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KL:LBKLBQ?KD:Y�FH>?EV�J?GVB 

Ijb\h^ylky� hkgh\gu_�f_lh^u�b�b^_b� l_hjbb�bgnhjfZpbb��ihkljh�

_gghc�gZ�klZlbklbq_kdhc�fh^_eb�J_gvb��<u\h^ylky�b�ZgZebabjmxlky�eh�

]Zjbnfbq_kdb_�f_ju�wgljhibb�b�bgnhjfZpbb�jZaebqby�J_gvb�b�bo�h[h[�

s_gby�^ey�Z^^blb\guo�kemqZcguo�h[t_dlh\�� 
<� hlebqb_� hl� ih^oh^Z�R_gghgZ–<bg_jZ�� :evnj_^� J_gvb� \i_j\u_�

\\_e�f_ju�� aZ\bkysb_� hl� g_dhlhjh]h� iZjZf_ljZ� q � b� b]jZxsb_� \Z`gmx�

jhev�g_�lhevdh�\�l_hjbb�bgnhjfZpbb��gh�b�\�l_hjbb�fmevlbnjZdlZeh\��J_�

amevlZlu�jZ[hlu�>���@�b�fhgh]jZnbb�>���@�y\bebkv�agZqbl_evguf�rZ]hf�

\i_j_^�b�kihkh[kl\h\Zeb�gZqZem�jZa\blby�h[h[s_gghc�l_hjbb�bgnhjfZ�

pbb��Bf_g_f� J_gvb� gZa\Zg�Bgklblml� fZl_fZlbdb� <_g]_jkdhc� ZdZ^_fbb�

gZmd��i_j\uf�^bj_dlhjhf�dhlhjh]h�hg�y\eyeky�^he]h_�\j_fy� 

�����<a\_r_ggh_�kj_^g__�Dhefh]hjh\Z–GZ]mfh� 
k�ijhba\hevghc�nmgdpb_c 

JZkkfhljbf�fgh`_kl\h�\k_o�khklhygbc�kemqZcgh]h�h[t_dlZ��hibku�

\Z_fuo�jZkij_^_e_gb_f� { }1, , mp p p= ! �b�fgh`_kl\h�kemqZcguo�\_ebqbg�

{ }1, , mT T T= ! . 

Hij_^_e_gb_� ��� Kj_^g__� Dhefh]hjh\Z–GZ]mfh� k� \_khf�

{ }1, , mp p p= ! , 0ip > � b� ijhba\hevghc� nmgdpb_c� ( )Tϕ = ϕ � bf__l� \b^�

[81, 94] 

 ( )
( )

1

m

i i
i

m

i
i

T p
A T

p

−
ϕ

 ϕ 
= ϕ  

 
  

∑

∑
,  (3.1.1) 
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]^_� ( )Tϕ = ϕ  –�g_ij_ju\gZy�kljh]h�fhghlhggZy�nmgdpby�gZ�R ��Z� ( )1 T−ϕ  – 

nmgdpby��h[jZlgZy� ( )Tϕ . 

?keb� \uihegy_lky� mkeh\b_� \_jhylghklghc�ghjfbjh\db�^ey� jZkij_�

^_e_gby��lh�ba���������ke_^m_l�\ujZ`_gb_ 

 ( ) ( )1 , 1
m m

i i i
i i

A T T p p−
ϕ

 = ϕ ϕ =  
∑ ∑ .  (3.1.2) 

Ijb\_^_f� hkgh\gu_� k\hckl\Z� \a\_r_ggh]h� kj_^g_]h�Dhefh]hjh\Z–
GZ]mfh�k�ijhba\hevghc�nmgdpb_c�>��������������@� 

���Ghjfbjh\dZ��>ey�g_kemqZcghc�\_ebqbgu��bf_xs_c�ihklhyggh_�

agZq_gb_�C ��kijZ\_^eb\h�jZ\_gkl\h 

 ( )C CAϕ = .  (3.1.3) 

Ihkdhevdm� ijb� C 1= � ba� �������� \ul_dZ_l� ( )1 1Aϕ = �� lh� bf__f� k\hckl\h�

ghjfbjh\Zgghklb�\a\_r_ggh]h�kj_^g_]h�gZ�_^bgbpm� 
���Wd\b\Ze_glgu_�kj_^gb_��G_h[oh^bfuf�b�^hklZlhqguf�mkeh\b�

_f�jZ\_gkl\Z 

 ( ) ( )A T A Tϕ χ=   (3.1.4) 

^ey�\k_o�T �b� p �y\ey_lky�mkeh\b_ 

 χ = αϕ + β ,  (3.1.5) 

]^_�α �b�β  –�ihklhyggu_�b� 0α ≠ ��Kj_^gb_�k�nmgdpbyfb�ϕ �b�χ �gZau\Zxl�

ky�wd\b\Ze_glgufb�kj_^gbfb� 

���H^ghjh^ghklv��Imklv� ( )Tϕ � g_ij_ju\gZ� \� hldjulhf� bgl_j\Ze_�

( )0,∞ �b�imklv 

 ( ) ( )A aT aA Tϕ ϕ=   (3.1.6) 

^ey�\k_o�iheh`bl_evguo� T , p �b� a ��Hq_\b^gh��qlh� ��������kijZ\_^eb\h��

dh]^Z� qTϕ = � beb� 2log Tϕ = �� <� h[s_f� kemqZ_�� kh]eZkgh� ��������� ^ey ϕ  

bf__f�nmgdpbhgZevgh_�mjZ\g_gb_ 

 ( ) ( ) ( ) ( ) ( )1 2 1 2 1 2T T T T T Tϕ = ϕ + ϕ + εϕ ϕ .  (3.1.7) 

Ijb� 0ε = �ba���������\ul_dZ_l� ( ) 2logT Tϕ = λ ��?keb� 0ε ≠ ��lh�h[sbf�

j_r_gb_f���������y\ey_lky 

 ( ) ( )1 1qT T−ϕ = ε − .  (3.1.8) 
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���KjZ\gbfhklv��Imklv� ψ � b� χ � y\eyxlky� g_ij_ju\gufb� b� kljh]h�

fhghlhggufb� nmgdpbyfb�� Qlh[u� ( )A Tψ � b� ( )A Tχ � [ueb� kjZ\gbfu�� lh�

_klv�^ey�gbo�kijZ\_^eb\h�g_jZ\_gkl\h� 

 ( ) ( )A T A Tψ χ≤   (3.1.9) 

^ey�\k_o�T �b� p ��g_h[oh^bfh�b�^hklZlhqgh��qlh[u�nmgdpby 

 1−ϕ = χψ   (3.1.10) 

m^h\e_l\hjyeZ�g_jZ\_gkl\m 

 
( )

m m

i i i i
i i
m m

i i
i i

T p T p

p p

  ϕ 
ϕ ≤ 

   

∑ ∑

∑ ∑
,  (3.1.11) 

_keb� χ –�\hajZklZxsZy�nmgdpby��_keb�`_� χ �m[u\Z_l��lh�\� ���������bf__f�

h[jZlguc�agZd�g_jZ\_gkl\Z� 
���<uimdehklv��?keb� ^ey� ijhba\hevghc� g_ij_ju\ghc�nmgdpbb� ϕ  

kijZ\_^eb\h� kljh]h_� g_jZ\_gkl\h� \� ���������� djhf_� l_o� kemqZ_\�� dh]^Z�

constiT = �beb� ( )Tϕ �ebg_cgZy�nmgdpby��lh�wlZ�nmgdpby�h[eZ^Z_l�k\hckl�

\hf�\uimdehklb��Nmgdpby� ( )−ϕ �_klv�\h]gmlZy�b�\����������bf__l�h[jZlguc�

agZd�� G_h[oh^bfuf� b� ^hklZlhqguf� mkeh\b_f� \uimdehklb� ( )Tϕ � \� jZk�

kfZljb\Z_fhf�bgl_j\Ze_�y\ey_lky�g_jZ\_gkl\h� ( ) 0T′′ϕ ≥ ��DeZkk�nmgdpbc�ϕ  

bkke_^m_lky�\�l_hjbb�\uimdeuo�nmgdpbc� 
6��KmffZ�k�ijhba\hevghc�nmgdpb_c��?keb� 1ip = �beb� 1ip m= ��lh� 

k�lhqghklvx�^h�ihklhygghc�1 m�bf__f�kmffm�k�ijhba\hevghc�nmgdpb_c 

 ( ) ( )1
m

i
i

A T T−
ϕ

 = ϕ ϕ  
∑ ,  (3.1.12) 

dhlhjZy�g_ij_ju\gZ�b�kljh]h�fhghlhggZ��Ijb�kljh]hf�jZ\_gkl\_� ��������� 
k� 1ip m= �\ujZ`_gb_����������_klv�kj_^g__�Dhefh]hjh\Z–GZ]mfh�k�ijhba�

