_qguo�d\Z^jZlguo�fZljbp�A , 

k�g_�jZ\guf�gmex�hij_^_ebl_e_f��gZ�dhlhjmx�fh`_l�[ulv�\aZbfgh�h^gh�

agZqgh�hlh[jZ`_gZ�]jmiiZ�G��gZau\Z_lky�lhqguf�ij_^klZ\e_gb_f�]jmi�
iu�G��Ihjy^hd� n �fZljbp�ba�M�gZau\Z_lky�kl_i_gvx��beb�jZaf_jghklvx��

ij_^klZ\e_gby� 
Ba�hij_^_e_gby���\ul_dZ_l��qlh�[bgZjghc�hi_jZpbb� A BD �ba�G�khhl�

\_lkl\m_l� h[uqgZy� hi_jZpby� mfgh`_gby� fZljbp� ( ) ( ) ( )A B A B=A A A D   

ba�M . 
GZjy^m� k� ij_^klZ\e_gb_f� \� \b^_� fZljbp� bf_xl� f_klh� b� ^jm]b_�

ij_^klZ\e_gby� ]jmiiu�G��gZijbf_j�\�\b^_�nmgdpbc� ( )Aϕ ��>ey�gbo�\u�

ihegy_lky� [bgZjgZy� hi_jZpby� dZd� h[uqgZy� hi_jZpby� mfgh`_gby�

( ) ( ) ( )A B A Bϕ ϕ = ϕ D �ba�]jmiiu�F. 

Ijb�\u[hj_�Z^^blb\ghc� aZibkb�^ey� we_f_glh\� ]jmiiu�G� we_f_gl�E 
khhl\_lkl\m_l�gmex�]jmiiu��h[hagZqZ_fhfm�\�\b^_� 0 ��>ey�h[jZlgh]h�we_�

f_glZ�bf__f�ijhlb\hiheh`guc� we_f_gl� ( )a− ��Lh]^Z� ]jmiih\u_� Zdkbhfu�

aZibrmlky� lZd: ( ) ( ), ,C A B A B C A B C= + + + = + +  0 0A A A+ = + =   

b� ( ) ( ) 0A A A A+ − = − + = . 

�����AZdhg�dhfihabpbb�we_f_glh\�]jmii�f_j 

JZkkfhljbf� Z[_e_\m� ]jmiim� wgljhibc� k� dhffmlZlb\guf� aZdhghf�

dhfihabpbb�we_f_glh\� 1 2 2 1H H H H=D D ��Iheh`bf��qlh�\�aZdhg�dhfihab�

pbb�\oh^yl�lhevdh� 1 2,H H �b�bo�ijhba\_^_gb_� 1 2H H ��hij_^_eyxs__�d\Z^�

jZlbqgmx� g_ebg_cghklv�� Ijb\_^_f� ijhklhc� Z[kljZdlguc� \u\h^� y\gh]h�

\b^Z�aZdhgZ�dhfihabpbb�we_f_glh\�wgljhibc�b�_]h�k\hckl\Z� 
AZibr_f�aZdhg�\�ke_^mxs_f�\b^_� 
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( )

( )
1 2 1

1 2
2 11

H H H
H H H

H f H

+ ψ
= =

+
D .  (5.2.1) 

Bkihevam_f� mkeh\b_� dhffmlZlb\ghklb� \� �������� b� ihemqbf� khhlgh�

r_gb_ 

 
( )

( )
( )

( )
1 2 1 2 1 2

2 1 1 21 1

H H H H H H

H f H H f H

+ ψ + ψ
=

+ +
,  (5.2.2) 

gZdeZ^u\Zxs__�h]jZgbq_gby�gZ�nmgdpbb 

 
( ) ( )1 2

1 2

1 1H H

H H

ψ − ψ −
= = ε ,  (5.2.3) 

 
( ) ( )1 2

1 2

f H f H

H H
= = ω .  (5.2.4) 

A^_kv�\\_^_gu�iZjZf_lju� ε �b� ω ��g_aZ\bkysb_�hl�wgljhibb��Ih^klZ\eyy�

nmgdpbb� ( )1Hψ �b� ( )1f H �\����������ihemqbf�aZdhg�dhfihabpbb�>������@� 

 1 2 1 2
1 2

1 21

H H H H
H H H

H H

+ + ε
= =

+ ω
D ,  (5.2.5) 

\�dhlhjhf�kl_i_gv�g_Z^^blb\ghklb�oZjZdl_jbam_lky�agZq_gbyfb�iZjZf_l�

jh\� ε �b�ω . 
JZkkfhljbf�hkgh\gu_�k\hckl\Z�hij_^_e_gby��������� 
���:kkhpbZlb\ghklv ��Kh]eZkgh�Zdkbhf_���\uihegy_lky�k\hckl\h�Zk�

khpbZlb\ghklb 

 ( ) ( )1 2 3 1 2 3 1 2 3H H H H H H H H H= = =D D D D D D   

( ) ( )
( )

2
1 2 3 1 2 2 3 3 1 1 2 3

1 2 2 3 3 1 1 2 3

.
1

H H H H H H H H H H H H

H H H H H H H H H

+ + + ε + + + ω + ε
=

+ ω + + + εω
   (5.2.6) 

��� ?^bgbqguc� we_f_gl�� Kh]eZkgh� Zdkbhf_� �� _^bgbqguc� we_f_gl�
]jmiiu�gZoh^bf�ba�nhjfmeu� 

 
1

H E HE
H E H

HE

+ + ε= =
+ ω

D ,  (5.2.7) 

dhlhjZy� ^Z_l� agZq_gb_� 0E = ��LZdbf� h[jZahf�� _^bgbqguc� we_f_gl� khhl�

\_lkl\m_l�gme_\hfm�agZq_gbx�wgljhibb� 0H = . 
���H[jZlguc�we_f_gl��Kh]eZkgh�Zdkbhf_���ba�nhjfmeu� 
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1 1

1
1

0
1

H H HH
H H

HH

− −
−

−
+ + ε= =

+ ω
D   (5.2.8) 

\ul_dZ_l�\ujZ`_gb_�^ey�h[jZlgh]h�we_f_glZ 

 1

1

H
H

H
− = −

+ ε
, ( )11 0HH −+ ω ≠ .  (5.2.9) 

���Khijy`_gguc�we_f_gl��Ih^klZ\bf�\�hij_^_e_gb_�khijy`_ggh]h�
we_f_glZ� 

 1H C H C−′ = D D   (5.2.10) 

agZq_gb_� ( ) 11 1C C C
−− = − + ε �b�ihemqbf 

 H H′ = .  (5.2.11) 

WlZ�nhjfmeZ�hagZqZ_l��qlh�we_f_glu�]jmiiu�wgljhibc�y\eyxlky�kZ�

fhkhijy`_ggufb� 
���JZ\_gkl\Z��Bkihevamy�aZdhg�dhfihabpbb�b�ijb\_^_ggu_�k\hckl�

\Z��gZoh^bf�ke_^mxsb_�jZ\_gkl\Z 

 ( ) ( )( )1
1

1 1
, 1 1 1,H H

H H
−

−− = ε + ε + ε =
−

  (5.2.12) 

 
( )
1

1 2 21 1

1 1 1

1 1 1

H H

HH H H H H

−

− − −

+ ε + ε= =
+ ω + ε − ω + ε − ω

,  (5.2.13) 

 ( ) ( )( )
( )

2 2
1 1 2 22

2

1 2

1 1
1

1

H H H H
H H

H H

+ ε − ω + ε − ω
+ ε − ω =

+ ω
,  (5.2.14) 

 1 2 1 2

2 2 2
1 1 2 21 1 1

H H H HH

H H H H H H

+ + ε
=

+ ε − ω + ε − ω + ε − ω
,  (5.2.15) 

 
2

1 1
1 1

1 2

1
1

1

H H
H H H

H H

+ ε − ω
+ ε − ω =

+ ω
,  (5.2.16) 

 
2

2 2
2 2

1 2

1
1

1

H H
H H H

H H

+ ε − ω
+ ε − ω =

+ ω
,  (5.2.17) 

 ( )( )2
1 1 2 21 1 1H H H H H H H H+ ε − ω = + ε − ω + ε − ω ,  (5.2.18) 
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 1 1 2 2
2 2

1 1 2 2

1 1

1 1

H H H H H H

H H H H

+ ε − ω + ε − ω
=

+ ε − ω + ε − ω
.  (5.2.19) 

>ey�lj_o�wgljhibc�bf__f 

 ( ) ( )2 2

1 2 1 21 1H H H H + ω + ω  
D  

 
( )( )( )

( )

2 2 2
1 1 2 2 3 3

2

1 2 2 3 3 1 1 2 3

1 1 1

1

H H H H H H

H H H H H H H H H

+ ε − ω + ε − ω + ε − ω
=

 + ω + + + ε 
.  (5.2.20) 

?keb� ( ) 11
3 1 2H H H H

−−= = D ��lh�ba����������b����������khhl\_lkl\_ggh��

ihemqbf 

 ( )1 1 1
1 2 2 1 1 21 H H H H H H H H H− − − + ω + + + ε =   

( )( ) ( )( )
1

2 22 2 1 1
1 1 2 21 1 1H H H H H H− − = + ε − ω + ε − ω + ε − ω  

,  (5.2.21) 

 ( ) ( )1 1 1
1 2 1 2 2 1H H H H H H H H H− − −+ + + ε + + +  

 ( )2 1
1 2 0H H H −+ ω+ ε = .  (5.2.22) 

Q_luj_�wgljhibb�m^h\e_l\hjyxl�lh`^_kl\m 

 ( )( ) ( )( )1 2 3 4 1 2 3 41 1 1H H H H H H H H + ω + ω + ω = D D  

 ( )( ) ( )( )2 3 4 1 2 3 4 11 1 1H H H H H H H H = + ω + ω + ω = D D  

 ( )( ) ( )( )3 1 4 2 3 1 4 21 1 1H H H H H H H H = + ω + ω + ω D D .  (5.2.23) 

<�qZklghklb��ijb� 1 3 2 4,H H H H= = �lh`^_kl\h� ���������ijbgbfZ_l�

\b^ 

 ( )( ) ( )( )2 2
1 2 1 1 2 21 1 1H H H H H H + ω + ω + ω = D D  

 ( ) ( )2 2

1 2 1 21 1H H H H = + ω + ω  
D .  (5.2.24) 

Ba���������ke_^m_l�aZdhg�dhfihabpbb�wgljhibb�H�k� 1
2H − �b�k� 1

1H − : 
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 1 2
1 2

2 21

H H
H H H

H HH
− −

= =
+ ε − ω

D ,  (5.2.25) 

 1 1
2 1

1 11

H H
H H H

H HH
− −

= =
+ ε − ω

D .  (5.2.26) 

>ey�h[jZlguo�we_f_glh\�bf__f 

 ( ) ( ) 11 1 1 1 1 1
1 2 2 1 1 2 3 3 2 1,H H H H H H H H H H

−− − − − − −= =D D D D D ,   (5.2.27) 

 
1 1

1 2 2 1

1 1

H H H H− −+ = −ε
D D

,  (5.2.28) 

 
1 1 1 1

1 2 2 1 1 2 2 1

1 1 1 1

H H H H H H H H− − − −+ = +
D D D D

.  (5.2.29) 

Hij_^_e_gb_���ba�jZa^������iha\hey_l�ihemqblv�d\Z^jZl�we_f_glZ 

 
2

(2)
2

2

1

H H
H H H

H

+ ε= =
+ ω

D .  (5.2.30) 

J_rZy� mjZ\g_gb_� ��������� hlghkbl_evgh� H �� gZoh^bf� ©d\Z^jZlguc�

dhj_gvª�ba�we_f_glZ�H HD  

 

( ) ( )
(2)

2(2) (2)1 1

H
H

H H
=

+ + ε − ω
.  (5.2.31) 

<aZbfhk\yav�wlbo�we_f_glh\�hij_^_ey_lky�khhlghr_gb_f 

 ( ) ( )
22(2) (2)

2

1
1

1

H H
H H

H

+ ε − ω+ ε − ω =
+ ω

.  (5.2.32) 

Bkihevamy�aZdhg�dhfihabpbb� 1 2H H H= D ��gZoh^bf�aZdhg�dhfihab�

pbb�d\Z^jZlh\�we_f_glh\ 

 ( ) ( )(2) (2) (2)
1 2 1 2 1 2H H H H H H H= = =D D D D  

 
(2) (2) (2) (2)
1 2 1 2

(2) (2)
1 21

H H H H

H H

+ + ε
=

+ ω
.  (5.2.33) 

<�h[s_f�kemqZ_�ihemqbf� 
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( ) ( ) ( ) ( )

(2 ) ( ) ( ) 1 2 1 2
1 2 ( ) ( )

1 21

n n n n
n n n

n n

H H H H
H H H

H H

+ + ε
= =

+ ω
D .  (5.2.34) 

Ba� ��������� ke_^m_l�� qlh� iZjZf_lj� ε � hljZ`Z_l� hlebqb_� h[jZlgh]h�
we_f_glZ� 1H − �hl�ijhlb\hiheh`gh]h ( )H− . 

:[_e_\Z� ]jmiiZ� bgnhjfZpbc� jZaebqby� hij_^_ey_lky� ZgZeh]bqgh�

]jmii_�wgljhibc��AZdhg�dhfihabpbb�bgnhjfZpbc�jZaebqby�bf__l�\b^ 

 1 2 1 2
1 2

1 21

I I I I
I I I

I I

+ − ε
= =

+ ω
D   (5.2.35) 

b�aZ^Z_lky�aZf_ghc�H I→ − �\�aZdhg_�dhfihabpbb�wgljhibc� 
Hij_^_e_gb_����������m^h\e_l\hjy_l�k\hckl\m�ZkkhpbZlb\ghklb 

 ( ) ( )1 2 3 1 2 3 1 2 3I I I I I I I I I= = =D D D D D D    

 
( ) ( )

( )
2

1 2 3 1 2 2 3 3 1 1 2 3

1 2 2 3 3 1 1 2 3

.
1

I I I I I I I I I I I I

I I I I I I I I I

+ + − ε + + + ω+ ε
=

+ ω + + − εω
        (5.2.36) 

?^bgbqghfm� we_f_glm� ]jmiiu� 0E = � khhl\_lkl\m_l� gme_\h_� agZq_�

gb_�bgnhjfZpbb�jZaebqby� 0I = ��H[jZlguc� we_f_gl�hij_^_ey_lky�\ujZ�

`_gb_f� ( ) 11 1I I I
−− = − − ε ��We_f_glu� ]jmiiu�y\eyxlky�kZfhkhijy`_ggu�

fb��lh�_klv� I I′ = . 
Ih� ZgZeh]bb� k� jZ\_gkl\Zfb� ^ey� wgljhibc�gZoh^bf� ke_^mxsb_� jZ�

\_gkl\Z�^ey�bgnhjfZpbc�jZaebqby 

 
( ) ( )( )1

1

1 1
, 1 1 1,I I

I I
−

−− = −ε − ε − ε =
−

  (5.2.37) 

 
( )
1

1 2 21 1

1 1 1

1 1 1

I I

II I I I I

−

− − −

− ε − ε= =
+ ω − ε − ω − ε − ω

,  (5.2.38) 

 ( ) ( )( )
( )

2 2
1 1 2 22

2

1 2

1 1
1

1

I I I I
I I

I I

− ε − ω − ε − ω
− ε − ω =

+ ω
,  (5.2.39) 

 1 2 1 2

2 2 2
1 1 2 21 1 1

I I I II

I I I I I I

+ − ε
=

− ε − ω − ε − ω − ε − ω
,  (5.2.40) 
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2

1 1
1 1

1 2

1
1

1

I I
I I I

I I

− ε − ω
− ε − ω =

+ ω
,  (5.2.41) 

 
2

2 2
2 2

1 2

1
1

1

I I
I I I

I I

− ε − ω
− ε − ω =

+ ω
,  (5.2.42) 

 ( )( )2
1 1 2 21 1 1I I I I I I I I− ε − ω = − ε − ω − ε − ω ,  (5.2.43) 

 1 1 2 2
2 2

1 1 2 2

1 1

1 1

I I I I I I

I I I I

− ε − ω − ε − ω
=

− ε − ω − ε − ω
.  (5.2.44) 

 ( ) ( )2

1 2 3 1 2 31 I I I I I I− ε − ω =D D D D  

 
( )( )( )

( )

2 2 2
1 1 2 2 3 3

2

1 2 2 3 3 1 1 2 3

1 1 1

1

I I I I I I

I I I I I I I I I

− ε − ω − ε − ω − ε − ω
=

 + ω + + − ε 
,  (5.2.45) 

 ( )1 1 1
1 2 2 1 1 21 I I I I I I I I I− − − + ω + + − ε =   

 ( )( ) ( )( )
1

2 22 2 1 1
1 1 2 21 1 1I I I I I I− − = − ε − ω − ε − ω − ε − ω  

,  (5.2.46) 

 ( ) ( )1 1 1
1 2 1 2 2 1I I I I I I I I I− − −+ + − ε + + +  

 ( )2 1
1 2 0I I I −+ ω+ ε = ,  (5.2.47) 

 ( )( ) ( )( )1 2 3 4 1 2 3 41 1 1I I I I I I I I + ω + ω + ω = D D  

 ( )( ) ( )( )2 3 4 1 2 3 4 11 1 1I I I I I I I I = + ω + ω + ω = D D  

 ( )( ) ( )( )3 1 4 2 3 1 4 21 1 1I I I I I I I I = + ω + ω + ω D D ,  (5.2.48) 

 ( )( ) ( )( )2 2
1 2 1 1 2 21 1 1I I I I I I + ω + ω + ω = D D  

 ( ) ( )2 2

1 2 1 21 1I I I I = + ω + ω  
D ,  (5.2.49) 

 1 2
1 2

2 21

I I
I I I

I II
− −

= =
− ε − ω

D ,  (5.2.50) 
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 1 1
2 1

1 11

I I
I I I

I II
− −

= =
− ε − ω

D ,  (5.2.51) 

 ( ) ( ) 11 1 1 1 1 1
1 2 2 1 1 2 3 3 2 1,I I I I I I I I I I

−− − − − − −= =D D D D D ,  (5.2.52) 

 
1 1

1 2 2 1

1 1

I I I I− −+ = ε
D D

,  (5.2.53) 

 
1 1 1 1

1 2 2 1 1 2 2 1

1 1 1 1

I I I I I I I I− − − −+ = +
D D D D

,  (5.2.54) 

 

( ) ( )
2 (2)

(2)
2 2(2) (2)

2
,

1
1 1

I I I
I I I I

I
I I

− ε= = =
+ ω + − ε − ω

D ,  (5.2.55) 

 ( ) ( )
22(2) (2)

2

1
1

1

I I
I I

I

− ε − ω− ε − ω =
+ ω

.  (5.2.56) 

 ( )
( ) ( ) ( ) ( )

(2 ) ( ) ( ) 1 2 1 2
1 2 1 2( ) ( )

1 21

n n n n
n n n

n n

I I I I
I I I I I I

I I

+ − ε
= = =

+ ω
D D   (5.2.57) 

5.3��=jmiiu�nmgdpbc�f_j 

Ij_^klZ\bf�Z[_e_\mx� ]jmiim�wgljhibc�fmevlbiebdZlb\ghc�]jmii_�

nmgdpbc��dhlhju_�gZoh^ylky�\�hij_^_e_gghf�khhl\_lkl\bb�k�we_f_glZfb�

wgljhibc��Wlh�khhl\_lkl\b_�\�\b^_� ( )H H→ ϕ �oZjZdl_jbam_lky�ke_^mx�

sbfb�k\hckl\Zfb� 

 ( ) ( ) ( ) ( )1 2 1 2H H H H Hϕ = ϕ = ϕ ϕD ,  (5.3.1) 

 ( )0 1ϕ = ,  (5.3.2) 

]^_�_^bgbqguc�we_f_gl�]jmiiu�nmgdpbc�_klv�ihklhyggh_�agZq_gb_��jZ\�

gh_� _^bgbp_�� ijb� gme_\hf� agZq_gbb� wgljhibb�� >ey� h[jZlghc� nmgdpbb�

bf__f� jZ\_gkl\h� 1 1( ) ( )H H− −ϕ = ϕ �� \ul_dZxs__� ba� nhjfmeu�

1( ) ( ) 1H H −ϕ ϕ = . 

IhdZ`_f�� qlh� ^ey� aZdhgZ� dhfihabpbb� �������� bf_xl� f_klh� q_luj_�

ijbgpbibZevgh�jZaebqgu_�]jmiiu�nmgdpbc�wgljhibc� 

Lbi� I ( )0ω ≥ .�Imklv� mjZ\g_gb_� 21 0H H+ ε − ω = � bf__l� g_jZ\gu_�
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\_s_kl\_ggu_� dhjgb�� lh� _klv� ^ey� ^bkdjbfbgZglZ� bf__f� mkeh\b_�

2 4 0D = ε + ω > �� Lh]^Z� kijZ\_^eb\h� jZ\_gkl\h� ( )21 H H+ ε − ω =  

( )( )1 21 1H H= + ε − ε ��\uihegy_fh_�b�ijb� 0ω = ��Ihemqbf� agZq_gby�iZjZ�

f_ljh\�b�^bkdjbfbgZglZ 

 1 2ε = ε − ε , 1 2ω = ε ε , ( )2

1 2D = ε + ε ,  (5.3.3) 

ba�dhlhjuo�ke_^mxl�\_ebqbgu� ( )1 2Dε = ε + �b� ( )2 2Dε = − ε − . 

AZdhg�dhfihabpbb���������aZibr_lky�lZd 

 ( ) ( )1 2 1 2 1 2
1 2

1 2 1 21

H H H H
H H H

H H

+ + ε − ε
= =

+ ε ε
D .  (5.3.4) 

Ba� g_]h� ke_^m_l�� qlh� ^ey� \k_o� g_aZ\bkbfuo� h[t_dlh\� khojZgy_lky�

g_jZ\_gkl\h� ( ) ( )1 21 1H− ε < < ε ��AgZq_gby�wgljhibc� ( )11− ε �b� ( )21 ε �g_�

y\eyxlky�we_f_glZfb�]jmiiu��lZd�dZd�h[jZlgu_�we_f_glu�hl�wlbo�agZq_�

gbc�hklZxlky�g_hij_^_e_ggufb�\\b^m�gZjmr_gby�^hihegbl_evgh]h�mkeh�

\by�\�hij_^_e_gbb����������H^gZdh�^ey�gbo�\uihegyxlky�nhjfZevgu_�kh�

hlghr_gby 

 
1 1

1 1
H

   
− = −      ε ε   

D �ijb�
2

1
H

 
≠   ε 

,  

 
2 2

1 1
H

   
=      ε ε   

D �ijb�

1

1
H

 
≠ −  ε 

.  (5.3.5) 

Ba� �������� \ul_dZ_l�� qlh� \_ebqbgu� ( )11− ε b� ( )21 ε � y\eyxlky�bg\ZjbZgl�

gufb� ^ey� \k_o� g_aZ\bkbfuo� h[t_dlh\�� Ke_^h\Zl_evgh�� bg\ZjbZglgufb�

y\eyxlky�lZd`_�iZjZf_lju� ε �b�ω ��Ba�khhlghr_gby���������\ul_dZxl�ke_�

^mxsb_�nhjfZevgu_�jZ\_gkl\Z 

 
( )2

1 1

1 1   
− = −      ε ε   

,    
( )2

2 2

1 1   
=      ε ε   

,  (5.3.6) 

d�dhlhjuf�^h[Z\eyxlky�_s_�q_luj_ 

 ( ) ( )( )1 1 1 2
1

1 2

1 1
1

1

H H
H

H H

+ ε + ε
+ ε =

+ ω
, 

( )
( )

1
11

2

1

1

H H

HH −−

+ ε
= −

− ε
,  (5.3.7) 



 226 

 ( ) ( )( )2 1 2 2
2

1 2

1 1
1

1

H H
H

H H

− ε − ε
− ε =

+ ω
, 

( )
( )

2
11

1

1

1

H H

HH −−

− ε
= −

+ ε
.  (5.3.8) 

Ihke_�^_e_gby�jZ\_gkl\Z���������gZ���������ihemqbf�lh`^_kl\h 

 2 2 1 2 2

1 1 1 1 2

1 1 1

1 1 1

H H H

H H H

    − ε − ε − ε
=        + ε + ε + ε    

.  (5.3.9) 

KhihklZ\eyy���������b����������gZoh^bf�bkdhfmx�nmgdpbx 

 ( )
1

2

1

1

1

aH
H

H

 − ε
ϕ =   + ε 

,  (5.3.10) 

ihjh`^Zxsmx�]jmiim��HgZ�y\ey_lky�kl_i_gghc�aZ\bkbfhklvx�hl�^jh[gh-

ebg_cghc�nmgdpbb��A^_kv�\�kl_i_gb�bkihevam_lky�nmgdpby� ( )1 2,a a= ε ε , 

aZ\bkysZy�hl�iZjZf_ljh\��Ba����������ke_^m_l�k\hckl\h� (0) 1ϕ = . 

Ih^klZ\bf�h[jZlguc�we_f_gl� 

 
( )

1

1 21

H
H

H
− = −

 + ε − ε 
  (5.3.11) 

\����������b�ihemqbf�nmgdpbx 

 ( ) ( )
1 1

1
1 1 2 1

1
21

1 1

11

a aH H
H H

HH

−
− −

−

   − ε + ε
ϕ = ϕ = =      − ε+ ε   

,  (5.3.12) 

dhlhjZy�y\ey_lky�h[jZlghc�nmgdpbb�^ey� ( )Hϕ . 

We_f_glu�]jmiiu�nmgdpbc�wgljhibc�y\eyxlky�kZfhkhijy`_ggufb�

\�kbem�\uiheg_gby�jZ\_gkl\Z 

 ( ) ( ) ( ) ( ) ( )1H C H C H−′ϕ = ϕ ϕ ϕ = ϕ .  (5.3.13) 

>ey� hij_^_e_gby� nmgdpbb� ( )1 2,a a= ε ε � jZkkfhljbf� fmevlbiebdZ�

lb\gmx� ]jmiim� nmgdpbc� wgljhibc�� dh]^Z� dZ`^uc� g_aZ\bkbfuc� h[t_dl�

bf__l� k\h_� agZq_gb_� jZkkfZljb\Z_fuo� iZjZf_ljh\�� Lh]^Z� aZibr_f� ke_�

^mxsb_�nmgdpbb� 

 ( ) ( )
1 2 1 2

1 1

2 1 2 2
, 1 , 2

1 1 1 2

1 1
, ,

1 1

a aH H
H H

H Hε ε ε ε

   − ε − ε
ϕ = ϕ =      + ε + ε   

� �

�

�
  (5.3.14) 
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 ( )
1 2

1

2
,

1

1

1

aH
H

H′ ′ε ε

 ′− ε
ϕ =   ′+ ε 

.  (5.3.15) 

K\hckl\h�fmevlbiebdZlb\ghklb 

 ( ) ( ) ( )
1 2 1 2 1 2, , 1 , 2H H H′ ′ε ε ε ε ε εϕ = ϕ ϕ

� �

  (5.3.16) 

^Z_l�jZ\_gkl\h 

 

1 1 1

2 2 1 2 2

1 1 1 1 2

1 1 1

1 1 1

a a aH H H

H H H

     ′− ε − ε − ε
=          ′+ ε + ε + ε     

�

�
,  (5.3.17) 

ba�dhlhjh]h�\ul_dZ_l�aZdhg�dhfihabpbb 

 1 2H H H= =D   

( ) ( ) ( )
( ) ( ) ( ) ( )

1 2 1 1 2 2 1 1 2 2 1 2

1 2 2 1 1 2 1 2 1 1 2 2 1 2 2 2 1 1 1 2

H H H H

H H H H

ε + ε + ε + ε + ε ε −ε ε
=

′ ′ ′ ′ ′ ′ ′ ′ε + ε + ε ε −ε ε + ε ε −ε ε + ε ε ε + ε ε ε

� � � �

� � � �
. (5.3.18) 

L_hj_fZ����?keb�]jmiiZ�wgljhibc�Z[_e_\Z��lh� ′ε = ε = ε� �b� ′ω = ω = ω� . 
>ey� ^hdZaZl_evkl\Z� bkihevam_f� mkeh\by� dhffmlZlb\gh�

klb 1 2 2 1H H H H H= =D D � b� k\hckl\Z� ]jmiiu�� qlh� ijb\h^bl�� kh]eZkgh�

����������d�khhlghr_gbyf 

 1 2 1 2 1 2
′ ′ε + ε = ε + ε = ε + ε� � ,  (5.3.19) 

 1 1 1

2 2 2

′ε ε ε
= =

′ε ε ε
�

�
.  (5.3.20) 

Ba� ��������� b� ��������� \ul_dZxl� bkdhfu_� jZ\_gkl\Z� 1 1 1
′ε = ε = ε� � b�

2 2 2
′ε = ε = ε� ��dhlhju_�^hdZau\Zxl�l_hj_fm��<�blh]_�\uihegy_lky�k\hckl\h�

�������� ^ey� nmgdpbb� ���������� Khhlghr_gb_� ��������� \� jZkkfZljb\Z_fhc�

l_hj_f_�iha\hey_l�iheh`blv� 

 
( )1 2a
ε + ε

= −
λ

  (5.3.21) 

b��ke_^h\Zl_evgh��ba����������ihemqbf� 
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 ( ) 1 22

1

1

1

H
H

H

λ−
ε +ε − ε

ϕ =   + ε 
,  (5.3.22) 

]^_�λ �_klv�ijhba\hevguc�iZjZf_lj� 
Lbi�II ( )1 2 0ε + ε = .�Imklv�mjZ\g_gb_� 21 0H H+ ε − ω = �bf__l�jZ\gu_�

\_s_kl\_ggu_� dhjgb�� lh� _klv� ^ey� ^bkdjbfbgZglZ� \uihegy_lky� mkeh\b_�

0D = ��LZdbf�h[jZahf��kijZ\_^eb\h�jZaeh`_gb_� ( )22
11 1H H H+ ε − ω = + ε  

b�ihemqbf�agZq_gby�iZjZf_ljh\ 

 2
1 12 ,ε = ε ω = −ε ,  (5.3.23) 

aZdhg�dhfihabpbb 

 ( ) 1 2 1 1 2
1 2 2

1 1 2

2

1

H H H H
H H H

H H

+ + ε
= =

− ε
D   (5.3.24) 

b�jZ\_gkl\h 

 ( ) ( )( )1 1 1 2
1 2

1 1 2

1 1
1

1

H H
H

H H

+ ε + ε
+ ε =

− ε
.  (5.3.25) 

Ihke_�^_e_gby�jZ\_gkl\Z����������gZ����������\ul_dZ_l�khhlghr_gb_ 

 1 2

1 1 1 1 21 1 1

H HH

H H H
= +

+ ε + ε + ε
.  (5.3.26) 

Ba� aZdhgZ� dhfihabpbb� ke_^m_l� g_jZ\_gkl\h� ( )11H > − ε �� AgZq_gb_�

wgljhibb��jZ\gh_� ( )11− ε �y\ey_lky�bg\ZjbZglguf�we_f_glhf�^ey�\k_o�g_�

aZ\bkbfuo�h[t_dlh\��lZd�dZd�\uihegy_lky�nhjfZevgh_�khhlghr_gb_ 

 
1 1

1 1
H

   
− = −      ε ε   

D ����ijb�
1

1
H

 
≠ −  ε 

.  (5.3.27) 

H^gZdh�h[jZlguc�we_f_gl�hl�agZq_gby� ( )11− ε �hklZ_lky�g_hij_^_e_gguf��

lZd�dZd�gZjmrZ_lky�^hihegbl_evgh_�mkeh\b_�\�hij_^_e_gbb���������� 
KhihklZ\eyy���������b�����������gZoh^bf�bkdhfmx�nmgdpbx 



 229

 ( )
1

exp
1

H
H

H

 λϕ = −  + ε 
,  (5.3.28) 

ihjh`^Zxsmx� ]jmiim�� ]^_� λ � _klv� ijhba\hevguc� iZjZf_lj��Ba� ���������
\ul_dZ_l�k\hckl\h� (0) 1ϕ = ��We_f_glu�]jmiiu�nmgdpbb�wgljhibc�y\eyxl�

ky�kZfhkhijy`_ggufb� 
Ih^klZ\b\�h[jZlguc�we_f_gl� 

 1

11 2

H
H

H
− = −

+ ε
  (5.3.29) 

\�����������ihemqbf�nmgdpbx 

 
1

1 1
1

11

( ) ( ) exp exp
11

H H
H H

HH

−
− −

−

   λ λϕ = ϕ = − =      + ε+ ε   
,  (5.3.30) 

dhlhjZy�y\ey_lky�h[jZlghc�nmgdpb_c�^ey� ( )Hϕ . 

Lbi�III ( )0ω < .�Imklv�mjZ\g_gb_� 21 0H H+ ε − ω = �g_�bf__l�\_s_kl�

\_gguo� dhjg_c�� lh� _klv� ^ey� ^bkdjbfbgZglZ� \uihegy_lky� mkeh\b_�
2 4 0D = ε + ω < ��Ij_^klZ\bf�lj_oqe_g�\�\b^_�ijhba\_^_gby 

 21 H H f f+ ε − ω = ,  (5.3.31) 

]^_�dhfie_dkgh_�\ujZ`_gb_� ( ) ( )1 i 1 if K b= + − �kh^_j`bl�nmgdpbb 

 
2

/ 2

/ 4

H
K

−ω + ε=
−ω− ε

, 
2

2

4
b

ε= −
−ω − ε

.  (5.3.32) 

>_ebf�dhfie_dkgh_�\ujZ`_gb_�gZ�__�khijy`_ggh_�agZq_gb_ 

 
1 i 1 i 1 i

1 i 1 i 1 i

f K b F

b K Ff

+ + += =
− − −

  (5.3.33) 

b�hij_^_ey_f�nmgdpbx 

 
2 4

1 1 2

HK b
F

Kb H

−ω− ε+= =
− + ε

.  (5.3.34) 

KijZ\_^eb\u�ke_^mxsb_�jZ\_gkl\Z 

 ( ) ( )( )1 2

1 2

1 i 1 i
1 i

1

F F
F

F F

+ +
+ =

−
,  (5.3.35) 
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 ( ) ( )( )1 2

1 2

1 i 1 i
1 i

1

F F
F

F F

− −
− =

−
,  (5.3.36) 

 
( )( )
( )( )

1 2

1 2

1 i 1 i1 i

1 i 1 i 1 i

F FF

F F F

+ ++ =
− − −

.  (5.3.37) 

Ba�gbo�\ul_dZ_l�aZdhg�dhfihabpbb�^ey�nmgdpbb�F  

 1 2
1 2

1 21

F F
F F F

F F

+
= =

−
D ,  (5.3.38) 

dhlhjuc�^Z_l�bkoh^guc�aZdhg�dhfihabpbb��wgljhibc 

 
( )

1 2 1 2
1 2 2

1 21

H H H H
H H H

H H

+ + ε
= =

− −ω
D .  (5.3.39) 

Bkihevamy�lh`^_kl\h 

 
1 1 i

arctg ln
2i 1 i

F
F

F

+=
−

  (5.3.40) 

b�mqblu\Zy�����������gZoh^bf�bkdhfmx�nmgdpbx 

( )
2

2

2

( ) exp arctg
4

4
exp arctg , (5.3.41)

1 24

H F

H

H

 λ ϕ = =
 −ω− ε 

  −ω− ελ  =
 + ε −ω− ε   

 

dhlhjZy�ihjh`^Z_l�jZkkfZljb\Z_fmx�]jmiim�wgljhibc��A^_kv�λ �_klv�ijh�
ba\hevguc� iZjZf_lj�� Ba� ��������� ke_^m_l� k\hckl\h� (0) 1ϕ = �� We_f_glu�

]jmiiu�nmgdpbb�wgljhibc�y\eyxlky�kZfhkhijy`_ggufb� 
Ih^klZ\bf�h[jZlguc�we_f_gl� 

 1

1

H
H

H
− = −

+ ε
  (5.3.42) 

\����������b�ihemqbf�nmgdpbx� 
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( )1 1

1 2

12

2

2

( )

4
exp arctg

1 24

4
exp arctg ,

1 24

H H

H

H

H

H

− −

−

−

ϕ = ϕ =

  −ω− ελ  = =
 + ε −ω− ε   

  −ω− ελ  = −
 + ε −ω− ε   

 (5.3.43) 

dhlhjZy�y\ey_lky�h[jZlghc�nmgdpb_c�^ey� ( )Hϕ . 

>Ze__�� ij_^klZ\eyy� lj_oqe_g� \� \b^_� 21 H H+ ε − ω =  

( ) ( ) ( )2 2

1 21 2 1 1H H = + ε + − ε  
��ihemqbf�agZq_gby�iZjZf_ljh\�b�^bkdjb�

fbgZglZ 

 1 2ε = ε − ε , 
2 2
1 2

2

ε + ε
ω = − , ( )2

1 2D = − ε + ε ,  (5.3.44) 

ba�dhlhjuo�ke_^mxl�\_ebqbgu� ( )1 2Dε = ε + − �b� ( )2 2Dε = − ε − − . 