\hevghc�nmgdpb_c�^ey�jZ\gh\_jhylgh]h�khklhygby� 
��� NemdlmZpby�� JZkkfhljbf� hldehg_gb_� ijhba\hevghc� nmgdpbb�

kemqZcghc� \_ebqbgu� iT � hl� kj_^g_]h� ih�Dhefh]hjh\m–GZ]mfh� b� \\_^_f�

nemdlmZpbx� 
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 ( ) ( ) ( ) ( ), 0
m

i i i i
i

T T A T T pϕ  ∆ϕ = ϕ − ∆ϕ = ∑ ,  (3.1.13) 

gZqZevgu_�b�p_gljZevgu_�fhf_glu�n -]h�ihjy^dZ 

 ( )
m

n
n i i

i
T pα = ϕ∑ ,  (3.1.14) 

 ( ) ( )
n

m

n i i
i

T A T pϕ
 µ = ϕ − ∑ .  (3.1.15) 

8. f -\a\_r_ggh_� kj_^g__� k� ijhba\hevghc� nmgdpb_c��Nmgdpbh�

gZevgh_� h[h[s_gb_� \a\_r_ggh]h� kj_^g_]h� Dhefh]hjh\Z–GZ]mfh� aZib�
r_lky�lZd�>��@� 

 ( )
( ) ( )

( )
1

,

m

i i
i

f m

i
i

T f p
A T

f p

−
ϕ

 ϕ 
= ϕ  

 
  

∑

∑
.  (3.1.16) 

?keb� ( )i if p p= ,�lh� f  –�\a\_r_ggh_�kj_^g__�k�ijhba\hevghc�nmgd�

pb_c�kh\iZ^Z_l�k�\ujZ`_gb_f��������� 
Hij_^_e_gb_� ��� :gZeh]hf� \a\_r_ggh]h� kj_^g_]h� ijhba\hevghc�

nmgdpbb�dZ`^hc�g_ij_ju\ghc�kemqZcghc�nmgdpbb� ( )T T X= �\�khklhygbb�

( )p p X= �y\ey_lky�\ujZ`_gb_ 

 ( )
( )

1 G

G

T pdX

A T
pdX

−
ϕ

 ϕ
 = ϕ  
  

∫

∫
,  (3.1.17) 

]^_ 

 0 1
G

pdX< <∫ .  (3.1.18) 

Ijb�mkeh\bb�\_jhylghklghc�ghjfbjh\db�^ey�\k_]h�ijhkljZgkl\Z�ba�

���������\ul_dZ_l� 

 ( ) ( )1 , 1A T T pdX pdX−
ϕ = ϕ ϕ =  ∫ ∫ .  (3.1.19) 

>ey� d\Zglh\hc� \_ebqbgu� T �� y\eyxs_cky� wjfblh\uf� hi_jZlhjhf��

bf__f�\ujZ`_gb_ 

 ( ) ( )1 SpA T T−
ϕ = ϕ ϕ ⋅ρ   , Sp 1ρ = ,  (3.1.20) 
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]^_�ρ  –�hi_jZlhj�kf_rZggh]h�khklhygby�kemqZcgh]h�h[t_dlZ� 

<� aZdexq_gb_� jZkkfhljbf� jZaebqgu_� nmgdpbb� ( )Tϕ � b� ihemqbf�

ke_^mxsb_�kj_^gb_�ih�Dhefh]hjh\m–GZ]mfh�>������@ 

 ( )Tϕ :  ( )A Tϕ : 

 T  ( )
m

i i
i

T T p= ∑E ,  (3.1.21) 

 T ε   ( )
1m

i i
i

N T T p
ε

ε
ε

 =   
∑   (3.1.22) 

 2log T  ( )
( )2log

2

m

i
i

T p

N T
∑

= ,  (3.1.23) 

 2 Tε   ( ) 2

1
log 2 i

m
T

i
i

H T pε
ε

 =  ε  
∑ , (3.1.24) 

 sinT  ( ) ( )arcsin sin
m

i i
i

S T T p
 =   
∑ ,  (3.1.25) 

g_dhlhju_�ba�dhlhjuo�jZkkfZljb\Zxlky�\�klZlbklbq_kdhc�l_hjbb�bgnhj�

fZpbb� 

�����Ihemghjfu 

JZkkfhljbf�fgh`_kl\h�\k_o�khklhygbc�kemqZcgh]h�h[t_dlZ��hibku�

\Z_fuo�jZkij_^_e_gb_f� { }1, , mp p p= ! ��b�fgh`_kl\h�kemqZcguo�\_ebqbg�

{ }1, , mT T T= ! ��<a\_r_ggh_�kj_^g__�jZ\gh 

 ( )

m

i i
i
m

i
i

T p
T

p
=

∑

∑
E ,   0 1

m

i
i

p< ≤∑ .  (3.2.1) 

Hij_^_e_gb_��DZ`^hc� kemqZcghc� \_ebqbg_� T �b� ex[hfm� qbkem� q , 

q−∞ < < ∞ ��khhl\_lkl\m_l�nmgdpby�>���������@� 
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 ( )

1 qm
q

i i
i

q m

i
i

T p
N T

p

 
 

=  
   

∑

∑
.  (3.2.2) 

?keb�\_kZ� ip �m^h\e_l\hjyxl�mkeh\bx�\_jhylghklghc�ghjfbjh\db 

 1
m

i
i

p =∑ ,  (3.2.3) 

lh�\ujZ`_gby���������b���������ijbfml�ke_^mxsbc�\b^� 

 ( )
m

i i
i

T T p= ∑E ,  (3.2.4) 

 ( )
1 qm

q
q i i

i
N T T p

 =   
∑ .  (3.2.5) 

Ijb� 1ip = �ba� ��������bf__f�kj_^gb_�Zjbnf_lbq_kdh_�b�]_hf_ljbq_�

kdh_ 

 ( ) ( ) ( ) ( )
1

1
1 1

1 1
,

m m

i i
i i

T N T T M T N T T
m m

−
−

−
 = = = =   

∑ ∑E .   (3.2.6) 

<� aZ\bkbfhklb� hl� h[eZkl_c� baf_g_gby� qbkeZ� q : 0q < , 0 1q< < , 

1 q≤ < ∞ �hij_^_ey_lky�lhl�beb�bghc�lbi�\_jhylghklgh]h�q -ijhkljZgkl\Z� 

Ijb\_^_f�hkgh\gu_�k\hckl\Z�nmgdpbb� ( )qN T  [4, 47, 63]. 

���H^ghjh^ghklv��Ijb�aZf_g_� p �gZ� ap ( )0a > �nmgdpby� ��������y\�

ey_lky�h^ghjh^guf�nmgdpbhgZehf�gme_\hc�kl_i_gb�hlghkbl_evgh� p ��lh�

_klv�\uihegy_lky�k\hckl\h�h^ghjh^ghklb� 
���Iheh`bl_evghklv�b�ghjfbjh\Zgghklv ��>ey�\k_c�h[eZklb�baf_�

g_gby� qbkeZ� q∈R � nmgdpby� y\ey_lky� iheh`bl_evghc� b� g_m[u\Zxs_c��

?keb� 0q <  ( )0q > � b� g_dhlhju_� iT � jZ\gu� gmex�� lh� ( ) 0qN T =  

( )( )qN T = ∞ . 

>ey�g_kemqZcghc�ihklhygghc�\_ebqbgu�C �bf__f�jZ\_gkl\h� 
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 ( )

1 qm
q

i
i

q m

i
i

C p
N C C

p

 
 

= = 
   

∑

∑
,  (3.2.7) 

ba�dhlhjh]h�ke_^m_l�k\hckl\h�ghjfbjh\Zgghklb�nmgdpbb�gZ�_^bgbpm 

 ( )1 1qN = .  (3.2.8) 

���Ihemghjfu� ( )qN T .�>ey� agZq_gbc� 1 q≤ < ∞ �qbkeh� ( )qN T � _klv�

ihemghjfZ�\�ehdZevgh�\uimdehf�ijhkljZgkl\_� qL ��^ey�dhlhjh]h�kijZ\_^�

eb\u�khhlghr_gby� 

 1) ( ) ( )q qN aT a N T= ,  (3.2.9) 

 2) ( ) ( ) ( )1 2 1 2q q qN T T N T N T+ ≤ +  �g_jZ\_gkl\h�Fbgdh\kdh]h��  (3.2.10) 

]^_� 0a ≠ �_klv�ijhba\hevgh_�qbkeh��Ijb� 0 1q< < �g_jZ\_gkl\h� ���������g_�

\uihegy_lky� 

���G_\ujh`^_gghklv�� >ey� ihemghjfu� ^himklbfh� ( ) 0qN T = � ijb�

0T ≠ ��Wlbf�k\hckl\hf�ihemghjfZ�hlebqZ_lky�hl�ghjfu�ijb� 2q =  

 ( )
1 2

2
2

m

i i
i

N T T p
 =   
∑ ,  (3.2.11) 

^ey�dhlhjhc� ( )2 0N T = �ijb� 0T = . 

���G_jZ\_gkl\h�=_ev^_jZ��Ijb� 0 q< ≤ ∞ �b� 0 q< ≤ ∞ � \uihegy_lky�

g_jZ\_gkl\h�=_ev^_jZ 

 ( ) ( ) ( )1 2 1 2r q qN T T N T N T′≤ ,   (3.2.12) 

]^_�^ey�ijhba\hevguo�kemqZcguo�\_ebqbg� 1T �b 2T �bf__f 

 ( )
1

1 1

qm
q

q i i
i

N T T p
 =   
∑ , ( )

1

2 2

qm
q

q i i
i

N T T p
′

′
′

 =   
∑ , 

 ( ) ( )
1

1 2 1 2

rm r

r i i i
i

N T T T T p
 =   
∑ .  (3.2.13) 
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Dhg_qgu_�qbkeZ� q �b� q′ �_klv�lZd�gZau\Z_fu_�khijy`_ggu_�ihdZaZ�
l_eb��dhlhju_�m^h\e_l\hjyxl�jZ\_gkl\m 

 
1 1 1

q q r
+ =

′
,   0 r q< < .  (3.2.14) 

AgZd�jZ\_gkl\Z�\� ���������^hklb]Z_lky�lh]^Z�b�lhevdh�lh]^Z��dh]^Z�\uihe�

gy_lky�mkeh\b_ 

 1 2
q q
i iT bT ′= ,  (3.2.15) 

]^_�iheh`bl_evguc�dhwnnbpb_gl 

 ( ) ( )1 2

q q

q qb N T N T
′−

′
   =     .  (3.2.16) 

Ijb�1 q≤ < ∞ �ijhkljZgkl\h� q′L �_klv�khijy`_ggh_�ijhkljZgkl\m� qL  

b� \_ebqbgu� 1T � b� 2T � ijbgZ^e_`Zl�� khhl\_lkl\_ggh�� wlbf� ijhkljZgkl\Zf��

>ey�\kydh]h�0 1T< < �bf__lky�khijy`_ggZy�\_ebqbgZ� 1T T′ = − . 
Imklv� 1T T= �b� 2 1T = ��lh]^Z�ba����������\ul_dZ_l�ke_^kl\b_��qlh 

 ( ) ( )r qN T N T≤   (3.2.17) 

ijb�ex[hf� 0q > ��]^_� 0 r q< < ��lh�_klv� ( )qN T  –�\hajZklZxsZy�nmgdpby�

ijb�m\_ebq_gbb�agZq_gby�q . 

Ijb� 1r = �ba����������ihemqbf�\Z`gh_�g_jZ\_gkl\h� 

 ( ) ( )qT N T≤E .  (3.2.18) 

IhemghjfZ�[hevr_�kj_^g_]h�agZq_gby�kemqZcghc�\_ebqbgu� 

���<uimdehklv�nmgdpbc� ( )qN T  b ( )2log qN T ��JZkkfhljbf�g_jZ�

\_gkl\h�Fbgdh\kdh]h����������ijb� ( )1 21T aT a T= + −  ( )0 1a≤ ≤ ��Lh]^Z�ih�

emqbf�k\hckl\h�\uimdehklb�^ey� ( )qN T �\�\b^_ 

 ( ) ( ) ( ) ( )1 21q q qN T aN T a N T≤ + − .  (3.2.19) 

Ijb� agZq_gbyo� 0q > �� ^ey� dhlhjuo� ( )qN T � dhg_qgh�� nmgdpby 

( )ln qN T � y\ey_lky� kljh]h� \uimdehc� hl� 1 q ��>ey� ex[uo� 0 1a< < � bf__l�

f_klh�g_jZ\_gkl\h 

 ( ) ( ) ( ) ( )2 2log log 1 logq rN T a N T a N Tν≤ + − ,  (3.2.20) 

]^_� 0r > , 0ν > ��Z�qbkeZ� r , q �b�ν �m^h\e_l\hjyxl�jZ\_gkl\m� 
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1 1a a

q r

−= +
ν

.  (3.2.21) 

7. >bnn_j_gpbjm_fhklv �nmgdpbc� ( )qN T  b ( )2log qN T ��Nmgdpbb�

( )qN T �b� ( )2log qN T �[_kdhg_qgh�^bnn_j_gpbjm_fu�\�dZ`^hc�lhqd_�bg�

l_j\ZeZ�� \� dhlhjhf� hgb� dhg_qgu�� Nmgdpby� ( )
mq

q
q i i

i
N T T p  =  ∑ � bf__l�

ij_^_e 

 
0

lim 1
m

q
i iq i

T p
→

=∑ ,  (3.2.22) 

dh]^Z�q �klj_fblky�d����b�bf__l�\�wlhc�lhqd_�i_j\mx�ijhba\h^gmx� 

 ( ) ( )2log
20 0

lim 2 ln 2 logi
m m m

q Tq
i i i i iqi i i

d
T p p T p

dq → +
= =∑ ∑ ∑ .  (3.2.23) 

Ijb�wlhf� ( )qN T �b� ( )ln qN T �bf_xl�ij_^_eu 

 ( ) ( )
( )2log

0
lim 2

m

i i
i

T p

qq
N T N T

→

∑
= = ,  (3.2.24) 

 ( ) ( )2 20
lim log log

m

q i iq i
N T T p

→
= ∑ .  (3.2.25) 

?keb� qT �b� lnT �bgl_]jbjm_fu��lh 

 ( ) ( )qN T N T≤ ,  (3.2.26) 

ijbq_f� jZ\_gkl\h� ^hklb]Z_lky� ebrv� \� lhf� kemqZ_�� dh]^Z� T � ihklhyggZ�

ihqlb�\kx^m� 

<_ebqbgZ� ( )N T �_klv�kj_^g__�]_hf_ljbq_kdh_�nmgdpbb�T . 

���<aZbfhk\yav�ihemghjf��G_jZ\_gkl\Z��Bkihevam_f�ijb\_^_ggu_�

k\hckl\Z�b�^Z^bf�^hihegbl_evgh�nhjfmeu�\aZbfhk\yab�ihemghjf 

 ( ) ( )1 1q qN T N T−
− = ,  (3.2.27) 

 ( ) ( ) 1

q qN T N T
νν

ν
 =     (3.2.28) 

b�g_jZ\_gkl\Z 

 ( ) ( ) ( ) ( )
1 21 2 1 2 nr n q q q nN T T T N T N T N T≤! ! ,  (3.2.29) 
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 ( ) ( ) ( ) ( )
1 21 2 1 2 nr n q q q nN T T T N T N T N T+ + + ≤ + + +! ! .  (3.2.30) 

<�h[h[s_gghf�g_jZ\_gkl\_�=_ev^_jZ����������bf__f 

 
1 2

1 1 1 1

nq q q r
+ + + =" , 0 iq< < ∞ .  (3.2.31) 

G_jZ\_gkl\h� ��������� ij_^klZ\ey_l� kh[hc� h[h[s_ggh_� g_jZ\_gkl\h�Fbg�

dh\kdh]h�^ey�1 iq≤ < ∞ . 

?keb�0 r q< < < ν ��lh�gZoh^bf�g_jZ\_gkl\h 

 ( ) ( ){ } ( ){ }
q rq

q r rr
q rN T N T N T

−ν−
ν ν−ν−

ν
    <      ,  (3.2.32) 

dhlhjh_�ijb� ( )1q ra a= + ν − �b�0 1a< < �aZibr_lky�lZd: 

 
1

i i i

a am m m
q r

i i i
i i i

T p T p T p
−

ν   <       
∑ ∑ ∑ .  (3.2.33) 

��� <a\_r_ggh_� h[jZlgh-]Zjfhgbq_kdh_� kj_^g__�� Hij_^_ebf� ^ey�
dZ`^hc�kemqZcghc�\_ebqbgu�T �b�ex[h]h�qbkeZ� q , q−∞ < < ∞ ��\a\_r_g�

gh_�h[jZlgh-]Zjfhgbq_kdh_�kj_^g__�>��@ 

 ( )
( )
( ) ( )

1

11

m
qq

i i
q i

q q m
qq

i i
i

T pN T
M T N T

N T T p

−

−−

 
= = 

  

∑

∑
.  (3.2.34) 

Ijb� 1q = �b� 0q = �ba� ���������\ul_dZxl�\a\_r_ggh_�kj_^g__�b�\a\_�

r_ggh_�]Zjfhgbq_kdh_�kj_^g__��?keb� 1ip = ��lh�hgb�kh\iZ^Zxl�k�khhl\_l�

kl\mxsbfb�agZq_gbyfb��������� 
NmgdpbhgZe� ��������� \ul_dZ_l� dZd� qZklguc� kemqZc� ijb� 1s q= − � hl�

\ujZ`_gby�[ ]63  

 ( )

( )1/ q sm
q

i i
s i

q m
s

i i
i

T p
T T

T p

−
 
 