AZdhg�dhfihabpbb�����������\�\b^_ 

 ( ) ( )
( )

1 2 1 2 1 2
1 2 2 2

1 2 1 21 2

H H H H
H H H

H H

+ + ε − ε
= =

− ε + ε
D   (5.3.45) 

\ul_dZ_l��kh]eZkgh�����������ba�khhlghr_gby 

 ( )
( ) ( )

( )
( ) ( )

1 2

1 1 2 2 1 2
2

1 2 1 2 1 2

1 1 2 2 1 2

1 2 1 2

1 2 4
1

1 2 1 2

H H

H HH

H H H

H H

+
+ ε − ε + ε − ε

=
+ ε − ε ε + ε

−
   + ε − ε + ε − ε   

.  (5.3.46) 

KijZ\_^eb\u�jZ\_gkl\Z 

 ( )
2

2 2
1 1 1 2 1 1

11 1

1 2

H
H H

H H+

     − ε = − = −       ε ε + ε + ε − ε ε    
D ,  (5.3.47) 

 ( )
1

2 2
2 2 2 2 1 2

11 1

1 2

H
H H

H H−

     + ε = =       ε ε − ε + ε − ε ε    
D ,  (5.3.48) 
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1 1

1 2 2 1 1 2

1 1 1 1 1 1
, , E

− −           
− = = − − =                      ε ε ε ε ε ε           

D ,  (5.3.49) 

 
2 1

1 1
H H H+ −

   
= − =      ε ε   

D D ,   (5.3.50) 

 ( )
( )2

1

1

1
H H

−
+ −

 
= −  ε 

D , ( )
( )2

1

2

1
H H

−
− +

 
=   ε 

D ,  (5.3.51) 

dhlhju_�hagZqZxl��qlh�\�^Zgghc�]jmii_� agZq_gby� ( )11− ε �b� ( )21 ε �y\ey�

xlky�__�we_f_glZfb�� 
We_f_glu����������b����������m^h\e_l\hjyxl�lh`^_kl\Zf 

2
21

2
2

1

1

k H H
k

Hk H
+ +

−
−−

 + ε
− =  − ε 

, ( ) ( )2
1 2

1 1 1 1 1

1 1H Hk− +

 
− = − − 

− ε ε  
,  (5.3.52) 

]^_�\\_^_g�dhwnnbpb_gl� 

 1

2

1

1

H
k

H

+ ε
=

− ε
.  (5.3.53) 

Lbi� IV. �JZkkfhljbf� ki_pbZevguc� lbi� ]jmiiu��\�dhlhjhc� khihklZ�
\bf�nmgdpbyf��������������������b����������Z^^blb\gmx�wgljhibx 

 ( ) 2

1 2 1

1
ln ln

1
R H

H H
H

 − ελ= − ϕ = −   ε + ε + ε 
,  (5.3.54) 

 ( )
1

ln
1

R H
H H

H

λ= − ϕ =
+ ε

,  (5.3.55) 

 ( )
2

2

4
ln arctg

1 24

R H
H H

H

 −ω− ελ  = − ϕ = −
 + ε−ω− ε  

.  (5.3.56) 

Lh]^Z�lZdh_�hlh[jZ`_gb_�y\ey_lky�bahfhjnbafhf�]jmii�g_Z^^blb\�

guo�wgljhibc�gZ�]jmiim�Z^^blb\guo�wgljhibc�� 
;bgZjgZy�hi_jZpby�we_f_glh\�_klv 

 1 2 1 2
R R R R RH H H H H= = +D .  (5.3.57) 
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>ey�Z^^blb\guo�wgljhibc� RH �\uihegyxlky�]jmiih\u_�k\hckl\Z 
Z��ZkkhpbZlb\ghklv 

 ( ) ( )1 2 3 1 2 3
R R R R R RH H H H H H+ + = + + ,  (5.3.58) 

[��gZebqb_�_^bgbqgh]h�we_f_glZ 

 0 0R R RH H H+ = + = ,  (5.3.59) 

\��gZebqb_�h[jZlgh]h�we_f_glZ 

 ( ) ( ) 0R R R RH H H H+ − = − + = .  (5.3.60) 

Nmgdpby��ihjh`^ZxsZy�]jmiim�Z^^blb\guo�wgljhibc��bf__l�\b^ 

 ( )( ) exp RH Hϕ = λ ,  (5.3.61) 

]^_� λ � _klv�ijhba\hevguc�iZjZf_lj��HgZ�bf__l� k\hckl\h� (0) 1ϕ = �b� we_�

f_glu�]jmiiu�nmgdpbb�wgljhibc�y\eyxlky�kZfhkhijy`_ggufb��Ih^klZ�

\bf�h[jZlguc�we_f_gl� ( )RH− �\����������b�ihemqbf�h[jZlgmx�nmgdpbx 

 ( ) ( ) ( )1 expR R RH H H−ϕ = ϕ − = −λ .  (5.3.62) 

<� aZdexq_gb_� hij_^_ebf� ]jmiiu� nmgdpbc� bgnhjfZpbc� jZaebqby��

Ijb�aZf_g_�H I→ − �bf__f�ljb�lbiZ�]jmii� 

 Lbi I:  
1 22

1

1
( )

1

I
I

I

λ
ε +ε + ε

ϕ =   − ε 
,  (5.3.63) 

 Lbi II:  
1

( ) exp
1

I
I

I

 λϕ =   − ε 
,  (5.3.64) 

 Lbi�III:  
2

2

4
( ) exp arctg

1 24

I
I

I

  −ω− ελ  ϕ = −
 − ε −ω− ε   

.  (5.3.65) 

Bahfhjnbafhf�wlbo�]jmii�g_Z^^blb\guo�bgnhjfZpbc�jZaebqby�gZ�

]jmiim�Z^^blb\guo�bgnhjfZpbc�jZaebqby�y\ey_lky�f_jZ 

 1 ( )RI I−= −λ ϕ ,  (5.3.66) 

dhlhjZy�khhl\_lkl\m_l�q_l\_jlhfm�lbim�]jmii�nmgdpbc� 
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 Lbi�IV:  ( )( ) exp RI Iϕ = −λ .  (5.3.67) 

A^_kv�g_�[m^_f�jZkkfZljb\Zlv�k\hckl\Z� we_f_glh\� ]jmii�bgnhjfZ�

pbc�jZaebqby�b�]jmii�bo�nmgdpbc��lZd�dZd�wlh�e_]dh�k^_eZlv�ih�ZgZeh]bb�

k�jZkkfhlj_gb_f�k\hckl\�wgljhibb� 

�����FZljbqgh_�ij_^klZ\e_gb_�]jmii�f_j 

Ij_^klZ\bf�Z[_e_\mx� ]jmiim�wgljhibc�fmevlbiebdZlb\ghc�]jmii_�

g_\ujh`^_gguo� fZljbp� \lhjh]h� ihjy^dZ� >��@�� DZ`^hc� wgljhibb� H � ba�

fgh`_kl\Z� wgljhibc� G � khihklZ\ey_lky� fZljbpZ� ( )HA � ba� fgh`_kl\Z�

fZljbp�M ��<k_�fZljbpu��khihklZ\ey_fu_�jZaebqguf�wgljhibyf��jZaebq�

gu�b�� ke_^h\Zl_evgh�� ]jmiiZ�fZljbp�bahfhjngZ�ij_^klZ\ey_fhc� ]jmii_��

FZljbpu� h[jZamxl� Z[_e_\m� ]jmiim� ih� [bgZjghc� hi_jZpbb� mfgh`_gby��

dhlhjZy�_klv�h[uqgZy�hi_jZpby�mfgh`_gby�fZljbp 

 ( ) ( ) ( ) ( )1 2 1 2H H H H H= =A A A AD .  (5.4.1) 

Mfgh`_gb_�dhffmlZlb\gh 

 ( ) ( ) ( ) ( )1 2 2 1H H H H=A A A A   (5.4.2) 

b�ZkkhpbZlb\gh 

 ( ) ( ) ( ) ( ) ( ) ( )1 2 3 1 2 3H H H H H H   =   A A A A A A ,  (5.4.3) 

kh]eZkgh�k\hckl\Zf�fZljbp� 
?^bgbqguf�we_f_glhf�\�mkeh\bb 

( ) ( ) ( ) ( ) ( )1 1 1det ( )det ( ) 1H H H H H H− − −= = =A A A A E A A   (5.4.4) 

y\ey_lky�_^bgbqgZy�fZljbpZ 

 ( ) 1 0
0

0 1

 
= =  

 
A E ,  (5.4.5) 

Z�h[jZlgZy�fZljbpZ�bf__l�\b^ 

 ( ) ( ) ( ) ( )( )1 1 1H H H H− − −= =A A A A E .  (5.4.6) 

Bkoh^y�ba�mkeh\bc� ��������–� ���������hij_^_ebf�y\guc�\b^�fZljbpu��
ihjh`^Zxs_c�]jmiim�b��khhl\_lkl\_ggh��[bgZjgmx�hi_jZpbx�^ey�wgljh�

ibc��<u[hj�fZljbp�\lhjh]h�ihjy^dZ�h[mkeh\e_g�l_f��qlh�aZdhg�dhfihab�

pbb� ^he`_g� kh^_j`Zlv� lhevdh� 1 2,H H � b� d\Z^jZlbqgmx� g_ebg_cghklv� \�

\b^_�ijhba\_^_gby� 1 2H H ��BlZd��aZibr_f�fZljbpm�\�h[s_f�\b^_� 
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( ) ( )

( )
( ) ( )

a H b H
H

c H d H

 
=  

 
A ,  (5.4.7) 

]^_�nmgdpbb� ( ), ( ), ( ), ( )a a H b b H c c H d d H= = = = �aZ\bkyl�hl�wgljh�

ibb��FZljbpZ�y\ey_lky�g_hkh[_gghc��lh�_klv�__�hij_^_ebl_ev�m^h\e_l\h�

jy_l�mkeh\bx�det ( ) 0H ≠A . 

Bkihevam_f�mkeh\b_�dhffmlZlb\ghklb���������^ey�mfgh`_gby 

 1 1 2 2 2 2 1 1

1 1 2 2 2 2 1 1

a b a b a b a b

c d c d c d c d

     
=               

.  (5.4.8) 

A^_kv�nmgdpbb� k�bg^_dkZfb� ��b� �� aZ\bkyl�� khhl\_lkl\_ggh�� hl� wgljhibc�

1H �b� 2H ��<�j_amevlZl_�ihemqbf�kbkl_fm�ba�nmgdpbhgZevguo�mjZ\g_gbc 

 1 2 1 2 2 1 2 1a a b c a a b c+ = + ,  (5.4.9) 

 1 2 1 2 2 1 2 1c b d d c b d d+ = + ,  (5.4.10) 

 1 2 1 2 2 1 2 1a b b d a b b d+ = + ,  (5.4.11) 

 1 2 1 2 2 1 2 1c a d c c a d c+ = + .  (5.4.12) 

MjZ\g_gby� �������� b� ��������� gZdeZ^u\Zxl� ke_^mxsb_� h]jZgbq_gby�

gZ�nmgdpbb 

 1 2

1 2

b b

c c
= = ω ,  (5.4.13) 

Z�ba�mjZ\g_gbc����������b����������bf__f 

 1 1 2 2

1 2

a d a d

c c

− −
= = ε .  (5.4.14) 

A^_kv�\\_^_gu�iZjZf_lju� ε �b�ω ��dhlhju_�g_�aZ\bkyl�hl�wgljhibb� 
Bkihevamy�khhlghr_gby���������������������ihemqbf 

 ( )
d c c

H
c d

+ ε ω 
=  

 
A .  (5.4.15) 

Ihkdhevdm� \� aZdhg� dhfihabpbb� \oh^yl� 1 2,H H � b� 1 2H H �� lh� bf__f�

nmgdpbhgZevgmx�aZ\bkbfhklv 

 ( ) ( )c H Hd H= .  (5.4.16) 
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Ijb�ih^klZgh\d_����������\����������\ul_dZ_l�bkoh^gZy�fZljbpZ 

 
1

( ) ( )
1

H H
H d H

H

+ ε ω 
=  

 
A   (5.4.17) 

\�\b^_�ijhba\_^_gby�g_ba\_klghc�nmgdpbb� ( )d H �gZ�fZljbpm�� we_f_glu�

dhlhjhc�ebg_cgh�aZ\bkyl�hl�wgljhibb�H��Hij_^_ebl_ev�ihemq_gghc�fZl�
jbpu�jZ\gy_lky 

 ( )2 2det ( ) ( ) 1H d H H H= + ε − ωA .  (5.4.18) 

Fh`gh� bkihevah\Zlv� ^jm]hc� \ZjbZgl� bkoh^ghc�fZljbpu��LZd�� ijb�

aZf_g_� 1/ω → ω �b� /ε → ε ω �\����������b�����������khhl\_lkl\_ggh��Z�lZd`_�k�

mq_lhf� ( ) ( )b H Hd H= ��ihemqbf�fZljbpm 

 
1

( ) ( )
1

T H H
H d H

H

+ ε 
=  ω 

A ,  (5.4.19) 

dhlhjZy�y\ey_lky�ljZgkihgbjh\Zgghc�ih�hlghr_gbx�d�fZljbp_� ( )HA . 

>Ze__�mfgh`bf�fZljbpm� 1( )HA �gZ�fZljbpm� 2( )HA  

 1 1 2 2
1 2 1 2

1 2

1 1
( ) ( ) ( )

1 1

H H H H
H H d(H )d H

H H

+ ε ω + ε ω  
= =      

A A  

 ( )1 2 1 2( ) ( ) 1d H d H H H= + ω ×  

 

1 2 1 2 1 2 1 2

1 2 1 2

1 2 1 2

1 2

1
1 1

1
1

H H H H H H H H

H H H H

H H H H

H H

+ + ε + + ε + ε ω + ω + ω × + + ε
  + ω 

,  (5.4.20) 

ijbjZ\gy_f�j_amevlZl�fZljbp_� ( )HA �b�ihemqbf�aZdhg�dhfihabpbb 

 1 2 1 2
1 2

1 21

H H H H
H H H

H H

+ + ε
= =

+ ω
D ,  (5.4.21) 

Z�lZd`_�jZ\_gkl\h�^ey�nmgdpbc 

 ( )1 2 1 2( ) ( ) ( ) 1d H d H d H H H= + ω .  (5.4.22) 

Ba�aZdhgZ�dhfihabpbb�^ey�hij_^_ebl_e_c� 
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 1 2det ( ) det ( )det ( )H H H=A A A   (5.4.23) 

\ul_dZ_l�ba\_klgh_�khhlghr_gb_ 

 ( ) ( )( )
( )

2 2
1 1 2 22

2

1 2

1 1
1

1

H H H H
H H

H H

+ ε − ω + ε − ω
+ ε − ω =

+ ω
.  (5.4.24) 

K�mq_lhf�agZq_gby�hij_^_ebl_ey����������\uqbkebf�h[jZlgmx�fZljbpm 

 1
2

11
( )

1( )(1 )

H
H

H Hd H H H
− −ω 

=  − + ε+ ε − ω  
A   (5.4.25) 

b��kh]eZkgh����������ij_h[jZam_f�__�d�\b^m 

 
1 1

1 1
1

1
( ) ( )

1

H H
H d H

H

− −
− −

−

 + ε ω
=    

A .  (5.4.26) 

A^_kv� \aZbfhk\yav�f_`^m� wgljhib_c� H � b� __� h[jZlguf� we_f_glhf� 1H −  
^Z_lky�jZ\_gkl\Zfb 

 ( )( )11 1 1H H −+ ε + ε = ,  (5.4.27) 

 ( )1 1( ) ( ) 1 1d H d H HH− −+ ω = ,  (5.4.28) 

ba�dhlhjuo�\ul_dZxl�ba\_klgu_�khhlghr_gby 

 
1

1
1

,
11

H H
H H

HH

−
−

−= − = −
+ ε+ ε

,  (5.4.29) 

 
( )
1

1 2 21 1

1 1 1

1 1 1

H H

HH H H H H

−

− − −

+ ε + ε= =
+ ω + ε − ω + ε − ω

.  (5.4.30) 

BlZd��ij_^klZ\e_gb_�Z[_e_\hc�]jmiiu�wgljhibc�]jmii_�fZljbp�ih�

dZau\Z_l��qlh�^ey�dhffmlZlb\ghc�[bgZjghc�hi_jZpbb� 1 2H HD �\uihegy_l�

ky�ZkkhpbZlb\ghklv� ( ) ( )1 2 3 1 2 3H H H H H H=D D D D ��?^bgbqghfm�we_f_glm�

\�mkeh\bb� H E E H E= =D D �khhl\_lkl\m_l�gme_\Zy� wgljhiby� 0H = ��H[�

jZlguc� we_f_gl� \� mkeh\bb� 1 1H H H H E− −= =D D � jZ\gy_lky�

( ) 11 1H H H
−− = − + ε . 