=  
   

∑

∑
,  (3.2.35) 

bf_xs_]h� \Z`gmx� jhev� ijb� hij_^_e_gbb� klZlbklbq_kdh]h� khklhygby� 

\�h[h[s_gghc�l_hjbb�bgnhjfZpbb�[ ]66 . 
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<� aZdexq_gb_� ijb\_^_f� ZgZeh]�nmgdpbb� �������� dZ`^hc� g_ij_ju\�

ghc�\_ebqbgu� ( )T T X= �\�khklhygbb� p  

 ( ) ( )

1
1

1

qqq

q G
q

G
G

T pdX

N T T d
G pdX

 
   = Γ =    Γ    

∫
∫

∫
,  (3.2.36) 

]^_�^ey�\_kh\hc�nmgdpbb�bf__f�g_jZ\_gkl\h 

 0
G

pdX< < ∞∫ .  (3.2.37) 

Ijb�mkeh\bb�\_jhylghklghc�ghjfbjh\db�^ey�\k_]h�ijhkljZgkl\Z�ba�

���������ke_^m_l 

 ( ) ( ) ( )1 1q qq q
qN T T d T pdX= Γ =∫ ∫ , 1pdX =∫ .  (3.2.38) 

>ey� d\Zglh\hc� \_ebqbgu� T �� ij_^klZ\ey_fhc� wjfblh\uf� hi_jZlh�

jhf��hij_^_ey_f 

 ( ) ( )1Sp
qq

qN T T= ρ , Sp 1ρ = ,  (3.2.39) 

]^_�ρ  –�hi_jZlhj�kf_r_ggh]h�khklhygby�kemqZcgh]h�h[t_dlZ� 

�����Ihemghjfu�jZkij_^_e_gbc 

JZkkfhljbf�hij_^_e_gb_�ihemghjfu�jZkij_^_e_gby 

 ( )

1
1

qm
q
i

i
q m

i
i

p
N p

p

+ 
 

=  
   

∑

∑
,  (3.3.1) 

dhlhjZy�ijb�mkeh\bb�\_jhylghklghc�ghjfbjh\db�bf__l�\b^ 

 ( )
1

1
qm

q
q i

i
N p p + =   

∑ .  (3.3.2) 

Kh]eZkgh�k\hckl\Zf���������b����jZkkfhlj_gguf�\�ij_^u^ms_f�jZa�

^_e_�� ihemghjfZ� jZkij_^_e_gby� y\ey_lky� g_\ujh`^_gghc�� \uimdehc� b�

^bnn_j_gpbjm_fhc� nmgdpb_c� ih� Zj]mf_glm� q . Ijbq_f� ba� ��������� b�

���������\ul_dZxl�ke_^mxsb_�jZ\_gkl\Z� 

 ( )
( )2log

0
lim 2

m

i i
i

p p

qq
N p

→

∑
= ,  (3.3.3) 
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 ( ) ( )2 20
lim log log

m

q i iq i
N p p p

→
= ∑ .  (3.3.4) 

Hlf_lbf�g_dhlhju_�^hihegbl_evgu_�k\hckl\Z� ( )qN p . 

��� FmevlbiebdZlb\ghklv� >ey� kh\f_klgh]h� jZkij_^_e_gby� 12p   

g_aZ\bkbfuo�h[t_dlh\�k�jZkij_^_e_gbyfb� 1p �b� 2p �bf__f�jZ\_gkl\h 

 ( ) ( ) ( )12 1 2q q qN p N p N p= ,  (3.3.5) 

]^_�ihemghjfu 

 ( )
1

1
1 1

qm
q

q i
i

N p p + =   
∑ , ( )

1
1

2 2

qm
q

q i
i

N p p + =   
∑ ,  (3.3.6) 

 ( )
1

1
12

q
m n

q
q ij

i j
N p p + 

=  
 
∑∑   (3.3.7) 

b� ij i jp p p= ��Ijhba\_^_gb_�ihemghjf�\���������hij_^_ey_l�k\hckl\h�fmev�

lbiebdZlb\ghklb� 
���Ihemghjfu�jZ\gh\_jhylgh]h�jZkij_^_e_gby��Ih^klZ\bf�\�\u�

jZ`_gb_���������jZkij_^_e_gb_�jZ\gh\_jhylgh]h�khklhygby 

 
1

ip
m

=   (3.3.8) 

b�ihemqbf��qlh�ihemghjfZ 

 ( ) 1
qN p

m
=   (3.3.9) 

g_�aZ\bkbl�hl�qbkeZ�q �b�kh\iZ^Z_l�k�jZkij_^_e_gb_f��������� 

��� IhemghjfZ� qZklgh]h� jZkij_^_e_gby�� Ijb� 0q > � kijZ\_^eb\h�

g_jZ\_gkl\h 

 

1 1qq q
m n n m

q
ij ij

i j j ij
p p

      ≤   
     
∑ ∑ ∑ ∑   (3.3.10) 

^ey� kh\f_klgh]h� jZkij_^_e_gby� ijp �� AgZd� jZ\_gkl\Z� ^hklb]Z_lky� ijb�

ij i jp p p= � ^ey� g_aZ\bkbfuo� h[t_dlh\� k� jZkij_^_e_gbyfb� \_jhylghkl_c� 

ip �b� jp . 
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Bkihevam_f�\ujZ`_gb_�ihemghjfu�qZklgh]h�jZkij_^_e_gby 

 ( )
( )1 1

1 1 1

qm
q

q i
i

N p p
−

−
 =   
∑ , 

n

i ij
j

p p= ∑   (3.3.11) 

b�ba����������ihemqbf 

 ( ) ( )
11

1 1 1, 12

qq n

q q j
j

N p N p
′′

− −
   ≤   ∑ ,  (3.3.12) 

]^_ 

 ( )
( )1 1

1, 12

qm
q

q j ij
i

N p p
−

−
 =   
∑ .  (3.3.13) 

>Ze__�ijbf_f�T p u= �b�hij_^_ebf��kh]eZkgh����������ihemghjfm 

 

1 qq
m

i
q i

i i

pp
N p

u u

     =          
∑ ,  (3.3.14) 

dhlhjZy�h[eZ^Z_l�\k_fb�i_j_qbke_ggufb�k\hckl\Zfb�^ey� ( )qN p .  

Ijb�agZq_gbb� 0q = �ba����������b����������ke_^mxl�ij_^_eu 

 
2log

0
lim 2

m
i

i
i i

p
p

u
qq

p
N

u

 
   

→

∑  =  
,  (3.3.15) 

 2 20
lim log log

m
i

q iq i i

pp
N p

u u→

   = ∑       
.  (3.3.16) 

Ij_^hij_^_eyy�^Zevg_crb_�j_amevlZlu��hlf_lbf��qlh�nmgdpbhgZeu�

( ) ( )2 1logq qH p N p−= − � b� ( ) 2 1: logq q

p
I p u N

u−
 =   

� _klv� Z^^blb\gu_� 

q -wgljhiby�b�q -bgnhjfZpby�jZaebqby�J_gvb�>��������@� 

Ijb\_^_f� gZ]ey^gmx� beexkljZpbx� jZkkfZljb\Z_fuo� k\hckl\�

nmgdpbhgZeh\�� 
GZ� jbk����� ij_^klZ\e_gu� aZ\bkbfhklb� ihemghjf� jZkij_^_e_gbc�

( )1qN p− �b� 1q

p
N

u−
 
  

�hl�qbkeZ� q �ijb�agZq_gbyo� 2m= , 1 1 4p = , 1 1 3u = . 

<b^gh�fhghlhggh_�\hajZklZgb_�iheh`bl_evguo�nmgdpbc�ijb�m\_ebq_gbb�

agZq_gby�q . 
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Jbk� ���� AZ\bkbfhklb ihemghjf jZkij_^_e_gbc hl qbkeZ q: 

1 – ( )
1q

N p
−

, 2 – 
1q

p
N

u−

 
  

 

<uimdehklv�ihemghjf�jZkij_^_e_gbc�\b^gZ�ba�jbk�����b�jbk������]^_�

^Zxlky�aZ\bkbfhklb�bo�hl�jZkij_^_e_gby�ijb�agZq_gbyo� 2m= , 1 1 4p = , 

1 1 3u = �b� 3; 1; 0; 1; 3q = − − . 

Jbk� ���� AZ\bkbfhklv ihemghjfu ( )1qN p−
hl jZkij_^_e_gby� 

1 – ( 3q = − ), 2 – ( 1q = − ), 3 – ( 0q = ), 4 – ( 1q = ), 5 – ( 3q = ) 

 1 

1 1
( ),

q q

p
N p N

u− −

 
  

 

–10   –8    –6    –4    –2     0      2     4      6      8    10  q 

0,8 
 
 
0,6 

 0,4 

 2 

 1 

1( )qN p−

0,2              0,4              0,6               0,8               1  p 

1 
 
 

0,8 
 
 

0,6 
 
 

0,4 
 
 

0,2 
 
 

0 

5 

4 

3 

2 

1 
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Jbk� ���� AZ\bkbfhklv ihemghjfu
1q

p
N

u−
 
  

hl jZkij_^_e_gby� 

1 – ( 3q = − ), 2 – ( 1q = − ), 3 – ( 0q = ), 4 – ( 1q = ), 5 – ( 3q = ). 