<�Z[_e_\hc�]jmii_�fZljbp�hklZ_lky�g_hij_^_e_gghc�nmgdpby� ( )d H , 

^ey�dhlhjhc�\uihegy_lky�jZ\_gkl\h� ����������Bkihevam_f� ���������b�i_j_�
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ibr_f�fZljbpm����������b�__�h[jZlgmx����������ke_^mxsbf�h[jZahf 

 

1
2

2

1det ( )
( )

11

H HH
H

HH H

+ ε ω  =   + ε − ω   

A
A ,  (5.4.31) 

 
( )

1

2 1 11
1

2 11 1

1det ( )
( )

11

H HH
H

HH H

− −−
−

−− −

   + ε ω =       + ε − ω 

A
A ,  (5.4.32) 

]^_�g_hij_^_e_ggZy�nmgdpby� det ( )HA � m^h\e_l\hjy_l� ]jmiih\hfm� k\hc�

kl\m�����������LZdbf�h[jZahf��wlZ�nmgdpby�ihjh`^Z_l�]jmiim�nmgdpbc�wg�

ljhibc� 
<\_^_f�fZljbpm 

 21
( ) , det ( ) 1

1

H H
H H H H

H

+ ε ω 
= = + ε − ω 

 
B B   (5.4.33) 

b�ihemqbf�jZ\_gkl\h 

 

[ ] [ ]
1 1
2 2

( ) ( )
( ) , det ( ) 1

det ( ) det ( )

H H
H H

H H

= = =A B
C C

A B
,  (5.4.34) 

]^_� ( )HC _klv�mgbfh^meyjgZy�fZljbpZ� 

HimkdZy�\uqbke_gby��ZgZeh]bqgh�gZoh^bf�fZljbqgh_�ij_^klZ\e_gb_�

]jmiiu�bgnhjfZpbc�jZaebqby�b�\�j_amevlZl_�bf__f�ke_^mxsmx�fZljbpm� 

 

1

2

2

1det ( )
( )

11

I II
I

II I

− ε −ω  =    −− ε − ω   

A
A .  (5.4.35) 

b�__�h[jZlgmx 

 
( )

1

2 1 11
1

2 11 1

1det ( )
( )

11

I II
I

II I

− −−
−

−− −

   − ε −ω =     − − ε − ω   

A
A .  (5.4.36) 

>ey�hij_^_e_gby�aZ\bkbfhkl_c�hij_^_ebl_e_c�fZljbp�hl�wgljhibb�b�

bgnhjfZpbb�jZaebqby�bkihevam_f�jZ\_gkl\Z 

 2 2det ( ) ( ), det ( ) ( )H H I Iν ν= ϕ = ϕA A ,  (5.4.37) 
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 1 2 1 1 2 1det ( ) ( ), det ( ) ( )H H I I− ν − − ν −= ϕ = ϕA A ,  (5.4.38) 

hagZqZxsb_�bahfhjngu_�hlh[jZ`_gby�]jmii�nmgdpbc�f_j�gZ�]jmiim�hi�

j_^_ebl_e_c��<� blh]_�fZljbpu� ��������� b� ��������� k� ijhba\hevguf� iZjZ�

f_ljhf�ν �ij_h[jZamxlky�d�\b^m 

 ( )
2 2

2 2

1

1 1
( )

1

1 1

H H

H H H H
H H

H

H H H H

ν

+ ε ω 
 + ε − ω + ε − ω = ϕ
 
  + ε − ω + ε − ω 

A ,  (5.4.39) 

 ( )
2 2

2 2

1

1 1
( )

1

1 1

I I

I I I I
I I

I

I I I I

ν

− ε ω − − ε − ω − ε − ω = ϕ
 

−  − ε − ω − ε − ω 

A .  (5.4.40) 

Bkihevamy�q_luj_�lbiZ�]jmii�nmgdpbc�f_j�b�^_eZy�aZf_gm� λν → ν , 
ihemqbf�q_luj_�lbiZ�fZljbp� 

Lbi I: 

 
1 22

1

1
( )

1

H
H

H

ν−
ε +ε − ε

= ×  + ε 
A  

 

( )
( )( ) ( )( )

( )( ) ( )( )

1 2 1 2

1 2 1 2

1 2 1 2

1

1 1 1 1

1

1 1 1 1

H H

H H H H

H

H H H H

 + ε − ε ε ε
 
 + ε − ε + ε − ε

× 
 
  + ε − ε + ε − ε 

,  (5.4.41) 

 
1 22

1

1
( )

1

I
I

I

ν
ε +ε + ε

= ×  − ε 
A  

 

( )
( )( ) ( )( )

( )( ) ( )( )

1 2 1 2

1 2 1 2

1 2 1 2

1

1 1 1 1

1

1 1 1 1

I I

I I I I

I

I I I I

 − ε − ε ε ε
− 

 − ε + ε − ε + ε
× 

 −  − ε + ε − ε + ε 

.  (5.4.42) 
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Lbi�II: 

 

2
1 1

1 1

1

1 1

1 2

1 1
( ) exp

1 1

1 1

H H

H HH
H

H H

H H

 + ε ε
−   + ε + εν  = − ×    + ε    + ε + ε 

A ,  (5.4.43) 

 

2
1 1

1 1

1

1 1

1 2

1 1
( ) exp

1 1

1 1

I I

I II
I

I I

I I

 − ε ε
   − ε − εν  = ×    − ε   − − ε − ε 

A .  (5.4.44) 

Lbi�III: 

 

2

2

2 2

2 2

4
( ) exp arctg

1 24

1

1 1
,

1

1 1

H
H

H

H H

H H H H
H

H H H H

  −ω − εν  = ×
 + ε −ω − ε   

+ ε ω 
 + ε − ω + ε − ω ×
 
  + ε − ω + ε − ω 

A

 

 (5.4.45)

 

 

2

2

2 2

2 2

4
( ) exp arctg

1 24

1

1 1
.

1

1 1

I
I

I

I I

I I I I
I

I I I I

  −ω− εν  = − ×
 − ε −ω− ε   

− ε ω − − ε − ω − ε − ω ×
 

−  − ε − ω − ε − ω 

A

 

 (5.4.46)

 

Lbi�IV: 

 ( ) 1 0
( ) exp

1
R

R
H H

H

 
= −ν × 

 
A ,  (5.4.47) 
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 ( ) 1 0
( ) exp

1
R

R
I I

I

 
= ν × 

− 
A .  (5.4.48) 

�����DeZkkbnbdZpby�iZjZf_ljbah\Zgguo�wgljhibc� 
b�bgnhjfZpbc�jZaebqby 

Bkke_^m_f� klZlbklbq_kdmx� kljmdlmjm� iZjZf_ljbah\Zgguo� f_j� bg�

nhjfZpbc��bkihevamy�bo�]jmiih\u_�k\hckl\Z��>ey�q_]h�jZkkfhljbf�]jmi�

iu�ihemghjf 

 

( ) ( )1/ 1 1/ 1
1

1 1( ) ,

q qm m
q q q
i i i

i i
q qm m

i i
i i

p p u
p

N p N
up p

− −
−

− −

   
    = =              

∑ ∑

∑ ∑
,  (5.5.1) 

y\eyxsboky�nmgdpbhgZeZfb�jZkij_^_e_gbc� 
<gZqZe_�ijb\_^_f�aZdhg�dhfihabpbb�^ey� 1( )qN p− �\�\b^_�h[uqgh]h�

mfgh`_gby 

 1 12 1 1 1 2 1 1 1 2( ) ( ) ( ) ( ) ( )q q q q qN p N p N p N p N p− − − − −= =D ,  (5.5.2) 

qlh�hij_^_ey_lky�k\hckl\hf�fmevlbiebdZlb\ghklb�ihemghjfu��AgZq_gby�

ihemghjf 

 

( )1/ 1

1 12( )

qm n
q
ij

i j
q m n

ij
i j

p

N N p
p

−

−

 
 
 = =
 
  

∑∑

∑∑
,  (5.5.3) 

 

( ) ( )1/ 11/ 1

21

1 1 1 2 1 2

1 2

( ) , ( )

qq nm qq
ji

ji
q qm n

i j
i i

pp
N N p N N p

p p

−−

− −

  
  
 = = = = 
        

∑∑

∑ ∑
  (5.5.4) 

aZ\bkyl�hl� kh\f_klgh]h�jZkij_^_e_gby�h[s_]h�h[t_dlZ� ij i jp p p= �b�jZk�

ij_^_e_gbc�g_aZ\bkbfuo�h[t_dlh\� ip �b� jp . 

Ijb\_^_f�hkgh\gu_�k\hckl\Z�aZdhgZ�dhfihabpbb� 
��DhffmlZlb\ghklv ��<uihegy_lky�k\hckl\h�dhffmlZlb\ghklb� 
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 1 1 1 2 1 2 1 1( ) ( ) ( ) ( )q q q qN p N p N p N p− − − −= ,  (5.5.5) 

ke_^h\Zl_evgh��]jmiiZ�y\ey_lky�Z[_e_\hc� 
��:kkhpbZlb\ghklv ��Kh]eZkgh� Zdkbhf_� �� �jZa^_e� ����� \uihegy_lky�

k\hckl\h�ZkkhpbZlb\ghklb 

 
( ) ( ) ( )
( ) ( ) ( ) ( )

1 1 1 2 1 3

1 1 1 2 1 3 1 1 2 3 .

q q q

q q q q

N p N p N p

N p N p N p N p p p

− − −

− − − −

  = 
 = = 

  
(5.5.6)

 

��?^bgbqguc�we_f_gl��Kh]eZkgh�Zdkbhf_����jZa^_e������_^bgbqguc�
we_f_gl�]jmiiu�_klv�ihklhyggh_�agZq_gb_�ihemghjfu 

 1(1) 1qN − = ,  (5.5.7) 

jZ\gh_�_^bgbp_�ijb� 1ip = ��Wlh�ke_^m_l�ba�ghjfbjh\Zgghklb�ihemghjfu�

gZ�_^bgbpm��k\hckl\h����jZa^_e������ 
��H[jZlguc�we_f_gl��Kh]eZkgh�Zdkbhf_����jZa^_e������ba�nhjfmeu�

\aZbfhk\yab 

 ( )1
1 1( ) 1q qN p N p−

− − + =   (5.5.8) 

\ul_dZ_l�\ujZ`_gb_�h[jZlgh]h�we_f_glZ�]jmiiu�ihemghjf 

 ( )1
1

1 1( )q qN p N p
− −

− − +
  =  .  (5.5.9) 

Wgljhiby� dZ`^h]h� h[t_dlZ� y\ey_lky� nmgdpb_c� ihemghjfu� wlh]h�

h[t_dlZ��lh�_klv�bf__f�aZ\bkbfhklb 

 1 1 1 2 2 2( ), ( ), ( )H H N H H N H H N= = = .  (5.5.10) 

>ey�wgljhibc�bf__f�ba\_klguc�aZdhg�dhfihabpbb 

 1 2 1 2
1 2

1 21

H H H H
H H H

H H

+ + ε
= =

+ ω
D ,  (5.5.11) 

]^_�iZjZf_lju� ε �b�ω �g_�aZ\bkyl�hl�wgljhibc� 
>bnn_j_gpbjm_f���������b�k�mq_lhf�jZ\_gkl\ 

 1 1 2 2

1 1 2 2

,
dN dH dN dHdN dN dN dN

dH dN dH dH dH dN dH dH
= =   (5.5.12) 

ihemqbf�bkoh^gh_�mjZ\g_gb_�>��@ 

 ( ) 12
ln ( )

1
qd N p

H H
dH

−
  + ε − ω = λ ,  (5.5.13) 
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bf_xs__�h^bgZdh\uc�\b^�^ey�\k_o�jZkkfZljb\Z_fuo�h[t_dlh\��A^_kv� λ  
_klv� ijhba\hevgZy� ihklhyggZy� bgl_]jbjh\Zgby�� dhlhjZy� fh`_l� aZ\bk_lv�

hl� ε �b�ω . 
>Ze__� ZgZeh]bqgh� gZoh^bf� bkoh^gh_� mjZ\g_gb_� ^ey� bgnhjfZpbb�

jZaebqby 

 ( )
1

2

ln

1
q

p
d N

u
I I

dI

−
  

    − ε − ω = −λ .  (5.5.14) 

Ijb�\u\h^_����������bkihevamxlky�aZdhgu�dhfihabpbc 

 1 2 1 2
1 2

1 21

I I I I
I I I

I I

+ − ε
= =

+ ω
D ,  (5.5.15) 

 12 1 2
1 1 1

12 1 2
q q q

p p p
N N N

u u u− − −

     
=               

  (5.5.16) 

^ey�g_aZ\bkbfuo�h[t_dlh\� 

Bgl_]jbjmy� mjZ\g_gby� ��������� b� ��������� k� mkeh\byfb� ( )1 1qN p− =  

ijb� 0H = � b� 1 1q

p
N

u−
  =  

� ijb� 0I = �� jZaebqZ_f� q_luj_� lbiZ� j_r_gbc� \�

aZ\bkbfhklb� hl� agZq_gby� ^bkdjbfbgZglZ� 2 4D = ε + ω ��I_j\u_� ljb� lbiZ�

ke_^mxl��_keb�mjZ\g_gby� 21 0H H+ ε − ω = �b� 21 0I I− ε − ω = �bf_xl�\_s_�

kl\_ggu_�b�jZaebqgu_�dhjgb��\dexqZy�kemqZc� 0ω = ��^\Z�\_s_kl\_gguo�b�

jZ\guo�� dhfie_dkgu_� dhjgb�� Q_l\_jluc� lbi� khhl\_lkl\m_l� Z^^blb\guf�

aZdhgZf� dhfihabpbc� 1 2 1 2H H H H H= = +D � b� 1 2 1 2I I I I I= = +D �� Nhj�

fZevgh� ^ey� wlh]h� lbiZ� fh`gh� \� ��������� b� ��������� ijbgylv� jZ\_gkl\h�

0ε = ω = .  
J_r_gby� jZkkfZljb\Z_fuo� mjZ\g_gbc� ^Zxl� \aZbfhk\yav�

1( )qH H N p−
 =   �b� 1q

p
I I N

u−
  =     

. 

JZkkfhljbf�khhl\_lkl\mxsb_�lbiu�f_j�bgnhjfZpbc� 
Lbi�I.�Imklv�lj_oqe_gu�ijb�jZ\_gkl\_�gmex�bf_xl�\_s_kl\_ggu_�b�

jZaebqgu_� dhjgb�� \dexqZy� kemqZc� 0ω = �� AZibr_f� ^ey� lj_oqe_gh\� bk�

ihevam_fu_�jZg__�jZaeh`_gby�gZ�fgh`bl_eb� 
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( ) ( )

( ) ( ) ( )( )

2

1 22

2

1 2
1 2

1 1
1

2

1 1
1 1 ,

2

H H
H H

H H
H H

 + ε + − ε
+ ε − ω = − 

  

 + ε − − ε
− = + ε − ε 

  

 

 (5.5.17)

 

 

( ) ( )

( ) ( ) ( )( )

2

1 22

2

1 2
1 2

1 1
1

2

1 1
1 1 .

2

I I
I I

I I
I I

 − ε + + ε
− ε − ω = − 

  

 − ε − + ε
− = − ε + ε 

  

 

 (5.5.18)

 

K�mq_lhf�jZ\_gkl\� 1 2 1 2,ε = ε − ε ω = ε ε �b� ( )2

1 2 0D = ε + ε > ��aZdhgu�dhf�

ihabpbc�f_j�bgnhjfZpbc�bf_xl�\b^ 

 
( )1 2 1 2 1 2

1 2
1 2 1 21

H H H H
H H H

H H

+ + ε − ε
= =

+ ε ε
D ,  (5.5.19) 

 
( )1 2 1 2 1 2

1 2
1 2 1 21

I I I I
I I I

I I

+ − ε − ε
= =

+ ε ε
D .  (5.5.20) 

J_r_gbyfb� mjZ\g_gbc� ���������b� ���������� y\eyxlky� ke_^mxsb_�ih�

emghjfu�b�f_ju�bgnhjfZpbc 
( )

( )

1 2

1 2

1 2

12
1

1

2 1 1

1 ( )1
( ) ,

1

( )

q

q

q

N pH
N p H

H

N p

ε +ε
−

λ

ε +ε
−

λ

λ−
ε +ε −

−

−

 − − ε  = =  + ε 
 ε + ε  

,  (5.5.21) 

( )

( )

1 2

1 2

1 2

1
2

1
1

2 1 1

1
1

,
1

q

q

q

p
N

I up
N I

u I
p

N
u

ε +ε
−

λ

ε +ε
−

λ

λ
−ε +ε

−

−

   −   + ε    = =    − ε   
  ε + ε     

.  (5.5.22) 

Mqblu\Zy�mkeh\b_�ghjfbjh\Zgghklb�wgljhibb 

 
1 1

, 1
2 2qH

  =  
  (5.5.23) 
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ijb�m� ����ihemqbf�jZ\_gkl\h 

 
( )1 2

2

1

1
2

1

ε +ε
λ

− ε
=

+ ε
  (5.5.24) 

^ey�hij_^_e_gby�ihklhygghc�λ �\���������� 
Ghjfbjh\ZggZy�bgnhjfZpby�jZaebqby�m^h\e_l\hjy_l�mkeh\bx 

 
1 1

1,0 : , 1
2 2qI   =  

  (5.5.25) 

b��khhl\_lkl\_ggh��ihklhyggZy�λ�\����������gZoh^blky�ba�jZ\_gkl\Z 

 
( )1 2

1

2

1
2

1

ε +ε
λ

− ε
=

+ ε
.  (5.5.26) 

JZkkfhljbf�qZklgu_�kemqZb�f_j�bgnhjfZpbc� 
Lbi� IA ( 2 0ε = ).�Imklv� lj_oqe_g� k� 0ω = � \ujh`^Z_lky� \� ^\mqe_g�

1+ε1H��AZdhgu�dhfihabpbc�f_j�bgnhjfZpbc�aZibrmlky�lZd 

 1 2 1 2 1 1 2H H H H H H H= = + + εD ,  (5.5.27) 

 1 2 1 2 1 1 2I I I I I I I= = + − εD .  (5.5.28) 

��� Ijb� 1 / 1qε λ = − � ba� ��������� b� ��������� \ul_dZxl� agZq_gby�

1
1 2 1q−ε = − �^ey� wgljhibb�b� 1

1 1 2q−ε = − �^ey�bgnhjfZpbb�jZaebqby��?keb�

1 / 1rε λ = − ��lh�bf_xl�^jm]b_�agZq_gby� 1
1 2 1r−ε = − �b� 1

1 1 2r −ε = − ��Kh]eZk�

gh����������b����������ihemqbf�h^gh-�b�^\moiZjZf_ljbq_kdb_�wgljhibb 
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∑
  (5.5.30) 
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b�bgnhjfZpbb�jZaebqby 
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∑

∑
.  (5.5.32) 

H^ghiZjZf_ljbq_kdb_� f_ju� kh\iZ^Zxl� k� wgljhib_c� OZ\j^Z–
QZj\Zl–>Zjhrb� >��@� b� bgnhjfZpb_c� jZaebqby� JZlv_–DZggZiiZgZ� >���@��
>\moiZjZf_ljbq_kdb_� f_ju� y\eyxlky� wgljhib_c� b� bgnhjfZpb_c� jZaeb�

qby�RZjfZ–FbllZeZ��\i_j\u_�\\_^_ggu_�\�jZ[hlZo�>���@�b�>���@��khhl\_l�

kl\_ggh��G_ghjfbjh\Zggu_�bgnhjfZpbb�jZaebqby�jZ\gyxlky�>��������@ 
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  (5.5.33) 
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∑

∑
  (5.5.34) 

b�jZkkfZljb\Zxlky�\�h[ahjZo�>��������@� 
���?keb� 1λ = − ��Z�lZd`_� 1 1 qε = − �b� 1 1 rε = − ��lh�bf__f�nbabq_kdb_�

[_ajZaf_jgu_�f_ju�bgnhjfZpbc� 
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,  (5.5.35) 
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i i i i
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= − = −    − −           
 

∑ ∑

∑ ∑
,  (5.5.36) 

]^_� h^ghiZjZf_ljbq_kdZy� wgljhiby� <_cjey� \i_j\u_� \\_^_gZ� \� jZ[hl_�

[129]. 