 
>ey�jZkij_^_e_gby�b�kemqZcghc�\_ebqbgu�T �bf__l�f_klh�nmgdpby 

 ( )

1

*

qm
q

i i
i

q m

i
i

T u
N T

u

 
 

=  
   

∑

∑
, (3.3.17) 

dhlhjZy�ijb�\_jhylghklghc�ghjfbjh\d_ 

 1
m

i
i

u =∑  (3.3.18) 

aZibr_lky�lZd 

 ( )
1

*
qm

q
q i i

i
N T T u =   

∑ . (3.3.19) 

Ijb� T u p= �ba� ���������\ul_dZ_l�\ujZ`_gb_�ihemghjfu�jZkij_^_�

e_gby 

 

1

*

qq
m

i
q i

i i

uu
N u

p p

     =          
∑ . (3.3.20) 

  0,2             0,4             0,6             0,8             1  p 

3 
 

2,5 
 

2 
 

1,5 
 

1 

 
0,2 

 
0 

5 

4 

3 

2 

1 

1q

p
N

u−

 
  
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��� <aZbfhk\yav� ihemghjf�� Ih^klZ\bf� \� ��������� jZkij_^_e_gb_�

jZ\gh\_jhylgh]h�khklhygby� 1iu m= �b�ihemqbf�ke_^mxs__�jZ\_gkl\h 

 
( )
( ) ( )

1

, 0
q

q q
q q

q

N pp
N m N p q

u N u

+
  = = ≠  

. (3.3.21) 

>ey� ijhba\hevguo� jZkij_^_e_gbc� hgh� g_� \uihegy_lky�� aZ� bkdexq_gb_f�

kemqZy� 0q = ��ijb�dhlhjhf�ihemghjfu�klZgh\ylky�kj_^gbfb�]_hf_ljbq_�

kdbfb�jZkij_^_e_gbc� 
<aZbfhk\yav�nmgdpbhgZeh\� ���������b� ���������hij_^_ey_lky�khhlgh�

r_gbyfb 

 
( )

1

*
1

1 11
*

1

,

.

qq

q q

qq

q q

p u
N N

u p

p u
N N

u p

− −

− −

−

− −

     =          

     =          

 (3.3.22) 

GZdhg_p�\uibr_f�\ujZ`_gby�ihemghjf�\�^jm]bo�\Z`guo�kemqZyo 

 ( )
1q

G
q

G

p dX

N p
pdX

+ 
 =  
  

∫

∫
, ( ) ( )11Sp

qq
qN +ρ = ρ , (3.3.23) 

 

1q

G
q

G

p
dX

p u
N

u pdX

+        =        

∫

∫
, ( ) ( )11 1 1Sp

qq
qN u u− + −ρ = ρ . (3.3.24) 

�����:dkbhfu�b�f_ju�bgnhjfZpbb�J_gvb 

:��J_gvb� >��������@�^ey�\u\h^Z�wgljhibc�mijhklbe�kbkl_fm�Zdkbhf�

NZ^__\Z��kf��]eZ\m����b�ij_^eh`be�ke_^mxsb_�Zdkbhfu� 

1. ( ) ( )1 2, 1 ,H p p H p p= − �g_ij_ju\gZ�ijb�0 1p≤ ≤ �b�iheh`bl_evgZ�

ohly�[u�\�h^ghc�lhqd_� 

2. ( )1 2, , , mH p p p! �kbff_ljbqgZ�hlghkbl_evgh� 1 2, , , mp p p! . 
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3. 
1 1

, 1
2 2qH   =  

. (3.4.1) 

���>ey�g_aZ\bkbfuo�h[t_dlh\�k�jZkij_^_e_gbyfb� { }1 11 1, , mp p p= !  

b� { }2 21 2, , mp p p= ! �bf__f�k\hckl\h�Z^^blb\ghklb�h[s_c�wgljhibb 

( ) ( ) ( )12 1 2H p H p H p= + . (3.4.2) 

���?keb� 1 2 1
m n

i j
i j

p p+ ≤∑ ∑ ��lh�kijZ\_^eb\h�jZ\_gkl\h 

( )
( ) ( )

11 1 21 2

1 11 1 2 21 2

1 2

, , , , ,

, , , ,

m n

m n

i m j n
i j

m n

i j
i j

H p p p p

p H p p p H p p

p p

=

+
=

+

∑ ∑

∑ ∑

! !

! !  (3.4.3) 

^ey�\k_o� 1ip �b� 2 jp . 

Kh]eZkgh� ZdkbhfZf�� gZoh^blky� \ujZ`_gb_� wgljhibb� R_gghgZ–
<bg_jZ 

 ( )
( )2log

m

i i
i

m

i
i

p p
H p

p
= −

∑

∑
. (3.4.4) 

>Ze__�:��J_gvb�baf_gbe�Zdkbhfm���b�knhjfmebjh\Ze�__�lZd� 

5′ ��?keb� 1 2 1
m n

i j
i j

p p+ ≤∑ ∑ ��lh�kijZ\_^eb\h�jZ\_gkl\h 

( )
( ) ( )

11 1 21 2

1 11 1 2 21 2
1

1 2

, , , , ,

, , , ,

,

m n

m n

i m j n
i j

m n

i j
i j

H p p p p

p H p p p H p p

p p

−

=

    ϕ + ϕ     = ϕ  
 +
  

∑ ∑

∑ ∑

! !

! !  (3.4.5) 

]^_� ϕ � _klv� nmgdpby� Dhefh]hjh\Z–GZ]mfh�� IjbgbfZy� ( )T aT bϕ = + � k�

0a ≠ ��ihklmeZl�5′ �ij_h[jZam_lky�\�ihklmeZl����Bkihevah\ZeZkv�nmgdpby� 
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 ( ) ( )1
22 , logq TT T p−ϕ = = , (3.4.6) 

qlh�\�blh]_�^Z_l�wgljhibx�J_gvb 

 ( ) 2

1
log

1

m
q
i

i
q m

i
i

p
H p

q p

 
 

=  
−    

∑

∑
  ( )1q ≠ , (3.4.7) 

aZ\bkysmx�hl�iZjZf_ljZ�q . 

<�ij_^_e_� 1q → �nmgdpbhgZe���������jZ\gy_lky�wgljhibb�R_gghgZ–

<bg_jZ 

 ( ) ( )
( )2

1

log
lim

m

i i
i

q mq

i
i

p p
H p H p

p
→

= = −
∑

∑
. (3.4.8) 

LZdhc� ih^oh^� d� nmgdpbb� ( )2logT p u= � iha\hebe�:�� J_gvb� ihem�

qblv�lZd`_�bgnhjfZpbx�jZaebqby 

 ( )
1

2

1
: log

1

m
q q
i i

i
q m

i
i

p u
I p u

q p

− 
 

=  
−    

∑

∑
  ( )1q ≠ , (3.4.9) 

dhlhjZy�m^h\e_l\hjy_l�mkeh\bx�ghjfbjh\Zgghklb�
1 1

1,0; , 1
2 2qI   =  

��khhl�

\_lkl\mxsZy� ZdkbhfZ� ����Ijb� 1q = �nmgdpbhgZe� �������� kh\iZ^Z_l� k� bg�

nhjfZpb_c�jZaebqby�Dmev[ZdZ–E_c[e_jZ 

 ( ) ( )
2

1

log

: lim :

m
i

i
i i

q mq

i
i

p
p

u
I p u I p u

p
→

 
   = =

∑

∑
. (3.4.10) 

3.���IZjZf_ljbah\Zggh_�jZkij_^_e_gb_�� 
Wgljhiby�J_gvb 

JZkkfhljbf� wdklj_fZevgu_� k\hckl\Z� wgljhibb�R_gghgZ–<bg_jZ� b�
bgnhjfZpbb�jZaebqby�Dmev[ZdZ–E_c[e_jZ� 
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 ( ) ( )2log
m

i i
i

H f f f= −∑ , (3.5.1) 

 ( ) 2: log
m

i
i

i i

f
I f p f

p

 
= −    

∑  (3.5.2) 

ijb� ^hihegbl_evguo� mkeh\byo�� qlh[u� wdklj_fmf� ^hklb]Zeky� ijb� khojZ�

g_gbb�f_ju�g_lhqghklb� ( ):H f p �k�nbdkbjh\Zgguf�jZkij_^_e_gb_f�\_�

jhylghkl_c� { }1, , mp p p= ! �b�ghjfbjh\db�^ey� { }1, , mf f f= !  