��� Ijb� 1 / 1ε λ = −β � b� 1/q = β � bf__f� 1
1 1 2β−ε = − � ^ey� wgljhibb� b�

1
1 1 2 −βε = − �^ey�bgnhjfZpbb�jZaebqby��qlh�^Z_l�ba����������b����������ghj�

fbjh\Zggu_�f_ju�bgnhjfZpbc 
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.  (5.5.38) 

?keb� 1λ = − , 1 1ε = β − � b� 1/q = β �� lh� bf__f�nbabq_kdb_� [_ajZaf_j�
gu_�f_ju 
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i
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 −β       

∑

∑
  (5.5.39) 
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∑
.  (5.5.40) 

H^ghiZjZf_ljbq_kdZy�wgljhiby�:jbfhlh����������\i_j\u_�\\_^_gZ�\�

jZ[hl_�>��@��Z�k\hckl\Z�f_j�bamq_gu�\�>������������@� 
Lbi� IB ( 1 0ε = ).� Imklv� lj_oqe_g� k� 0ω = \ujh`^Z_lky� \� ^\mqe_g�

21 H− ε ��AZibr_f�aZdhgu�dhfihabpbb�f_j�bgnhjfZpbb 

 1 2 1 2 2 1 2H H H H H H H= = + − εD ,  (5.5.41) 

 1 2 1 2 2 1 2I I I I I I I= = + + εD .  (5.5.42) 

��� Ijb� 2 / 1qε λ = − � ba� ��������� b� ��������� \ul_dZxl� agZq_gby�

1
2 1 2q−ε = − �^ey�wgljhibb�b� 1

2 2 1q−ε = − �^ey�bgnhjfZpbb�jZaebqby��khhl�

\_lkl\_ggh�� ?keb� 1 / 1rε λ = − �� lh� bf__f� ^jm]b_� agZq_gby� 1
2 1 2r −ε = − � b�

1
2 2 1r−ε = − ��Kh]eZkgh����������b����������ihemqbf�h^gh-�b�^\moiZjZf_ljb�
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  (5.5.44) 
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  (5.5.45) 
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∑
.  (5.5.46) 

���?keb 1λ = − ��Z�lZd`_� 2 1 qε = − �b� 2 1 rε = − ��lh�ba����������b����������

ke_^mxl�nbabq_kdb_�[_ajZaf_jgu_�f_ju�bgnhjfZpbc 
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.  (5.5.48) 

H^ghiZjZf_ljbq_kdZy� wgljhiby�EZg^k[_j]Z–<_^jZeZ� ��������� \i_j�
\u_�\\_^_gZ�\�jZ[hlZo�>������@��]^_�^Z_lky�deZkkbnbdZpby�f_j��ijh\_^_g�

gZy�n_ghf_gheh]bq_kdbf� iml_f��HklZevgu_� f_ju� bgnhjfZpbc� \i_j\u_�

\\h^ylky�\�jZ[hlZo�Z\lhjZ�>������@� 

��� Ijb� 2 / 1ε λ = −β � b� 1/q = β � bf__f� 1
2 1 2 −βε = − � ^ey� wgljhibb� b�

1
2 1 2β−ε = − �^ey�bgnhjfZpbb�jZaebqby��qlh�^Z_l�ba����������b����������ghj�

fbjh\Zggu_�f_ju�bgnhjfZpbc 
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1ω = −ε , 0D = , 12ε = ε � ^ey� wgljhibb�b� 12ε = − ε � ^ey�

bgnhjfZpbb�jZaebqby�aZdhgu�dhfihabpbc�f_j�bgnhjfZpbc�bf_xl�\b^� 

 1 2 1 1 2
1 2 2

1 1 2

2

1

H H H H
H H H

H H

+ − ε
= =

− ε
D ,  (5.5.79) 

 1 2 1 1 2
1 2 2

1 1 2

2

1

I I I I
I I I

I I

+ + ε
= =

− ε
D .  (5.5.80) 

J_r_gbyfb�mjZ\g_gbc����������b����������y\eyxlky�ke_^mxsb_�ihem�

ghjfu�b�f_ju�bgnhjfZpbc 

 
1

1
1 1

1 1 1

ln ( )
( ) exp ,

1 1 ln ( )
q

q
q

N pH
N p H

H N p

−
−

− −
−

λ λ= − = −  + ε + ε λ 
,  (5.5.81) 

 

1
1

1
11

1 1

ln
exp ,

1 1 ln

q

q

q

p
N

p I u
N I

pu I
N

u

−
−

−
−

−

 λ   λ   = =    − ε      + ε λ   

.  (5.5.82) 



 256 

Mqblu\Zy� mkeh\by� ghjfbjh\Zgghklb� wgljhibb� ��������� b� bgnhjfZ�

pbb�jZaebqby�����������ihemqbf�jZ\_gkl\Z 

 
1 1

ln 2 , ln 2
1 1

λ λ= =
+ ε − ε

  (5.5.83) 

^ey�hij_^_e_gby�agZq_gby� λ �\�\ujZ`_gbyo� ���������b� ����������khhl\_lkl�
\_ggh� 

��� Ijb� 1 1qε λ = − � b� 1 1rε λ = − � ba� ��������� \ul_dZxl� khhl\_lkl�

\mxsb_�agZq_gby� 1ε �^ey�wgljhibb�b�^ey�bgnhjfZpbb�jZaebqby��Kh]eZkgh�

���������b����������ihemqbf�h^gh-�b�^\moiZjZf_ljbq_kdb_�wgljhibb 

 
( )

( )

ln
1 1 ln 2

,
1 ln 2

1 ln

m m
q
i i

i i
q m m

q
i i

i i

p p
q

H
q

p p

  
  + −   =

−   +     

∑ ∑

∑ ∑
  (5.5.84) 

 
( )

( ), 1
1

ln
1 1 ln 2

1 ln 2
1 ln

m m
q
i i

i i
q r r

m m qq
i i

i i

p p
r

H
q

p p

−
−

 
  
  + −  =  −   +     

∑ ∑

∑ ∑

  (5.5.85) 

b�bgnhjfZpbb�jZaebqby 

 
( )

( )

1

1

ln
1 1 ln 2

1 ln 2
1 ln

m m
q q
i i i

i i
q m m

q q
i i i

i i

p u p
q

I
q

p u p

−

−

  
  + −   =

−   +     

∑ ∑

∑ ∑
,  (5.5.86) 

 
( )

( ) 1

1

1

,

1

ln
1 1 ln 2

1 ln 2

1 ln

r

q

m m
q q
i i i

i i
q r

m m
q q
i i i

i i

p u p
r

I
q

p u p

−
−

−

−

 
    + −   =  −
   +     

∑ ∑

∑ ∑

.  (5.5.87) 
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.  (5.5.103) 

AZibr_f�^ey�lj_oqe_gh\�bkihevam_fu_�jZg__�\ujZ`_gby 
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 (5.5.104)
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(5.5.105)

 

K�mq_lhf�jZ\_gkl\� 
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2 2

221 2
1 2 1 2, , 4

2
D

ε + ε
ε = ε − ε ω = − = ε + ω = − ε + ε   (5.5.106) 

aZdhgu�dhfihabpbc�f_j�bgnhjfZpbc�bf_xl�\b^� 
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D .  (5.5.108) 

Ba� ���5.98)–����������\ul_dZxl�ihemghjfu�� wgljhiby�b�bgnhjfZpby�jZa�
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,  (5.5.109) 
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,  (5.5.110) 
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.  (5.5.112) 

AgZq_gby� ihklhygguo� \� ghjfbjh\Zgguo� wgljhibb� b� bgnhjfZpbb�

jZaebqby�jZ\gyxlky 
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,  (5.5.113) 
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( ) ( )
1 2

1 2 1 2

ln 2
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ε + ε
λ = −

 ε + ε − ε + ε 
.  (5.5.114) 

JZkkfhljbf�qZklgu_�kemqZb�f_j�bgnhjfZpbc� 

Lbi� III : ( 2 0ε = ��� Imklv� lj_oqe_gu� jZ\gyxlky� 21 H H+ ε − ω =  

( )2

1

1
1 1

2
H = + + ε  

� b� ( )22
1

1
1 1 1

2
I I I − ε − ω = + − ε  

�� AZdhgu� dhfihabpbc�

f_j�bgnhjfZpbc�aZibrmlky�lZd 
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D ,  (5.5.115) 
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1 1 21 2

I I I I
I I I
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= =
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D .  (5.5.116) 

���Ijb� 1 1qε λ = − �ba� ����������b� ����������\ul_dZxl�agZq_gby�iZjZ�

f_ljh\ 
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2 tg 1 ln 2 2 2 tg 1 ln 2 2
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1 tg 1 ln 2 2 1 tg 1 ln 2 2

q q

q q

− −      ε = ε =
− − + −      

  (5.5.117) 

^ey�wgljhibb�b�bgnhjfZpbb�jZaebqby��khhl\_lkl\_ggh��?keb� 1 1rε λ = − , 

lh�\�����������ke_^m_l�k^_eZlv�aZf_gm� q �gZ� r ��LZdbf�h[jZahf��ba�����������

b�����������ihemqbf�h^gh-�b�^\moiZjZf_ljbq_kdb_�wgljhibb 
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b�bgnhjfZpbb�jZaebqby 
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 (5.5.121)

 

���?keb� 1λ = − ��Z�lZd`_� 1 1 qε = − �b� 1 1 rε = − ��lh�bf__f�nbabq_kdb_�

[_ajZaf_jgu_�f_ju�bgnhjfZpbc 
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,  (5.5.122) 
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  (5.5.125) 

���Ijb� 1 1ε λ = −β �b� 1q = β �bf__f� khhl\_lkl\mxsb_� agZq_gby�ih�

klhygguo�^ey�wgljhibb�b�bgnhjfZpbb�jZaebqby�b�\�blh]_�ba� ����������b�

����������ihemqbf 
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 (5.5.127)

 

?keb� 1λ = − , 1 1ε = β − �b� 1q = β ��lh�bf__f�nbabq_kdb_�[_ajZaf_jgu_�
f_ju� 
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.  (5.5.129) 

Lbi� III <� ( 0ε = ).�Imklv� lj_oqe_gu� k� 2
1ω = −ε � \ujh`^Zxlky� \� ^\m�

qe_gu� 21 H− ω �b� 21 I− ω ��AZdhgu�dhfihabpbc�f_j�bgnhjfZpbc�aZibrmlky�
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D .  (5.5.131) 

Ijb� agZq_gbyo� wgljhibc�� jZ\guo� ( )1 1H = − −ω �b� ( )2 11H = ε ��ba�

aZdhgZ�dhfihabpbb�����������ihemqbf�wgljhibb 
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D ,  (5.5.132) 
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D .  (5.5.133) 

Ba� ����������b� ����������\ul_dZ_l��qlh�\�^Zgghc�]jmii_�agZq_gby�wg�

ljhibc� g_� bf_xl� bg\ZjbZglguo� \ujZ`_gbc� ^ey� g_aZ\bkbfuo� h[t_dlh\��
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Z�^ey�ijhba\_^_gby�we_f_glh\�]jmiiu�bf__f� 
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H
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D . (5.5.135) 

:gZeh]bqgu_�\u\h^u�kijZ\_^eb\u�^ey�bgnhjfZpbb�jZaebqby� 
Ba��������� – ����������\ul_dZxl�ihemghjfu 
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 (5.5.136) 

 ( )1 1
1

exp arctgq

p
N I

u−
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 (5.5.137) 
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��� Ijb� 1 1qε λ = − � b� 1 1rε λ = − � k� mq_lhf� ���������� ba� �����������

����������ihemqbf�h^gh-�b�^\moiZjZf_ljbq_kdb_�wgljhibb 
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b�bgnhjfZpbb�jZaebqby� 
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.  (5.5.146) 

H^gh-� b� ^\moiZjZf_ljbq_kdb_� wgljhibb� ���������� b� bgnhjfZpbb�
jZaebqby�����������\i_j\u_�\\_^_gu�Z\lhjhf�\�jZ[hl_�>��@� 

���Ijb� 1 1ε λ = −β �b� 1q = β �ba� ����������b� ����������\ul_dZxl�ghj�
fbjh\Zggu_�f_ju�bgnhjfZpbc 
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?keb� 1 1ε λ = −β , 1λ = − �b� 1q = β ��lh�bf__f�nbabq_kdb_�[_ajZaf_j�
gu_�f_ju�bgnhjfZpbb� 
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Lbi�IIIC ( )2 1ε = γε .�Imklv�lj_oqe_gu�jZ\gyxlky 
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,  (5.5.151) 
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.  (5.5.152) 
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bgnhjfZpbb 
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.  (5.5.160) 

���Ijb� 2 1ε λ = − β �b� 1q = β �bf__f�ba� ����������b� ����������^\moiZ�
jZf_ljbq_kdmx�wgljhibx� 
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k�khhl\_lkl\mxsbfb�agZq_gbyfb�iZjZf_ljh\ 
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.  (5.5.164) 

Lbi� III K� h[h[sZ_l� lbi� IA � b� lbi� IB �� lZd� dZd� hgb� khhl\_lkl\mxl�

agZq_gbyf�iZjZf_ljZ� 0γ = �b� 1γ = . 

Lbi�IV ( 0ε = ω = ).�Imklv�lj_oqe_g�\ujh`^Z_lky�\�_^bgbpm��lh�_klv�
iZjZf_lju�jZ\gyxlky�gmex��AZdhgu�dhfihabpbb�aZibrmlky�lZd 

 1 2 1 2,H H H H H= = +D   (5.5.165) 

 1 2 1 2I I I I I= = +D .  (5.5.166) 

J_r_gbyfb�mjZ\g_gbc����������b����������y\eyxlky�ke_^mxsb_�ihem�

ghjfu�b�nbabq_kdb_�[_ajZaf_jgu_�f_ju�bgnhjfZpbc 

 ( ) 1
1 1( ) exp , ln ( )q qN p H H N p−

− −= λ = λ ,  (5.5.167) 
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 ( ) 1
1 1exp , lnq q

p p
N I I N

u u
−

− −
   = −λ = λ      

.  (5.5.168) 

���Mqblu\Zy� mkeh\by�ghjfbjh\Zgghklb� wgljhibb� ���������b�bgnhj�

fZpbb�jZaebqby�����������ihemqbf�jZ\_gkl\h 

 ln 2λ = − .  (5.5.169) 

<� blh]_� ba� ���������� b� ���������� bf__f� h^ghiZjZf_ljbq_kdb_�f_ju�

J_gvb�>��������@ 

 

1

2 2

1 1
log , log

1 1

m m
q q q
i i i

i i
q qm m

i i
i i

p p u
H I

q qp p

−

= =
− −

∑ ∑

∑ ∑
.  (5.5.170) 

���?keb� 1λ = − ��lh�bf__f�ba\_klgu_�nbabq_kdb_�[_ajZaf_jgu_�f_ju 

 

1

1 1
ln , ln

1 1

m m
q q q
i i i

phys physi i
q qm m

i i
i i

p p u
H I

q qp p

−

= =
− −

∑ ∑

∑ ∑
.  (5.5.171) 

���Ijb� 1λ = − �b� 1q = β �ihemqbf�nbabq_kdb_�[_ajZaf_jgu_�f_ju 

 

1

1
ln

1

m

i
phys i

m

i
i

p
H

p

β
β

β

 
 

=  
β −    

∑

∑
,   (5.5.172) 

 

1 1 1

1
ln

1

m

i i
phys i

m

i
i

p u
I

p

β
β − β

β

 
 

=  
−β    

∑

∑
.  (5.5.173) 

<�aZdexq_gb_�hlf_lbf��qlh�\�ij_^_eZo�ba�jZkkfZljb\Z_fuo�ghjfb�

jh\Zgguo�f_j� \ul_dZxl� wgljhiby�R_gghgZ–<bg_jZ� b� bgnhjfZpby� jZa�
ebqby�Dmev[ZdZ–E_c[e_jZ 

 ( ) , , ,1 1 1 1 1
1 1 0

lim lim lim lim limq q rq q
r

H p H H H H Hβ β γ β γ→ → β→ β→ β→
→ γ→ γ→

= = = = = =  



 271

 
( )2

, ,1 1
1 0

log
lim lim

m

i i
i

q q mq q

i
i

p p
H H

p
γ γ→ →

γ→ γ→

= = = −
∑

∑
,  (5.5.174) 

 ( ) , , ,1 1 1 1 1
1 1 0

: lim lim lim lim limq q rq q
r

I p u I I I I Iβ β γ β γ→ → β→ β→ β→
→ γ→ γ→

= = = = = =  

 
2

, ,1 1
1 0

log

lim lim

m
i

i
i i

q q mq q

i
i

p
p

u
I I

p
γ γ→ →

γ→ γ→

 
   = = =

∑

∑
.  (5.5.175) 

LZdbf� h[jZahf�� jZkkfZljb\Z_fuf� aZdhgZf� dhfihabpbc� khhl\_lkl�

\mxl� lhevdh� q_luj_� ijbgpbibZevgh� jZaebqguo� lbiZ� f_j� bgnhjfZpbc��

I_j\u_�ljb�kh^_j`Zl�\�aZdhgZo�dhfihabpbc�d\Z^jZlbqgmx�g_ebg_cghklv��

Z�q_l\_jluc�hljZ`Z_l�Z^^blb\gu_�iZjZf_ljbah\Zggu_�f_ju��Ijbq_f�jZk�

kfZljb\Z_fu_� lbiu�fh]ml� kh^_j`Zlv� b� ^jm]b_� qZklgu_� kemqZb�f_j� bg�

nhjfZpbc� 

�����Ij_^_evgu_�h^ghiZjZf_ljbq_kdb_�f_ju 

JZkkfhljbf� ij_^_evgu_� \ujZ`_gby� ^\moiZjZf_ljbq_kdbo� f_j� bg�

nhjfZpbc� , ( )q rH p �b� ,q r

p
I

u
 
  

�ijb� 1r = �b� 1q = ��>ey�\k_o�ghjfbjh\Zgguo�

lbih\�f_j�bgnhjfZpbc�ijb� 1r = �ihemqbf�ij_^_evgu_�h^ghiZjZf_ljbq_�

kdb_�f_ju 

 , 21

1
lim log

1

m
q
i

i
q r mr

i
i

p
H

q p
→

=
−

∑

∑
,  (5.6.1) 

 

1

, 21

1
lim log

1

m
q q
i i

i
q r mr

i
i

p u
I

q p

−

→
=

−

∑

∑
,  (5.6.2) 

kh\iZ^Zxsb_�k�wgljhib_c�b�bgnhjfZpb_c�jZaebqby�J_gvb� 
?keb� 1q = ��lh�bkihevam_f�ba\_klgu_�khhlghr_gby� 
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 ( ) ( )
11

lim ( ) ( ) 2
physH p H p

qq
N p N p e− −

−→
= = = ,  (5.6.3) 

 ( : ) ( : )
11

lim 2
physI p u I p u

qq

p p
N N e

u u−→

   = = =      
  (5.6.4) 

ijb�gZoh`^_gbb�f_j 

 , ,1 1
lim , limr q r r q rq q

H H I I
→ →

= = .  (5.6.5) 

A^_kv� wgljhiby�R_gghgZ–<bg_jZ� b� bgnhjfZpby� jZaebqby�Dmev[Z�
dZ–E_c[e_jZ�_klv�nmgdpbhgZeu 

 
( ) 22

loglog
( ) , ( : )

mm i
ii i i ii

m m

i i
i i

p
pp p u

H p I p u
p p

 
   = − =

∑∑

∑ ∑
.  (5.6.6) 

<� kemqZ_� nbabq_kdbo� [_ajZaf_jguo� f_j� bkihevam_fuc� eh]Zjbnf�

f_gy_lky�gZ�gZlmjZevguc� 

K\hckl\Z� kj_^gbo� ]_hf_ljbq_kdbo� 1( )qN p− � b� 1q

p
N

u−
 
  

� ^Zxlky� \�

jZa^_e_����� 
Ijb\_^_f� khhl\_lkl\mxsb_� lbiu� f_j� bgnhjfZpbc�� \ul_dZxsb_�

ijb� 1q = �ba�j_amevlZlh\�ij_^u^ms_]h�jZa^_eZ� 

Lbi�I:� 

1. ( )1 ( )
1

1
1 2

1 2
r H p

r r
H −

−
 = − −

, ( ) ( )1 :
1

1
1 2

1 2
r I p u

r r
I −

−
 = − −

,  (5.6.7) 

2. ( )1 ( )1
1

1

physr H pphys
rH e

r
− = −  −

, ( )1 ( : )1
1

1

physr I p uphys
rI e

r
− = −  −

.  (5.6.8) 

Lbi�IB. 