 ( ) ( )2: log , 1
m m

i i i
i i

H f p p f f= − =∑ ∑ . (3.5.3) 

Kh]eZkgh� \ZjbZpbhgghfm� ijbgpbim�� gZoh^bf� [_amkeh\gu_� wdklj_�

fmfu�nmgdpbhgZeh\ 

 ( ) ( )2 2log log
m m m

i i i i i
i i i

L f f q p f f= − + − α∑ ∑ ∑ , (3.5.4) 

 ( ) ( )2 2log 1 log
m m m

i
i i i i

i i ii

f
L f q p f f

p

 
= + − + α   

∑ ∑ ∑ , (3.5.5) 

]^_� ( )1 q− �b�α �_klv�eZ]jZg`_\u�fgh`bl_eb�� 

Ba�mkeh\by�jZ\_gkl\Z�gmex�i_j\hc�\ZjbZpbb 

 2 2

1
log log 0

ln 2

m

i i i
i

L f f q p δ = − δ + − + α =  
∑ , (3.5.6) 

 ( )2 2

1
log 1 log 0

ln 2

m
i

i i
i i

f
L f q p

p

 
δ = δ + + − + α =   

∑  (3.5.7) 

ihemqbf�iZjZf_ljbah\Zggh_�jZkij_^_e_gb_ 

 ( )1q
i i qf p p−= Γ , ( ) q

q ip pΓ = ∑ , (3.5.8) 

dhlhjh_�bkihevah\Zehkv�\�l_hjbb�kZfhhj]ZgbaZpbb�nbabq_kdbo�>��–��@�b�
l_jfh^bgZfbq_kdbo�oZhlbq_kdbo�kbkl_f�>��@� 

JZkij_^_e_gb_� �������� ^Z_l�fZdkbfZevgh_� agZq_gb_� wgljhibb�R_g�

ghgZ–<bg_jZ� b� fbgbfZevgh_� ^ey� bgnhjfZpbb� jZaebqby� Dmev[ZdZ–
E_c[e_jZ� 
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 ( ) ( ) ( )2: log qH f qH f p p= + Γ , (3.5.9) 

 ( ) ( ) ( ) ( )2: 1 : log qI f p q H f p p= − − Γ . (3.5.10) 

>h[Z\bf�d���������b����������bgnhjfZpbx�jZaebqby�b�jZkoh`^_gb_ 

 ( ) ( ) ( ) ( )2: 1 log qI p f q H p p= − − + Γ , (3.5.11) 

 ( ) ( ) ( ) ( ) ( ) ( ): : : 1 :J f p I f p I p f q H f p H p= + = − −   . (3.5.12) 

<aZbfhk\yav� jZkkfZljb\Z_fuo� nmgdpbhgZeh\� hij_^_ey_lky� ke_�

^mxsbfb�khhlghr_gbyfb�>������@ 

( ) ( ) ( ) ( ) ( ) ( )1
: , :

1 1q q

q
I f p H f H p I p f H p H p

q q
   = − − = − −   − −

, (3.5.13) 

 ( ) ( ) ( ) ( )1
: :

1 1

q
I f p I p f H f H p

q q
+ = − −  − −

. (3.5.14) 

A^_kv�\\_^_gZ�wgljhiby�J_gvb 

 ( ) ( )2 2

1 1
log log

1 1

m
q

q q i
i

H p p p
q q

= Γ =
− −

∑ , (3.5.15) 

dhlhjZy�\f_kl_�k�wgljhib_c 

 ( ) 2log
m m m

q q q q
i i i i

i i i
H f p p p p

  = −     
∑ ∑ ∑  (3.5.16) 

b�f_jhc�g_lhqghklb 

 ( ) ( ) ( ) ( )2: : log
m m

q q
i i i

i i
H f p H f I f p p p p= + = −∑ ∑  (3.5.17) 

aZ\bkbl�hl�^_ckl\bl_evgh]h�iZjZf_ljZ� q ��baf_gyxs_]hky�\�h[eZklb�^h�

imklbfuo�agZq_gbc��?keb�ij_^_eu�baf_g_gby� q �g_�h[hagZq_gu��lh�iheZ�

]Z_f�� qlh� q∈R �� <� ij_^_e_� 1q → � bf__f� jZ\_gkl\h� nmgdpbhgZeh\�

(3.5.15)–���������k�wgljhib_c�R_gghgZ–<bg_jZ 

 ( ) ( ) ( ) ( ) ( )21
lim , , : log

m

q i iq i
H p H p H f H f p p p

→
 = = −  ∑ . (3.5.18) 

Hlf_lbf�� qlh� f_jZ� g_lhqghklb� ��������� b� f_jZ� ( )12 :
m

q q
i

i
p H f p− ∑  
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jZkkfZljb\Zebkv��khhl\_lkl\_ggh��\�jZ[hlZo� >��@�b� >���@�dZd�\ujZ`_gby��

h[h[sZxsb_�f_jm�R_gghgZ–<bg_jZ� 
JZkkfhljbf�hkgh\gu_�k\hckl\Z�wgljhibb�J_gvb� 
���Iheh`bl_evghklv�b�\uimdehklv��Wgljhiby�_klv�\_s_kl\_gguc��

g_hljbpZl_evguc� b� \uimdeuc�nmgdpbhgZe� k�fZdkbfmfhf� �fbgbfmfhf��

ijb� 0q >  ( )0q < ��KijZ\_^eb\u�g_jZ\_gkl\Z 

 ( ) 0qH p ≥ , (3.5.19) 

 ( ) ( ) ( )1 1 2 2 1 1 2 2q q qH a p a p a H p a H p+ ≤ + , (3.5.20) 

]^_� 1 2 1a a+ = , 1 0a > , 2 0a > �b�wgljhibb 

 ( )1 2 1

1
log

1

m
q

q i
i

H p p
q

=
−

∑ , ( )2 2

1
log

1

m
q

q i
i

H p p
q 2=

−
∑  (3.5.21) 

k�ghjfbjh\Zggufb�jZkij_^_e_gbyfb 

 1 2 1
m m

i i
i i

p p= =∑ ∑ . (3.5.22) 

G_jZ\_gkl\h� ���������_klv�g_jZ\_gkl\h�B_gk_gZ�\�l_hjbb�\uimdeuo�

nmgdpbc�>��@��Ijb� 0q = �bf__f� ( )0 2logH p m= . 

GZ� jbk�� ���� ij_^klZ\e_gZ� aZ\bkbfhklv� wgljhibb� J_gvb� ( )qH p � hl�

jZkij_^_e_gby� p �ijb�agZq_gbyo� 2m= , 1p p�b� 3; 1; 0; 1; 3q = − − . 

Jbk� ���� AZ\bkbfhklv wgljhibb J_gvb hl jZkij_^_e_gby� 
1 – (q = –3), 2 – (q = –1), 3 – (q = 0), 4 – (q = 1), 5 – (q = 3) 

( )
q

H p  
8 
 
 

6 
 
 

4 
 
 

2 
 
 

0 
0,2            0,4           0,6           0,8            1  p 

1 

2 

3 
4 



 129

��� :^^blb\ghklv� ^ey� g_aZ\bkbfuo� h[t_dlh\�� Imklv� khklhygb_�

kemqZcgh]h� h[t_dlZ� hibku\Z_lky� kh\f_klguf� fmevlbiebdZlb\guf� jZk�

ij_^_e_gb_f�\_jhylghkl_c� ij i jp p p= , ip �b� jp �hlghkylky�d�jZaguf�g_aZ�

\bkbfuf�h[t_dlZf��AZibr_f�h[smx�wgljhibx 

 ( )12 2

1
log

1

m
q

q ij
i

H p p
q

=
−

∑  (3.5.23) 

k�mkeh\byfb�ghjfbjh\db�^ey�jZkij_^_e_gbc 

 1
m n m n

ij i j
i j i j

p p p= = =∑∑ ∑ ∑ . (3.5.24) 

Lh]^Z�ba� ���������ihemqbf�k\hckl\h�Z^^blb\ghklb�^ey�wgljhibc�g_�

aZ\bkbfuo�h[t_dlh\ 

 ( ) ( ) ( )12 1 2q q qH p H p H p= + , (3.5.25) 

]^_ 

 ( )1 2

1
log

1

m
q

q i
i

H p p
q

=
−

∑ , ( )2 2

1
log

1

n
q

q j
j

H p p
q

=
−

∑ . (3.5.26) 

���JZ\_gkl\h�^ey�aZ\bkbfuo�h[t_dlh\��<�h[s_f�kemqZ_�aZ\bkbfuo�

h[t_dlh\� bkihevam_lky� l_hj_fZ� jZaeh`_gby� ij i j i
p p p= �� JZkkfhljbf� ^\Z�

ih^oh^Z� d� gZoh`^_gbx� mkeh\by� Z^^blb\ghklb� ^ey� aZ\bkbfuo� h[t_dlh\�� 
<� i_j\hf� kemqZ_� bkoh^bf� ba� khhlghr_gbc� ^ey� iZjZf_ljbah\Zggh]h�

jZkij_^_e_gby 

 ij i j i
f f f= ,   1

m n m

ij i
i j i

f f= =∑∑ ∑ , (3.5.27) 