1. ( ) ( ) ( )1 ( ) 1 :
1 1

1 1
1 2 , 1 2

1 2 2 1
r H p r I p u

r rr r
H I− −

− −
   = − = −   − −

,  (5.6.9) 

2. ( ) ( )1 ( ) 1 ( : )1 1
1 , 1

1 1

phys physr H p r I p uphys phys
r rH e I e

r r
− −   = − = −      − −

.  (5.6.10) 
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Lbi�IC. 

 1: 
( )

( )

2 1 ( )2(1 )

2(1 ) 2 1 ( )

1 2 1 2

1 2 1 2

r H pr

r r r H p
H

−−

− −

 + −=  
− +  

, 

 
( ) ( ) ( )

( ) ( )

2 1 2 1 :

2(1 ) 2 1 :

2 1 1 2

2 1 1 2

r r I p u

r r r I p u
I

− −

− −

 + −=  
− +  

.  (5.6.11) 

 2: 
( )

( )

2 1 ( )

2 1 ( )

1 1

1 1

phys

phys

r H p
phys
r r H p

e
H

r e

−

−

 − =
−  + 

, 

 
( )

( )

2 1 ( : )

2 1 ( : )

1 1

1 1

phys

phys

r I p u
phys
r r I p u

e
I

r e

−

−

 − =
−  + 

.  (5.6.12) 

Lbi�II.  

 1. 
( )

( )
( )

( )1 ( ) 1 ( : )

1 1 ln 2 ( ) 1 1 ln 2 ( : )
,

1 2 1 2
r rr H p r I p u

r H p r I p u
H I

− −

+ − + −      = =
+ +

,  (5.6.13) 

 2. 
(1 ) ( ) ( 1) ( : )

( ) ( : )
,

1 2 1 2
phys phys
r rr H p r I p u

H p I p u
H I− −= =

+ +
.  (5.6.14) 

Lbi�III :�  

 1: 
( )

( )
( ) ( )

( ) ( )
1 tg 1 ln 2 tg 1

tg 1 ln 2 1 tg 1r

r r H p
H

r r H p

 − − −       =  − − −        
, 

 
( )

( )
( ) ( )

( ) ( )
1 tg 1 ln 2 tg 1 :

tg 1 ln 2 1 tg 1 :r

r r I p u
I

r r I p u

 + − −       =  − + −        
.  (5.6.15) 

 2: 
( ) ( )

( ) ( )
tg 11

1 1 tg 1

phys
phys
r phys

r H p
H

r r H p

  −  =  −  − −   
, 

 
( ) ( )

( ) ( )
tg 1 :1

1 1 tg 1 :

phys
phys
r phys

r I p u
I

r r I p u

  −  =  −  + −   
.  (5.6.16) 

Lbi�III <� 

 1: 
( )
( )

tg 1 ( )

tg 1 ln 2r

r H p
H

r

−  =
−  

, 
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[ ]

[ ]
tg ( 1) ( : )

tg ( 1) ln 2r

r I p u
I

r

−
=

−
.  (5.6.17) 

 2: ( )1
tg 1 ( )

1
phys phys
rH r H p

r
 = − −

, 

 
1

tg ( 1) ( : )
1

phys phys
rI r I p u

r
 = − −

.  (5.6.18) 

Hlf_lbf��qlh�f_ju�bgnhjfZpbc��jZkkfhlj_ggu_�\�jZa^_e_������fh`�

gh�ij_^klZ\blv�\�nhjfZo��������
 – 
���������ijb�aZf_g_� ( )H p �b� ( : )I p u �gZ�

wgljhibx�b�bgnhjfZpbx�jZaebqby�J_gvb� 

�����AZdhg�dhfihabpbb�we_f_glh\�]jmiiu� 
kemqZcguo�f_j 

I_j_oh^bf� d� bkke_^h\Zgbx� Z[_e_\hc� ]jmiiu� kemqZcguo� wgljhibc�

( )h h p= �k�dhffmlZlb\guf�aZdhghf�dhfihabpbb�we_f_glh\� 1 2 2 1h h h h=D D , 

\�dhlhjuc�\oh^yl� lhevdh� 1 1( )h h p= , 2 2( )h h p= �b�bo�ijhba\_^_gby� 1 2h h . 

Ijb\_^_f�Z[kljZdlguc�\u\h^�y\gh]h�\b^Z�aZdhgZ�dhfihabpbb�we_f_glh\�

b�_]h�k\hckl\Z��>ey�q_]h�aZibr_f�aZdhg�\�ke_^mxs_f�\b^_ 

 1 2 1 2 1( )h h h a h h h = = + ψ D .  (5.7.1) 

A^_kv�dhwnnbpb_gl�a �g_�aZ\bkbl�hl� 1h �b� 2h ��<�ijhlb\ghf�kemqZ_�g_�[m^_l�

khhl\_lkl\by�k�]jmiihc�kj_^gbo�wgljhibc��H^gZdh�hg�fh`_l�aZ\bk_lv�hl�

kj_^gbo� wgljhibc�� hij_^_ey_fuo� \� h[s_f� kemqZ_� \a\_r_gguf� 
f -kj_^gbf 

 ( ) ( )
m

i i
i

H h p f p= ∑ .  (5.7.2) 

Bkihevamy�mkeh\b_�dhffmlZlb\ghklb�\����������gZc^_f�khhlghr_gby 

 1 2 1 2 1 2( ) ( )a h h h a h h h   + ψ = + ψ    ,  (5.7.3) 

ba�dhlhjuo�ihemqbf�h]jZgbq_gby�gZ�nmgdpbx 

 1 2

1 2

1 ( ) 1 ( )h h

h h

− ψ − ψ
= = ε .  (5.7.4) 

IZjZf_lj� ε �g_�aZ\bkbl�hl�kemqZcguo�wgljhibc��Ih^klZgh\dZ���������
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\���������^Z_l�aZdhg�dhfihabpbb�>��@ 

 ( )1 2 1 2 1 2h h h a h h h h= = + − εD .  (5.7.5) 

Ihkdhevdm� kijZ\_^eb\h� mkeh\b_� fmevlbiebdZlb\ghklb 

( ) ( ) ( )ij i jf p f p f p= � ^ey� g_aZ\bkbfuo� h[t_dlh\�� lh� ihke_� mkj_^g_gby�

��������ihemqbf 

 ( ) ( )1 2 1 2

n m

j i
j i

H a H f p H f p H H
 

= + − ε 
 

∑ ∑ ,  (5.7.6) 

]^_�kj_^gb_�wgljhibb 

 ( ) ( ) ( ) ( )1 2,
m n

i i j j
i j

H h p f p H h p f p= =∑ ∑ ,  (5.7.7) 

 ( ) ( )m n

ij ij
i j

H h p f p= ∑∑ .  (5.7.8) 

JZkkfhljbf�hkgh\gu_�k\hckl\Z�hij_^_e_gby�������� 
���:kkhpbZlb\ghklv ��Kh]eZkgh�Zdkbhf_���\uihegy_lky�k\hckl\h�Zk�

khpbZlb\ghklb 

 ( ) ( )1 2 3 1 2 3h h h h h h= =D D D D  

 ( ) ( ) 2
1 2 3 1 2 2 3 3 1 1 2 3h h h h h h h h h h h h = α α + + − εα + + + ε =   

 ( ) ( ) 2
1 2 3 1 2 2 3 3 1 1 2 3h h h h h h h h h h h h = α + α + − εα + + + ε  ,  (5.7.9) 

ba�dhlhjh]h�\ul_dZ_l�jZ\_gkl\h� 1a = . 
<�blh]_�bf__f�aZdhg�dhfihabpbb 

 1 2 1 2 1 2h h h h h h h= = + − εD   (5.7.10) 

b�k\hckl\h�ZkkhpbZlb\ghklb 

 ( ) ( )1 2 3 1 2 3h h h h h h= =D D D D  

 ( ) 2
1 2 3 1 2 2 3 3 1 1 2 3h h h h h h h h h h h h= + + − ε + + + ε .  (5.7.11) 

��� ?^bgbqguc� we_f_gl�� Kh]eZkgh� Zdkbhf_� �� _^bgbqguc� we_f_gl�
]jmiiu�gZoh^bf�ba�nhjfmeu 

 1h E h E hE h= + − ε =D ,  (5.7.12) 

dhlhjZy� ^Z_l� agZq_gb_� 0E = ��LZdbf� h[jZahf�� _^bgbqguc� we_f_gl� khhl�
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\_lkl\m_l�gme_\hfm�agZq_gbx�kemqZcghc�wgljhibb� 0h = . 
���H[jZlguc�we_f_gl��Kh]eZkgh�Zdkbhf_���ba�nhjfmeu 

 1 1 1 0h h h h hh− − −= + − ε =D   (5.7.13) 

\ul_dZ_l�\ujZ`_gb_�^ey�h[jZlgh]h�we_f_glZ 

 1

1

h
h

h
− = −

− ε
.  (5.7.14) 

���Khijy`_gguc�we_f_gl��Ih^klZ\bf�\�hij_^_e_gb_�khijy`_ggh]h�
we_f_glZ 

 1h c h c−′ = D D   (5.7.15) 

agZq_gb_� ( ) 11 1c c c
−− = − − ε �b�ihemqbf�jZ\_gkl\h 

 h h′ = ,  (5.7.16) 

dhlhjh_�hagZqZ_l�khijy`_gghklv�we_f_glh\�]jmiiu�kemqZcguo�wgljhibc� 
���JZ\_gkl\Z��Bkihevamy�aZdhg�dhfihabpbb�b�_]h�k\hckl\Z��gZoh^bf�

ke_^mxsb_�jZ\_gkl\Z 

 
( ) ( )( )1

1

1 1
, 1 1 1h h

h h
−

−− = −ε − ε − ε =
−

,  (5.7.17) 

 ( ) ( )( )1 21 1 1h h h− ε = − ε − ε ,  (5.7.18) 

 ( ) ( )( )( )1 2 3 1 2 31 1 1 1h h h h h h− ε = − ε − ε − εD D ,  (5.7.19) 

 ( )( )( )1
1 21 1 1 1h h h−− ε − ε − ε = ,  (5.7.20) 

 ( ) ( )1 1 1
1 2 1 2 2 1h h h h h h h h h− − −+ + − ε + + +  

 2 1
1 2 0h h h−+ε = ,  (5.7.21) 

 \�� 1 12 1
1 2 1 1

2 1

,
1 1

h h h h
h h h h h h

h h
− −− −

= = = =
− ε − ε

D D ,  (5.7.22) 

 ( ) ( ) 11 1 1 1 1 1
1 2 2 1 1 2 3 3 2 1,h h h h h h h h h h

−− − − − − −= =D D D D D D ,  (5.7.23) 

 
1 1

1 2 2 1

1 1

h h h h− −+ = ε
D D

,  (5.7.24) 
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1 1 1 1

1 2 2 1 1 2 2 1

1 1 1 1

h h h h h h h h− − − −+ = +
D D D D

,  (5.7.25) 

 
( )

(2)
(2) 2

(2)
2 ,

1 1

h
h h h h h h

h
= = − ε =

+ + ε
D ,  (5.7.26) 

 ( )(2)1 1h h+ ε = − ε ,  (5.7.27) 

 ( )(2 ) ( ) ( ) ( ) ( ) ( ) ( )
1 2 1 2 1 2 1 2,n n n n n n nh h h h h h h h h h= = + − ε =D D .  (5.7.28) 

:[_e_\Z�]jmiiZ�kemqZcguo�bgnhjfZpbc�jZaebqby�hij_^_ey_lky�ZgZ�

eh]bqgh�ijb\_^_gghc�]jmii_��AZdhg�dhfihabpbb�kemqZcguo�bgnhjfZpbc�

jZaebqby�bf__l�\b^ 

 1 2 1 2 1 2I I I I I I I= = + + εD   (5.7.29) 

b� aZ^Z_lky� aZf_ghc� h I→ − � \� aZdhg_� dhfihabpbc� kemqZcguo� wgljhibc��

Hij_^_e_gb_� ��������� k� ( )1 1 1:i iI I p u= � b� ( )2 2 2:i iI I p u= � m^h\e_l\hjy_l�

k\hckl\m�ZkkhpbZlb\ghklb��?^bgbqghfm�we_f_glm�]jmiiu� 0E = �khhl\_l�

kl\m_l�gme_\h_� agZq_gb_� kemqZcghc�bgnhjfZpbb�jZaebqby� 0I = ��H[jZl�

guc� we_f_gl� hij_^_ey_lky� \ujZ`_gb_f� ( ) 11 1I I I
−− = − + ε �� We_f_glu�

]jmiiu�y\eyxlky�kZfhkhijy`_ggufb��lh�_klv� I I′ = . 
Ih� ZgZeh]bb� k�jZ\_gkl\Zfb�^ey� kemqZcguo� wgljhibc�gZoh^bf� ke_�

^mxsb_�jZ\_gkl\Z�^ey�kemqZcguo�bgnhjfZpbc�jZaebqby 

 
( ) ( )( )1

1

1 1
, 1 1 1I I

I I
−

−− = ε + ε + ε =
−

,  (5.7.30) 

 ( ) ( )( )1 21 1 1I I I+ ε = + ε + ε ,  (5.7.31) 

 ( ) ( )( )( )1 2 3 1 2 31 1 1 1I I I I I I+ ε = + ε − ε − εD D ,  (5.7.32) 

 ( )( )( )1
1 21 1 1 1I I I −+ ε + ε + ε = ,  (5.7.33) 

 ( ) ( )1 1 1 2 1
1 2 1 2 2 1 1 2 0I I I I I I I I I I I I− − − −+ + + ε + + + ε = ,  (5.7.34) 
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 1 12 1
1 2 1 1

2 1

,
1 1

I I I I
I I I I I I

I I
− −− −

= = = =
+ ε + ε

D D ,  (5.7.35) 

 ( ) ( ) 11 1 1 1 1 1
1 2 2 1 1 2 3 3 2 1,I I I I I I I I I I

−− − − − − −= =D D D D D D ,  (5.7.36) 

1 1 1 1 1 1
1 21 2 2 1 2 1 1 2 2 1

1 1 1 1 1 1
,

I II I I I I I I I I I− − − − − −+ = −ε + = +
DD D D D D

,  (5.7.37) 

 
(2)

(2) 2

(2)
2 ,

1 1

I
I I I I I I

I
= = + ε =

+ − ε
D ,  (5.7.38) 

 (2)1 1I I− ε = + ε ,  (5.7.39) 

 ( )(2 ) ( ) ( ) ( ) ( ) ( ) ( )
1 2 1 2 1 2 1 2,n n n n n n nI I I I I I I I I I= = + + ε =D D .  (5.7.40) 

Mkj_^gyy�����������ihemqbf�aZdhg�dhfihabpbb�kj_^gbo�wgljhibc 

 ( ) ( )1 2 1 2 1 2

n m

j i
j i

H H H H f p H f p H H= = + − ε∑ ∑D   (5.7.41) 

b�k\hckl\h�ZkkhpbZlb\ghklb 

 ( ) ( )1 2 3 1 2 3H H H H H H H= = =D D D D    

 ( ) ( ) ( ) ( ) ( ) ( )1 2 3

n l m l m n

j k i k i j
j k i k i j

H f p f p H f p f p H f p f p= + + −∑ ∑ ∑ ∑ ∑ ∑  

( ) ( ) ( ) 2
1 2 2 3 3 1 1 2 3

l m n

k i j
k i j

H H f p H H f p H H f p H H H
 

−ε + + + ε 
 

∑ ∑ ∑ .(5.7.42) 

A^_kv�bf__f� ( ) ( ) ( ) ( )ijk i j kf p f p f p f p= �b�wgljhibx� 

 ( ) ( )3

l

k k
k

H h p f p= ∑ .  (5.7.43) 

Hij_^_ebf�nmgdpbx�\�h[s_f�\b^_�� 
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 ( ) 1( )
a

b
q i

i m

i
i

N p p
f p

p

−
  =

∑
,  (5.7.44) 

dhlhjZy�m^h\e_l\hjy_l�k\hckl\m�fmevlbiebdZlb\ghklb��Lh]^Z�aZdhg�dhf�

ihabpbb����������ijbf_l�ke_^mxsbc�\b^ 

 1 2H H H= =D  

 
( ) ( )1 1 2 2 1 1

1 2

na mab b
q j q i

j i
n m

j i
j i

H N p p H N p p
H H

p p

− −
      

= + − ε
∑ ∑

∑ ∑
  (5.7.45) 