 

qq
i j i

ij m n
qq

i j i
i j

p p
f

p p
=

∑∑
,   

q
i

i m
q
i

i

p
f

p
=

∑
, (3.5.28) 
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m
q q
i j iqi

m n m nj i j i
q qq

i ij i j i
i j i j

p p
f p

p p f p
= =

∑

∑∑ ∑ ∑
. (3.5.29) 

Bkihevam_f�lh`^_kl\h�^ey�kemqZcguo�wgljhibc ( ) ( ) ( ) 0ij i j i
h f h f h f− − =  

b�ihemqbf�jZ\_gkl\h�^ey�aZ\bkbfuo�h[t_dlh\ 

 ( ) ( ) ( )12 1 2 1q q qH p H p H p p= + , (3.5.30) 

]^_�nmgdpbhgZe�>���@ 

 ( )2 1 2 2

1 1
log log

1 1

m n
q
ijm n

i jq
q i mj i

qi j
i

i

p

H p p f p
q q p

= =
− −

∑∑
∑ ∑

∑
. (3.5.31) 

Mkeh\b_�Z^^blb\ghklb����������ih�nhjf_�kh\iZ^Z_l�k�khhl\_lkl\mx�

sbf�mkeh\b_f����������\�klZlbklbq_kdhc�fh^_eb�R_gghgZ–<bg_jZ� 
<h�\lhjhf�kemqZ_�\\_^_f�iZjZf_ljbah\Zggh_�jZkij_^_e_gb_ 

 ij i j i
ϕ = ϕ ϕ , 1

m n m

ij i
i j i

ϕ = ϕ =∑∑ ∑ , (3.5.32) 

]^_ 

 

qq
i j i

ij m n
qq

i j i
i j

p p

p p
ϕ =

∑ ∑
,   

q
i

i m
q
i

i

p

p
ϕ =

∑
, (3.5.33) 

 

q
j iij

nj i
qi
j i

j

p

p

ϕ
ϕ = =

ϕ ∑
,   1

n

j i
j

ϕ =∑ . (3.5.34) 

AZibr_f�kemqZcgu_�wgljhibb 

 ( ) ( ) ( ) ( )121ij ij qh f qh p q H p= + − , (3.5.35) 

 ( ) ( ) ( ) ( )11i i qh qh p q H pϕ = + − , (3.5.36) 
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 ( ) ( ) ( ) ( )21
1 qij i j i

h qh p q H pϕ = + − . (3.5.37) 

<����������bf__f�mkeh\gmx�wgljhibx 

 ( ) 221

1
log

1

n
q

qi j i
j

H p p
q

=
−

∑ . (3.5.38) 

Ihke_� mkj_^g_gby� jZaghklb� f_`^m� kemqZcgufb� wgljhibyfb�

( ) ( ) ( )ij i j i
h f h h− ϕ − ϕ �ihemqbf�mkeh\b_�Z^^blb\ghklb 

 ( ) ( ) ( ) ( ) ( )12 1 2 1 12 12

1
: : .

1q q qH p H p H p p H f H
q

 = + − ψ − ψ ϕ −
 (3.5.39) 

JZ\_gkl\h� kh^_j`bl��\�hlebqb_�hl� ����������^hihegbl_evgh_� keZ]Z_�

fh_�� dhlhjh_� gZah\_f� ^_n_dlhf� wgljhibb��MdZaZgguc� ^_n_dl� wgljhibb�

aZ\bkbl�hl�jZaghklb�f_j�g_lhqghklb� 
Ijb� i ifψ = �b� ipψ = �kj_^gb_�mkeh\gu_�wgljhibb�bf_xl�ke_^mx�

sbc�\b^ 

 

( ) ( )

( )

2 1 2 1

2

2

log
1

log ,
1 1

m

q qi i
i

m n
qq

i j im n
i jq

i mj i
qi j
i

i

H p p H p p f

p p

f p
q q p

= =

= =
− −

∑

∑ ∑
∑ ∑

∑

 

(3.5.40) 

 ( ) ( )2 1 2 1 2

1
log

1

m m n
q

q qi i i j i
i i j

H p p H p p p p p
q

= =
−

∑ ∑ ∑ . (3.5.41) 

<�ij_^_e_� 1q → �^_n_dl�wgljhibb�jZ\_g�gmex�b����������kh\iZ^Z_l�k�

nhjfmehc� ����������NmgdpbhgZeu� ���������� ��������� b� ��������� ijbgbfZxl�

agZq_gb_� kj_^g_c� mkeh\ghc� wgljhibb� ��������� klZlbklbq_kdhc� fh^_eb�

R_gghgZ–<bg_jZ��<ujZ`_gb_����������jZkkfZljb\Z_lky�\�jZ[hl_�>��@� 
4�� KemqZcgh_� hldehg_gb_�� JZkkfhljbf� kemqZcgu_� wgljhibb�

( ) 2logi ih f f= − � b� ( ) 2logi ih p p= − �� Eh]Zjbnfbjmy� jZkij_^_e_gb_�

���������bf__f 

 ( ) ( ) ( ) ( )i q i qh f H p q h p H p − = −  , (3.5.42) 
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]^_�ykgh�ijhy\ey_lky�ebg_cgZy�aZ\bkbfhklv�f_`^m�kemqZcgufb�hldehg_�

gbyfb� \_ebqbg� ( )ih f � b� ( )ih p � hl� wgljhibb� J_gvb�� Wgljhiby� J_gvb� g_�

bf__l�ZgZeh]Z�kemqZcghc�wgljhibb� 
<� ]_hf_ljbq_kdhc� bgl_jij_lZpbb� jZ\_gkl\h� ��������� ij_^klZ\ey_l�

kh[hc� mjZ\g_gb_� imqdZ� ijyfuo�� ijhoh^ysbo� q_j_a� lhqdm� A � iehkdhklb�

( ) ( ){ },i ih f h p ��IZjZf_lj� q �_klv�m]eh\hc�dhwnnbpb_gl�jZkkfZljb\Z_fhc�

ijyfhc� ( )tgq = α ��Z�lhqdZ� ( ) ( ){ },q qA H p H p=  –�p_glj�imqdZ� 

JZkij_^_e_gby�fh`gh�aZibkZlv�\�wd\b\Ze_glguo�nhjfZo 

 1 1
m

q q
i i i

i
p f f= ∑ , ( ) ( )1

2 qq H pq
i if p

−= . (3.5.43) 

���Wgljhiby�jZ\gh\_jhylgh]h�khklhygby��GZoh^bf�wdklj_fmf�wg�

ljhibb� J_gvb� ijb� mkeh\bb� khojZg_gby� ghjfbjh\db� jZkij_^_e_gby� p . 

<Zjvbjm_f�nmgdpbhgZe 

 2

1
log

1

m m
q
i i

i i
L p p

q
= − α

−
∑ ∑  (3.5.44) 

b�ba�jZ\_gkl\Z� 0Lδ = �ihemqbf� constip = ��Ba�mkeh\by�ghjfbjh\db�\ul_�

dZ_l�jZ\gh\_jhylgh_�jZkij_^_e_gb_ 

 
1

ip
m

= . (3.5.45) 

Wdklj_fZevgh_�agZq_gb_�wgljhibb�J_gvb 

 ( ) ( ) 2logqH p H p m= =  (3.5.46) 

g_�aZ\bkbl�hl�iZjZf_ljZ� q �b�kh\iZ^Z_l�k�khhl\_lkl\mxsbf�agZq_gb_f�wg�

ljhibb�R_gghgZ–<bg_jZ���������� 
���G_jZ\_gkl\Z��Wgljhiby� J_gvb� m^h\e_l\hjy_l� ke_^mxsbf� g_jZ�

\_gkl\Zf� 

 ( ) ( ) ( )12 1 2qH p H p H p≤ + , (3.5.47) 

 ( ) ( )2log , 0qH p m q≤ > , (3.5.48) 

 ( ) ( )2log , 0qH p m q≥ < , (3.5.49) 
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 ( ) ( ) ( ) ( ), 0 1qH f H p H p q> > < < , (3.5.50) 

 ( ) ( ) ( ) ( ), 1qH f H p H p q< < > , (3.5.51) 

 ( ) ( )qH p H f> �b� ( ) ( ) ( ), 0qH p H p q> < , (3.5.52) 

 ( ) ( )12 1q qH p H p≥ , ( ) ( )12 2q qH p H p≥ , (3.5.53) 

 ( )2 1 0qH p p ≥ , ( )1 2 0qH p p ≥ . (3.5.54) 