JZkkfhljbf�lbiu�kemqZcguo�wgljhibc� 
Lbi�a).�Bkihevamy�ba\_klguc�aZdhg���������k� 0ω =  

 1 2 1 2 1 2H H H H H H H= = + + εD   (5.7.46) 

ijbjZ\gy_f�_]h�d�hij_^_e_gbx����������aZibkZgghfm�\�\b^_ 

 
( )1 2

1 2 1 2

na
b

q j
j

n

j
j

N p p

H H H H H
p

−
     = = − ε + 
 
  

∑

∑
D  

 
( )1 1

2 1 1 2

ma
b

q i
i

m

i
i

N p p
H H H H

p

−
     + − ε + ε 
 
  

∑

∑
.  (5.7.47) 

<�blh]_�ihemqbf�ihemghjfm�b�wgljhibx 

( )
( ) ( )

1

1

1

1
1

, 1

m maa b
i q i

i i
q m m

b
i i

i i

H p N p p
N p H

p p

−

−

    + ε     = = −   ε   
      

∑ ∑

∑ ∑
,  (5.7.48) 

bf_xsb_�h^bgZdh\mx�nhjfm�^ey�\k_o�h[t_dlh\� 
Ijbf_f� agZq_gby� 0,a b q= = � b� ihemqbf� nmgdpbx 
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( )
m

q
i i i

i
f p p p

 =   
∑ ��Ba�\ujZ`_gby�wgljhibb�����������aZibkZggh]h�\�\b^_�

mkj_^g_gby 

 
( ) 1

( ) 1

m m
q q

i i i
i i

q m m

i i
i i

h p p p
H p

p p

 
 

= = − 
ε    

∑ ∑

∑ ∑
,  (5.7.49) 

\ul_dZ_l�agZq_gb_�fbdjhkdhibq_kdhc�wgljhibb 

 ( ) ( )11
1 q

q i ih p p −= −
ε

  (5.7.50) 

klZlbklbq_kdhc� fh^_eb� OZ\j^Z–QZj\Zl–>Zjhrb�� Ijb 1 qε = − � b�

12 1q−ε = − �bf__f�ba����������nbabq_kdmx�[_ajZaf_jgmx�b�ghjfbjh\Zggmx�

wgljhibx��khhl\_lkl\_ggh� 
>Ze__� ijbf_f� agZq_gby� 1 ,a q b q= − = � b� ihemqbf� nmgdpbx�

( ) /
m m

q q
i i i

i i
f p p p

 =   
∑ ∑ �� AZdhg� dhfihabpbb� wgljhibc� ��������� aZibr_lky�

lZd 

 1 2 1 2 1 2H H H H H H H= = + − εD   (5.7.51) 

b�jZ\gy_lky�hij_^_e_gbx���������� 
Ba�\ujZ`_gby�wgljhibb 

 
( )

1

1
( ) 1

m m
q q

q i i i
i i

q m m
q
i i

i i

h p p p
H p

p p

−    
 = = −  
 ε       

∑ ∑

∑ ∑
  (5.7.52) 

bf__f� agZq_gb_� kemqZcghc� wgljhibb�� kh\iZ^Zxs__� k� ����������<� ^Zgghc�

klZlbklbq_kdhc� fh^_eb� EZg^k[_j]Z–<_j]ZeZ� ihemqbf� ba� ��������� ijb�

1 qε = − � b� 11 2q−ε = − � nbabq_kdmx� [_ajZaf_jgmx� b� ghjfbjh\Zggmx� wg�

ljhibx� 
Ihemq_ggu_�j_amevlZlu�ihdZau\Zxl��qlh�Lbi�a)�hij_^_ey_lky�kem�

qZcghc�wgljhib_c� ����������AZdhgu�dhfihabpbc� ���������b� ���������^ey�wg�

ljhibc�ba�LbiZ��:�b�LbiZ��%�y\eyxlky�\a\_r_ggufb�g_ghjfbjh\Zgguf�

b�ghjfbjh\Zgguf�kj_^gbfb��khhl\_lkl\_ggh��AgZq_gby�iZjZf_ljh\�a�b�b, 
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hlebqgu_�hl�mdZaZgguo��ijb\h^yl�d�wgljhibb� 1( ) ( )q qH p f N p−
 =   ��dhlh�

jZy�g_�y\ey_lky�j_amevlZlhf�mkj_^g_gby�dZdhc-eb[h�kemqZcghc�wgljhibb� 
:gZeh]bqgu_�j_amevlZlu�bf__f�^ey�aZdhgZ�dhfihabpbb�kemqZcguo�

bgnhjfZpbc�jZaebqby� ����������KemqZcgZy�bgnhjfZpby�jZaebqby�hij_^_�

ey_lky�\�\b^_ 

 ( ) ( )1 11
: 1 q q

q i i i iI p u p u− −= −
ε

.  (5.7.53) 

Mkj_^g_gb_� __� k� 1( , )
m

q q
i i i i i

i
f p u p u p−  =   

∑ � beb� ( , )i if p u =  

1 1
m

q q q q
i i i i

i
p u p u− − =   

∑ �^Z_l�bgnhjfZpbb�jZaebqby� 

 ( )
1

1
: 1

m
q q
i i

i
q m

i
i

p u
I p u

p

− 
 

= − − 
ε    

∑

∑
,  (5.7.54) 

 ( )

1
1

1
: 1

m
q q
i i

i
q m

i
i

p u
I p u

p

−
−

    
 = − −  
 ε       

∑

∑
  (5.7.55) 

LbiZ� �:� b�LbiZ� �<�� khhl\_lkl\_ggh��IZjZf_lj� ε � hij_^_ey_lky� ghjfb�
jh\dhc�nmgdpbhgZeh\�� 

Lbi� b).�Imklv� 0ε = � b� aZdhg� dhfihabpbc� wgljhibb� b� bgnhjfZpbc�

jZaebqby�bf_xl�\b^ 

 1 2 1 2H H H H H= = +D ,  (5.7.56) 

 1 2 1 2I I I I I= = +D .  (5.7.57) 

Lh]^Z�ijb� 12 1q−ε = − �beb� 1 qε = − �ba����������b����������bf__f�fbdjhkdh�

ibq_kdb_�f_ju 

 ( ) 2logi ih p p= − ,  (5.7.58) 

 ( ) 2: log i
i i

i

p
h p u

u
= −  (5.7.59) 
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b�khhl\_lkl\mxsb_�kj_^gb_�agZq_gby 

 ( ) ( )2( ) log
m m

i i i i
i i

H p h p p p p= = −∑ ∑ ,  (5.7.60) 

 ( ) 2( : ) : log
m m

i
i i i i

i i i

p
I p u I p u p p

u

 
= =    

∑ ∑   (5.7.61) 

klZlbklbq_kdhc�fh^_eb�R_gghgZ–<bg_jZ� 
LZdbf� h[jZahf�� bf__f� ^\Z� ijbgpbibZevgh� jZaebqguo� lbiZ� ]jmii�

kemqZcguo� wgljhibc� b� bgnhjfZpbc� jZaebqby�� Ijbq_f� nmgdpbhgZeu�

���������b����������y\eyxlky�bahfhjnbafZfb�kemqZcguo�g_Z^^blb\guo�f_j�

gZ�]jmiim�Z^^blb\guo�f_j�fh^_eb�R_gghgZ–<bg_jZ 

 ( ) ( )2 2

1
log log 1

1i i q ih p p h p
q

 = − = + ε −
,  (5.7.62) 

 ( ) ( )2 2

1
: log log 1 :

1
i

i i q i i
i

p
I p u I p u

u q
 = = − ε −

.  (5.7.63) 

�����D\Zglh\u_�ihemghjfu�b�f_ju�bgnhjfZpbb 

JZkkfhljbf� \_jhylghklgh-klZlbklbq_kdh_� hibkZgb_� kh\hdmighklb�

{ }1, , mN N N= ! �kemqZcguo�h[t_dlh\��dhlhju_�bf_xl�fgh`_kl\h�d\Zglh�

\uo�khklhygbc� { }1, , mG G G= ! ��]^_�m–�qbkeh�khklhygbc� 

<uibr_f�d\Zglh\u_�nbabq_kdb_�[_ajZaf_jgu_� wgljhibb�klZlbklb�

q_kdhc�fh^_eb�R_gghgZ–<bg_jZ��ijb\_^_ggu_�\�]eZ\_����^ey�jZaebqguo�
klZlbklbd� 

Z��FZdk\_eeZ–;hevpfZgZ� 

 ( ) ( )ln ln
m m

N i i i i
i i

H N N G N= − +∑ ∑ ,  (5.8.1) 

[��N_jfb–>bjZdZ� 

( ) ( ) ( ) ( )ln ln ln
m m m

N i i i i i i i i
i i i

H N N G N G N G G = − − − − + ∑ ∑ ∑ ,  (5.8.2) 

\��;ha_–Wcgrl_cgZ� 
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 ( ) ( ) ( ) ( )ln ln ln
m m m

N i i i i i i i i
i i i

H N N G G G N G N = − − + + + ∑ ∑ ∑ ,  (5.8.3) 

]��d\ZabdeZkkbq_kdZy�klZlbklbdZ� 

 ( ) ( )ln ln
m m

N i i i i
i i

H G G N G= − +∑ ∑ .  (5.8.4) 

H[s__�agZq_gb_�kemqZcghc�\_ebqbgu� { }1, , mT T T= ! �ih�kh\hdmigh�

klb�h[t_dlh\�jZ\gy_lky 

 ( )
m

N i i
i

T T N= ∑E   
m

i
i

N N
 =  

∑ .  (5.8.5) 

Ijb� i iN G<< �ba���������b���������bf__f�\ujZ`_gb_���������^ey�klZlb�

klbdb�FZdk\_eeZ–;hevpfZgZ��Z�ijb� i iN G>> �ba���������\ul_dZ_l�\ujZ`_�

gb_� �������� ^ey� d\ZabdeZkkbq_kdhc� klZlbklbdb��Ihwlhfm� \� h[s_f� kemqZ_�

hklZgh\bfky�gZ�klZlbklbdZo�N_jfb–>bjZdZ�b�;ha_–Wcgrl_cgZ� 
D\Zglh\u_�wgljhibb�aZibr_f�lZd 

 ( ) ( ) ( ) 0N N N NH H N H G N H G= + − − > ,  (5.8.6) 

 ( ) ( ) ( ) 0N N N NH H N H G H G N= + − + > ,  (5.8.7) 

]^_�f_ju 

 ( ) ( )ln
m

N i i
i

H N N N= −∑ , ( ) ( )ln
m

N i i
i

H G G G= −∑ ,  (5.8.8) 

 ( ) ( ) ( )ln
m

N i i i i
i

H G N G N G N ± = − ± ± ∑   (5.8.9) 

\� ]_hf_ljbq_kdhc� bgl_jij_lZpbb� m^h\e_l\hjyxl� g_jZ\_gkl\m� lj_m]hev�

gbdZ��beb�g_jZ\_gkl\m�Fbgdh\kdh]h�� 
>ey�^jm]bo�klZlbklbq_kdbo�fh^_e_c�l_hjbb�bgnhjfZpbb�g_jZ\_gkl�

\h�lj_m]hevgbdZ�^Z_l�d\Zglh\u_�wgljhibb 

 ( ) ( ) ( ), 0q N q q qH H N H G N H G= + − − > ,  (5.8.10) 

 ( ) ( ) ( ), 0q N N q qH H N H G H G N= + − + > ,  (5.8.11) 

aZ\bkysb_�hl�iZjZf_ljZ� q ��Ykgh��qlh�ijb\_^_ggh_�g_jZ\_gkl\h�kijZ\_^�

eb\h��b�^ey�^\moiZjZf_ljbq_kdbo�d\Zglh\uo�wgljhibc� 



 284 

D\Zglh\u_�wgljhibb� ���������b� ���������khhl\_lkl\mxsbo�klZlbklbd�

aZ\bkyl�hl�d\Zglh\uo�ihemghjf�jZkij_^_e_gbc 

 ( )
1

1
,

qm
q

q N i
i

N N N + =   
∑ , ( )

1
1

,

qm
q

q N i
i

N G G + =   
∑ , 

 ( ) ( )
1

1

,

qm q

q N i i
i

N G N G N
+ ± = ±  

∑ .  (5.8.12) 

JZkkfhljbf��\�qZklghklb��d\Zglh\u_�h[h[s_gby�nbabq_kdbo�[_ajZa�

f_jguo� wgljhibc� ^ey� klZlbklbq_kdhc� fh^_eb� OZ\j^Z–QZj\Zl–>Zjhrb��

khhl\_lkl\mxs_c�Lbim�IA �deZkkbnbdZpbb�f_j�b�b]jZxs_c�\Z`gmx�jhev�

\� kh\j_f_gghc� klZlbklbq_kdhc� l_hjbb� g_Z^^blb\guo� kbkl_f�� Kh]eZkgh�

���������b�����������ihemqbf�nmgdpbhgZeu 

 

( ) ( )

,

1

1

1 1

1 1

m m
q

q N i i
i i

m m m mq q
i i i i i i

i i i i

H N N
q

G N G N G G
q q

 = − + −  
   + − − − − − =  − −   

∑ ∑

∑ ∑ ∑ ∑
   

( )1
,

1

m m mqq q
i i i i

i i i
N G N G

q
 = − − − + −  

∑ ∑ ∑                 (5.8.13) 

 

( ) ( )

,

1

1

1 1

1 1

m m
q

q N i i
i i

m m m m qq
i i i i i i

i i i i

H N N
q

G G G N G N
q q

 = − + −  
   + − − + − + =   − −   

∑ ∑

∑ ∑ ∑ ∑
   

( )1
.

1

m m m qq q
i i i i

i i i
N G G N

q
 = − − + + −  

∑ ∑ ∑                  (5.8.14) 

Ba����������b���������\ul_dZ_l�ijb� i iN G<< �wgljhiby 

 ,

1

1

m m
q

q N i i
i i

H N N
q

 = − −  
∑ ∑   (5.8.15) 

^ey�klZlbklbdb�FZdk\_eeZ–;hevpfZgZ��Z�ijb� i iN G>> �ba����������ke_^m_l�

wgljhiby�^ey�d\ZabdeZkkbq_kdhc�klZlbklbdb: 
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1
,

1

1 1

1 1

1
2 .

1

m m m m
q q q q

q N i i i i i
i i i i

m m m
q q q

i i i i
i i i

H G G G N G
q q

G G N G
q

−

−

   = − − − =   − −   
 = − + −  

∑ ∑ ∑ ∑

∑ ∑ ∑
  

(5.8.16)

 

<� dZq_kl\_� ijbf_jZ� gZc^_f� wdklj_fmfu� d\Zglh\hc� wgljhibb� ^ey�

jZkkfZljb\Z_fuo�klZlbklbd�ijb�aZ^Zgghf�h[s_f�agZq_gbb�kemqZcghc�\_�

ebqbgu�T �b�d\Zglh\hc�ihemghjfu 

 ( ),

m
q

q N i i
i

T T N= ∑E , ,

m
q

q N i
i

N N= ∑ .  (5.8.17) 

<Zjvbjm_f�nmgdpbhgZe 

 ( ) ( ), 1 1
m m

q q
q N i i i

i i
L H q T N q Nδ = δ + − τ δ + − α δ∑ ∑   (5.8.18) 

b��kh]eZkgh����������b�����������bf__f�mkeh\by 

 

( )

( ) ( )

11

1 1

1

1 1 0 ,

m qq
i i i

i

q q
ii i i

q
L N G N

q

q N T q N N

−−

− −

 δ = − + − + − 
+ − τ + − α δ = 

∑
  

(5.8.19)
 

 

( )

( ) ( )

11

1 1

1

1 1 0 ,

m qq
i i i

i

q q
ii i i

q
L N G N

q

q N T q N N

−−

− −

 δ = − + + + − 
+ − τ + − α δ = 

∑
  

(5.8.20)
 

ba�dhlhjuo�\ul_dZxl�jZ\_gkl\Z 

 ( )( )
1

1 1 1

q

i
i

i i

N
q T

G N

− 
 + − τ + α =    − 

,  (5.8.21) 

 ( )( )
1

1 1 1

q

i
i

i i

N
q T

G N

−
 

 + − τ + α =    + 
.  (5.8.22) 

<�blh]_�ihemqbf�jZkij_^_e_gby� iN �ih�khklhygbyf� iG : 
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( )( ) ( )1 1

1 1 1

i
i q

i

G
N

q T
−

=
 + − τ + α + 

,  (5.8.23) 

 
( )( ) ( )1 1

1 1 1

i
i q

i

G
N

q T
−

=
 + − τ + α − 

,  (5.8.24) 

b�qbkeZ�h[t_dlh\ 

 
( )( ) ( )1 1

1 1 1

m
i

q
i

i

G
N

q T
−

=
 + − τ + α + 

∑ ,  (5.8.25) 

 
( )( ) ( )1 1

1 1 1

m
i

q
i

i

G
N

q T
−

=
 + − τ + α − 

∑ .  (5.8.26) 

Mqblu\Zy� �������� – ����������Z�lZd`_�h[sb_�agZq_gby�kemqZcghc�\_�

ebqbgu 

 ( )
( )( ) ( ), 1 1

1 1 1

m
i i

q N q
i

i

T G
T

q T
−

=
 + − τ + α + 

∑E ,  (5.8.27) 

 ( )
( )( ) ( ), 1 1

1 1 1

m
i i

q N q
i

i

T G
T

q T
−

=
 + − τ + α − 

∑E ,  (5.8.28) 

gZoh^bf�wdklj_fZevgu_�agZq_gby�d\Zglh\uo�wgljhibc 

 

( )

( )( ) ( ) ( )

( )( )

( ) ( )

1
,

1

11
,

1

1

1
1 1 1

1

1 1

1
,

1

m m
q q

q N i i i i
i i

m m
q q

i i i i
i i

m m
q q
i i i i

i i

m m qq q
q N i i i i i

i i

H N N G N
q

q T G q N T
q

N G q T G

T N G G N G
q

−

−

−−

= − − − ×− 
  × + − τ + α + = − τ + α −   − 

 − + − τ + α + =  

 = −τ − α + − −  −

∑ ∑

∑ ∑

∑ ∑

∑ ∑E

  

(5.8.29)
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( )

( )( ) ( ) ( )

( )( )

( ) ( )

1
,

1

1 1
,

1

1

1
1 1 1

1

1 1

1
.

1

m m
q q

q N i i i i
i i

m m
q q

i i i i
i i

m m
q q
i i i i

i i

m m qq q
q N i i i i i

i i

H N N G N
q

q T G q N T
q

N G q T G

T N G N G G
q

−

−

− −

= − + + ×− 
  × + − τ + α − = − τ + α +   − 

 + + − τ + α − =  

 = −τ − α + + −  −

∑ ∑

∑ ∑

∑ ∑

∑ ∑E

  

(5.8.30)

 

Hij_^_ebf�ihl_gpbZeu 

 
( ) ( )

( ) ( )( )

11

1

1

1

1
1 1 1 ,

1

m q> T

i i i i
i

q
m

i
i i

i i

G G N G
q

N
q T G

q G

−Φ− −

−

 Ω = − − =  τ −

    = − + − τ + α    τ −    

∑

∑
  

(5.8.31)

 

 
( ) ( )

( ) ( )( )

1 1

1

1

1

1
1 1 1 ,

1

m q; W T

i i i i
i

q
m

i
i i

i i

G N G G
q

N
q T G

q G

−− −

−

 Ω = + − =  τ −

    = + − τ + α −    τ −    

∑

∑
 

 (5.8.32)

 

dhlhju_�ijb� 1q → �kh\iZ^Zxl�k�\ujZ`_gbyfb����������b�����������Lh]^Z�ba�

���������b����������\ul_dZ_l�\ujZ`_gb_�^ey�wgljhibb 

 ( ), ,

m
q

q N q N i
i

H T N= −τ − α + τΩ∑E , (5.8.33) 

dhlhjh_� hij_^_e_gh� ^ey� klZlbklbd�N_jfb–>bjZdZ� b� ;ha_–Wcgrl_cgZ� \�

]eZ\_���k�khhl\_lkl\mxsbfb�agZq_gbyfb�ihl_gpbZeZ����������b���������� 
Ijhba\h^gu_�ihl_gpbZeZ�jZ\gyxlky 

 
( ) ( ),q N T

∂ τΩ
=

∂τ
E , 

( ) m
q
i

i
N

∂ τΩ
=

∂α
∑ , (5.8.34) 

qlh�ijb\h^bl�d�^bnn_j_gpbZevghfm�khhlghr_gbx� 
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 ( ), ,

m
q

q N q N i
i

dH d T d N
 = −τ − α   
∑E .  (5.8.35) 

JZkij_^_e_gby� ���������b� ���������bf_xl�nmg^Zf_glZevgh_�agZq_gb_�

ijb� ihkljh_gbb� d\Zglh\hc� klZlbklbq_kdhc� l_jfh^bgZfbdb� jZ\gh\_kguo�

g_Z^^blb\guo� kbkl_f� ^ey� klZlbklbq_kdhc� fh^_eb� OZ\j^Z–QZj\Zl–
>Zjhrb� 

<� kemqZ_�fh^_eb�J_gvb�� khhl\_lkl\mxs_c�Lbim� IV � h[s_c� deZkkb�

nbdZpbb�f_j�bgnhjfZpbb��ba����������b����������ihemqbf�d\Zglh\u_�f_ju 

 
( )

,

1
ln

1

m m qq
i i i

i i
q N m

q
i

i

N G N
H

q G

 − 
=  

−    

∑ ∑

∑
, (5.8.36) 

 

( )
,

1
ln

1

m m
q q
i i

i i
q N m q

i i
i

N G
H

q G N

 
 

=  
−  +  

∑ ∑

∑
  (5.8.37) 

^ey�klZlbklbd�N_jfb–>bjZdZ�b�;ha_–Wcgrl_cgZ��khhl\_lkl\_ggh��:gZeh�

]bqgh�gZoh^ylky�d\Zglh\u_�f_ju�^ey�^jm]bo�lbih\. 
<� aZdexq_gb_� \uibr_f� nbabq_kdb_� [_ajZaf_jgu_� d\Zglh\u_� bg�

nhjfZpbb� jZaebqby� klZlbklbq_kdhc�fh^_eb�OZ\j^Z–QZj\Zl–>Zjhrb�^ey�

d\Zglh\uo�klZlbklbd�N_jfb–>bjZdZ�b�;ha_–Wcgrl_cgZ 

 

( )

( ) ( )

( ) ( ) ( )

( ) ( ) ( )

1

1
12 1 1 1 1 2,

1 1

1

1 1 2

1
1 1 2

1
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1
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1
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i i

m m
q q
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i i

m q
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q q
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q

G N G N G N
q

N N N
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G N G N G N
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−

−

−

   = − + − +   − −   
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( ) ( )

( ) ( ) ( )
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 (5.8.39)

 

dhlhju_�ijb� 1q → �kh\iZ^Zxl�k�nmgdpbhgZeZfb����������b����������klZlb�

klbq_kdhc� fh^_eb�R_gghgZ–<bg_jZ�� D\Zglh\u_� f_ju� g_lhqghklb� aZ^Z�
xlky�khhlghr_gbyfb�ijb�Z^^blb\ghklb�beb�g_Z^^blb\ghklb�wgljhibb�b�

bgnhjfZpbb� jZaebqby�� dZd� wlh� [ueh� hij_^_e_gh� nhjfmeZfb� �������� b�

(4.4.76)�\�klZlbklbq_kdhc�fh^_eb�R_gghgZ–<bg_jZ� 

�����:dkbhfu�b�f_ju�RZjfZ–FbllZeZ 

;��RZjfZ�b�>��FbllZe�\�jZ[hlZo� >�������@�jZa\beb� klZlbklbq_kdmx�

fh^_ev� k� ghjfbjh\Zggufb� ^\moiZjZf_ljbq_kdbfb� f_jZfb� bgnhjfZpbc�

LbiZ��:��;ueb�knhjfmebjh\Zgu�ke_^mxsb_�Zdkbhfu�^ey�wgljhibb�>���@� 

1. ( ), 1 2, ,...,q r mH p p p � g_ij_ju\gZ� b� kbff_ljbqgZ� hlghkbl_evgh�

1 2, ,..., mp p p �\�h[eZklb�0 1ip≤ ≤ . 

2. ,

1 1
, 1

2 2q rH   =  
. 

3. ( ) ( ), 1 1 1 , 1 1 1,..., ,0, ,..., ,..., , ,...,q r i i m q r i i mH p p p p H p p p p− + − +=  

^ey�\k_o� 1,...i m= . 

4. ( ), 11 21 11 2 12 21 12 2 1 21 1 2,..., , ,..., ,..., ,..., ,...q r n n m m nH p p p p p p p p p p p p =

( ) ( ), 11 1 , 21 2,..., ,...,q r m q r nH p p H p p= + +  

( ) ( ), 11 1 , 21 2,..., ,..., , 0q r m q r nH p p H p p+λ λ ≠ .  (5.9.1) 

��KijZ\_^eb\h�jZ\_gkl\h� 
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 ( )
( )

1
, 1 2, ,...,

m

i i
i

q r m m

i
i

p f p
H p p p

p

−

  ϕ   = ϕ  
 
  

∑

∑
,  (5.9.2) 

]^_� ϕ �_klv�g_ij_ju\gZy�kljh]h�fhghlhggZy�nmgdpby�gZ�R ��Z� 1−ϕ –�nmgd�

pby�h[jZlgZy�ϕ ��Nmgdpby� ( )if p �m^h\e_l\hjy_l�ZdkbhfZf 

1. ( )if p �g_ij_ju\gZ�hl� , 0 1i ip p≤ ≤ . 

2. ( ) ( ) ( ) ( ) ( ), 0i j i j i jf p p f p f p f p f p= + + λ λ ≠ . 

3.
1

1
2

f   =  
. 

Kh]eZkgh�wlbf�ZdkbhfZf��ihemqbf�wgljhibx�RZjfZ–FbllZeZ 

 ( )

1
1

, 1

1
1

1 2

r
m qq

i
i

q r r m

i
i

p
H p

p

−
−

−

 
  
  

= −   −      
 

∑

∑
.  (5.9.3) 

Bkihevamy� ZgZeh]bqgu_� Zdkbhfu� ^ey� bgnhjfZpbc� jZaebqby� >���@��

bf__f�nmgdpbhgZe 

 ( )

1
11

, 1

1
: 1

1 2

r
m qq q

i i
i

q r r m

i
i

p u
I p u

p

−
−−

−

 
  
  

= −   −      
 

∑

∑
.  (5.9.4) 

JZkkfhljbf�hkgh\gu_�k\hckl\Z�RZjfZ–FbllZeZ� 
���Iheh`bl_evghklv�b�\uimdehklv��Wgljhiby�_klv�\_s_kl\_gguc��

g_hljbpZl_evguc�nmgdpbhgZe 

 ( ), 0q rH p > ,  (5.9.5) 

dhlhjuc�y\ey_lky�\h]gmluf�ijb� 0q > �k� r q> �b� 2 1/r q≥ − ��Wgljhiby�fh�

ghlhggh�m[u\Z_l�k�\hajZklZgb_f�q �ijb�nbdkbjh\Zgghf�agZq_gbb� r . 

���G_Z^^blb\ghklv�^ey�g_aZ\bkbfuo� h[t_dlh\��Imklv� khklhygb_�
kemqZcgh]h� h[t_dlZ� hibku\Z_lky� kh\f_klguf� fmevlbiebdZlb\guf� jZk�
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ij_^_e_gb_f�\_jhylghkl_c� ij i jp p p= , ip �b� jp �hlghkylky�d�jZaguf�g_aZ�

\bkbfuf�h[t_dlZf��H[sZy�wgljhiby�^Z_lky�\ujZ`_gb_f 

 ( )
1
1

, 12 1

1
1

1 2

r
m n q

q q
q r i jr

i j
H p p p

−
−

−

 
  = −  −   

 

∑∑ ,  (5.9.6) 

]^_�mkeh\b_�ghjfbjh\db 

 1
m n m n

ij i j
i j i j

p p p= = =∑∑ ∑ ∑ .  (5.9.7) 

Lh]^Z�ba� ��������ihemqbf�k\hckl\h�g_Z^^blb\ghklb�^ey�wgljhibc�g_aZ\b�

kbfuo�h[t_dlh\ 

( ) ( ) ( ) ( ) ( ) ( )1
, 12 , 1 , 2 , 1 , 22 1r

q r q r q r q r q rH p H p H p H p H p−= + + − ,  (5.9.8) 

]^_ 

 ( ) ( )

11
11

, 1 , 21 1

11
,

1 2 1 2

rr
n qm q qq

ji
ji

q r q rr r

pp

H p H p

−−
−−

− −

   −−      = =
− −

∑∑
.  (5.9.9) 

<�kemqZ_� 2k ≥ �g_aZ\bkbfuo�h[t_dlh\�kijZ\_^eb\h�jZ\_gkl\h 

 ( ) ( ) ( ) ( ) ( )
1

1
, 12... , , ,

1 1
2 1

k k
r

q r k q r l q r l q r k
l l

H p H p H p H p
−

−

= =
= + − +∑ ∑  

 ( ) ( ) ( ) ( )
2

1
, , 1 ,

1
2 1 ...

k
r

q r l q r k q r k
l

H p H p H p
−

−
−

=
+ − + +∑  

 ( ) ( ) ( ) ( )1
, 1 , 2 ,2 1 ...r

q r q r q r kH p H p H p−+ − .  (5.9.10) 

G_Z^^blb\ghklv�^ey�ij_^_evguo�agZq_gbc�hij_^_ey_lky�nhjfmehc 

( ) ( ) ( ) ( ) ( ) ( )1
1, 12 1, 1 1, 2 1, 1 1, 22 1r

r r r r rH p H p H p H p H p−= + + − .  (5.9.11) 

���JZ\_gkl\h�^ey�aZ\bkbfuo�h[t_dlh\��<�kemqZ_�aZ\bkbfuo�h[t_d�
lh\�bf__f�khhlghr_gby�^ey�jZkij_^_e_gbc� 
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 | | , ,
n m

ij i j i j i j i ij j ij
j i

p p p p p p p p p= = = =∑ ∑   (5.9.12) 

b�khhl\_lkl\mxsb_�nmgdpbhgZeu 

 ( )

11
|

, 1 2 1
1

| 1 2

ρµ ν θθϕ ιϕι ϕθρ ρ
π π

Η π π

−−

−

 −  = −
∑ ∑

,  (5.9.13) 

 .  (5.9.14) 

Ij_^_evgu_�\ujZ`_gby�jZ\gyxlky 

 ,  (5.9.15) 

 ,  (5.9.16) 

 ,  (5.9.17) 

 ,  (5.9.18) 

 ,  (5.9.19) 

 ,  (5.9.20) 

]^_� �b� �_klv�kj_^gb_�agZq_gby�mkeh\ghc�wgljhibb�\�

klZlbklbq_kdhc�fh^_eb�R_gghgZ–<bg_jZ� 
KijZ\_^eb\h�ke_^mxs__�jZ\_gkl\h�^ey�wgljhibc�aZ\bkbfuo�h[t_dlh\ 
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 .  (5.9.21) 

���Wgljhiby�jZ\gh\_jhylgh]h �khklhygby��Wdklj_fZevgh_�agZq_gb_�
wgljhibb�RZjfZ–FbllZeZ�ijb� mkeh\bb� khojZg_gby�ghjfbjh\db�jZkij_�

^_e_gby�^Z_l�jZ\gh\_jhylgh_�jZkij_^_e_gb_ 

 .  (5.9.22) 

AgZq_gb_�wgljhibb�ijb����������bf__l�\b^ 

 .  (5.9.23) 

?keb� 1r = ��lh�ba����������ke_^m_l�ba\_klgh_�\ujZ`_gb_ 

   (5.9.24) 

klZlbklbq_kdhc�fh^_eb�R_gghgZ–<bg_jZ� 
��� G_jZ\_gkl\Z�� Wgljhiby� RZjfZ–FbllZeZ� lZd`_� m^h\e_l\hjy_l�

hkgh\guf�g_jZ\_gkl\Zf 

  ,  (5.9.25) 

 ( ) ( ) ( )
1 , 1 2 1 , 1 1 , 2r r r

H p H p H p£ + +  

 
( ) ( ) ( )

1

1 , 1 1 , 2
2 1

r

r r
H p H p

-

+ - ,  (5.9.26) 

 ,  (5.9.27) 

 ,  (5.9.28) 

 ,  (5.9.29) 

 ,  (5.9.30) 

 ,  (5.9.31) 

, (5.9.32) 

,  (5.9.33) 
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 .  (5.9.34) 

��� Ghjfbjh\Zgghklv � b� jZaf_jghklv�� Ba� hij_^_e_gby� wgljhibb�
��������bf__f�k\hckl\h�ghjfbjh\Zgghklb 

   (5.9.35) 

ijb� �b� ��?^bgbpZ�baf_j_gby�bgnhjfZpbb�_klv�h^bg�[bl� 

Wgljhiby�RZjfZ–FbllZeZ� _klv� hlghr_gb_�nbabq_kdhc� [_ajZaf_j�

ghc�wgljhibb 

   (5.9.36) 

gZ� __� agZq_gb_�ijb� jZ\gh\_jhylghf� khklhygbb� k� ��LZdbf� h[jZahf��

bf_xl�f_klh�jZ\_gkl\Z 

 .  (5.9.37) 

7. f-wgljhiby�� Wgljhiby� RZjfZ–FbllZeZ� ij_^klZ\ey_l� kh[hc� 
f-wgljhibx 

 ,  (5.9.38) 

]^_�nmgdpby 

   (5.9.39) 

aZ\bkbl�hl�ihemghjfu�jZkij_^_e_gby� 
A^_kv� g_� \uibkZgu� ^jm]b_� k\hckl\Z� wgljhibb�� hkgh\gu_� k\hckl\Z�

bgnhjfZpbb�jZaebqby�b�f_ju�g_lhqghklb��Z�lZd`_�jZaebqgu_�nmgdpbhgZ�

eu��bkihevamxsb_�jZkkfZljb\Z_fu_�f_ju��Wlb�\hijhku�ih^jh[gh�baeh�

`_gu�\�jZaebqguo�jZ[hlZo��kf��gZijbf_j�>�����������������������@�� 
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������Ljb]hghf_ljbq_kdb_�f_ju�bgnhjfZpbc 

Ba\_klgu�lZd`_�ljb]hghf_ljbq_kdb_�f_ju�bgnhjfZpbb��jZkkfZljb�

\Z_fu_�\�h[h[s_gghc�l_hjbb�bgnhjfZpbb��<�h^ghf�f_lh^_�bkihevam_lky�

aZdhg�dhfihabpbb�>���@ 

 .  (5.10.1) 

A^_kv�wgljhiby�b�nmgdpby�  

 ,   (5.10.2) 

\ujZ`Zxlky�q_j_a�nmgdpbb� �b� ��aZ^Zggu_�\�ij_^_eZo�>���@��Hi�

j_^_ey_lky�wgljhiby�\�\b^_ 

  (5.10.3) 

b�nmgdpby 

 .  (5.10.4) 

<�^jm]hf�f_lh^_�jZkkfZljb\Zxlky�wgljhibb�>���@ 

 ,  (5.10.5) 

 ,  (5.10.6) 

]^_�nmgdpbb�h�b�f aZ^Zgu�\�ij_^_eZo�>���@�b�gZoh^ylky�ba�mjZ\g_gbc 

 ,  (5.10.7) 

   (5.10.8) 

ijb�]jZgbqguo�mkeh\byo� ��b�� . 

<�blh]_�ihemqZxlky�j_r_gby 

 ,  (5.10.9) 
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   (5.10.10) 

b��khhl\_lkl\_ggh��bf__f�wgljhibb 

 ,  (5.10.11) 

 ,  (5.10.12) 

 ,  (5.10.13) 

 .  (5.10.14) 

<�ij_^_eZo�\ul_dZxl�wgljhiby�R_gghgZ–<bg_jZ 

   
(5.10.15)

 

b�bgnhjfZpby�jZaebqby�Dmev[ZdZ–E_c[e_jZ 

  

 (5.10.16)

 

G_^hklZldhf�jZkkfZljb\Z_fuo�f_lh^h\�y\ey_lky�lh��qlh�aZdhg�dhf�

ihabpbb� wgljhibc� g_� bf__l� \� hkgh\_� ]jmiih\uo� hi_jZpbc�� lZd� \� g_f�

^he`gu�[ulv�lhevdh� �b� ��LZdbo�\ujZ`_gbc�g_�bf__lky� 

<� aZdexq_gb_� \uibr_f��^hihegbl_evgh� d�ijb\_^_gguf�nmgdpbyf�
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_s_�^\_�ljb]hghf_ljbq_kdb_�f_ju 

 ,  

 ,  (5.10.17) 

 ,  

 ,  (5.10.18) 

aZ\bkysb_�hl�iZjZf_ljZ� �b�jZkkfhlj_ggu_�\�jZ[hlZo� >��@�b� >��������@��

khhl\_lkl\_ggh� 