���Ghjfbjh\Zgghklv�b�jZaf_jghklv��<u[bjZ_f�gZbf_gvr__�qbkeh�

\hafh`guo� khklhygbc� 2m= � k� jZ\gh\hafh`gufb� agZq_gbyfb� jZkij_^_�

e_gby� 1 2 1 2p p= = �� Lh]^Z� ^ey� wgljhibb� J_gvb� \uihegy_lky� k\hckl\h�

ghjfbjh\Zgghklb 

 
2

2

1 1 1
, log 1

2 2 1
q

q i
i

H p
q

  = =  − 
∑ . (3.5.55) 

?^bgbp_c�baf_j_gby�bgnhjfZpbb� \� klZlbklbq_kdhc�fh^_eb�J_gvb��

dZd�ke_^m_l�ba�����������y\ey_lky�h^bg�[bl� 
>ey�nbabq_kdhc�l_hjbb�bgnhjfZpbb�bf__f�wgljhibx 

 ( ) 1
ln

1

m
phys q
q i

i
H p p

q
=

−
∑ . (3.5.56) 

<� klZlbklbq_kdhc� nbabd_� bkihevam_lky� wgljhiby� J_gvb�� bf_xsZy�

jZaf_jghklv�ihklhygghc�;hevpfZgZ� ( ) ( )phys
q qH p kH p= �b�kh\iZ^ZxsZy�\�

ij_^_e_� 1q → �k�wgljhib_c�;hevpfZgZ–=b[[kZ�>���@ 

 ( ) ( ) ( )
1

lim ln
m

phys
q i iq i

H p H p k p p
→

= = − ∑ . (3.5.57) 

Wgljhiby� J_gvb� _klv� hlghr_gb_� nbabq_kdhc� [_ajZaf_jghc� wgljh�

ibb����������d�__�agZq_gbx�ijb�jZ\gh\_jhylghf�khklhygbb�k� 2m= ��LZdbf�

h[jZahf��bf__l�f_klh�jZ\_gkl\h 

 ( )
( ) 1 1

, , ln 2
1 1 2 2,
2 2

phys
q phys

q q
phys
q

H p
H p H

H

 = =    
  

. (3.5.58) 

���>bnn_j_gpbZevgu_�khhlghr_gby��>bnn_j_gpbjm_f�bgnhjfZpbx�

jZaebqby� ( ):I f p �\�jZ\_gkl\_����������b�ihemqbf�khhlghr_gb_�>������@� 
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 ( ) ( )1
:

q
dI f p dH f

q

 −= − 
 

, (3.5.59) 

dhlhjh_�ihke_�ij_h[jZah\Zgby�E_`Zg^jZ�ijbf_l�ke_^mxsbc�\b^ 

 ( ) ( ):
1q

q
dH p I f p d

q

 
=  − 

. (3.5.60) 

>bnn_j_gpbZevgu_� khhlghr_gby� ���������b� ��������� hij_^_eyxl� \aZbfh�

k\yav� bgnhjfZpbb� jZaebqby�Dmev[ZdZ–E_c[e_jZ� k� wgljhib_c�R_gghgZ–
<bg_jZ�b�wgljhib_c�J_gvb��khhl\_lkl\_ggh��\�kemqZ_�g_ij_ju\guo�agZq_�

gbc�iZjZf_ljZ�q . 

9. f -wgljhiby�� NmgdpbhgZevguf� h[h[s_gb_f� wgljhibb� J_gvb�

���������y\ey_lky�_^bgkl\_ggh_�\ujZ`_gb_ 

 ( ) ( )1f q
H p f N p−=   

, (3.5.61) 

]^_� f  –�\uimdeZy�nmgdpby�hl�ihemghjfu�jZkij_^_e_gby�� 

Ijb� ( )2 1log qf N p−= − �ba����������\ul_dZ_l�wgljhiby�J_gvb 

 ( ) ( )2 1logq qH p N p−= − . (3.5.62) 

A^_kv� Zj]mf_glhf� eh]Zjbnfbq_kdhc� nmgdpbb� y\ey_lky� ihemghjfZ� jZk�

ij_^_e_gby 

 ( )
( )1 1

1

qm
q

q i
i

N p p
−

−
 =   
∑ . (3.5.63) 

�����BgnhjfZpby�jZaebqby�J_gvb� 
b��f_jZ��g_lhqghklb� �F_jZ� Q_jgh\Z 

JZkkfhljbf�fbgbfmf�bgnhjfZpbb�jZaebqby�Dmev[ZdZ–E_c[e_jZ 

 ( ) 2: log
m

i
i

i i

f
I f p f

p

 
=    

∑  (3.6.1) 

ijb�aZ^Zgghklb�jZaghklb�f_j�g_lhqghklb� ( ):H f p �b� ( ):H f u �k�nbdkbjh�

\Zggufb�jZkij_^_e_gbyfb�\_jhylghklb� { }1, , mp p p= ! , { }1, , mu u u= ! �b�

khojZg_gbb�ghjfbjh\db�^ey� { }1, , mf f f= ! : 
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( ) ( )

( ) ( )

2

2

: log ,

: log , 1.

m

i i
i

m m

i i i
i i

H f p p f

H f u u f f

= −

= − =

∑

∑ ∑
 (3.6.2) 

Kh]eZkgh� \ZjbZpbhgghfm� ijbgpbim�� gZoh^bf� [_amkeh\guc� wdklj_�

fmf�nmgdpbhgZeZ 

 

( ) ( )

( )

2 2

2

log 1 log

log ,

m m
i

i i i
i ii

m m

i i i
i i

f
L f q p f

p

u f f

  = + − −     
− + α

∑ ∑

∑ ∑
 

(3.6.3) 

]^_� ( )1 q− �b�α �_klv�fgh`bl_eb�EZ]jZg`Z��Bkihevamy�jZ\_gkl\h 

 ( )2 2

1
log 1 log 0

ln 2

m
i i

i
i i i

f p
L f q

p u

 
δ = δ + + − + α =   

∑ , (3.6.4) 

ihemqbf�iZjZf_ljbah\Zggh_�jZkij_^_e_gb_ 

 ( )1 1 :q q
i i i qf p u p u− −= Γ , ( ) 1: q q

i ip u p u−Γ = ∑ , (3.6.5) 

jZkkfZljb\Z_fh_�\�l_hjbb�kZfhhj]ZgbaZpbb�nbabq_kdbo�kbkl_f�>���– 22] 
b�l_hjbb�bgnhjfZpbb�>��@� 

JZkij_^_e_gb_� �������� fZdkbfbabjm_l� wgljhibx� R_gghgZ–<bg_jZ�
ijb� \ur_ijb\_^_gguo� ^hihegbl_evguo� mkeh\byo�� Ih^klZ\eyy� _]h� 
\���������b����������bf__f�wdklj_fZevgu_�agZq_gby�wgljhibb�b�bgnhjfZpbb�

jZaebqby 

 ( ) ( ) ( ) ( ) ( )2: 1 : log :qH f qH f p q H f u p u= + − + Γ , (3.6.6) 

 ( ) ( ) ( ) ( ) ( )2: 1 : : log :qI f p q H f p H f u p u= − − − Γ   . (3.6.7) 

:gZeh]bqgh�gZoh^bf� ke_^mxsb_�bgnhjfZpbx� jZaebqby�b� jZkoh`�

^_gb_ 

 ( ) ( ) ( ) ( ) ( )2: 1 : log :qI p f q H p H p u p u= − − − + Γ   , (3.6.8) 

 
( ) ( ) ( )

( ) ( ) ( ) ( ) ( )
: : :

1 : : :

J f p I f p I p f

q H f p H f u H p u H p

= + =

= − − + −  
 

(3.6.9) 
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b�k�mq_lhf���������ihemqbf�khhlghr_gby�>������@ 

 ( ) ( ) ( ): : :
1 q

q
I f p I f u I p u

q
= −

−
, (3.6.10) 

 ( ) ( ) ( )1
: : :

1 qI p f I p u I p u
q

= −
−

, (3.6.11) 

 ( ) ( ) ( ) ( )1
: : : :

1 1

q
I f p I p f I f u I p u

q q
+ = −

− −
 (3.6.12) 

^ey�\aZbfhk\yab�jZkkfZljb\Z_fuo�nmgdpbhgZeh\� 
A^_kv�\\_^_gZ�bgnhjfZpby�jZaebqby�J_gvb 

 ( ) ( ) 1
2 2

1 1
: log : log

1 1

m
q q

q q i i
i

I p u p u p u
q q

−= Γ =
− −

∑ . (3.6.13) 

G_�\uibku\Zy�nmgdpbhgZeu�\�y\ghf�\b^_��hlf_lbf��qlh�\�ij_^_e_�

1q → �bf__f�bgnhjfZpbx�jZaebqby�Dmev[ZdZ–E_c[e_jZ 

 ( ) ( ) ( ) ( ) 21
: lim : , : , : log ,

m
i

q iq i i

p
I p u I p u I f u H f u p

u→

  = =      
∑  (3.6.14) 

wgljhibx�R_gghgZ–<bg_jZ 

 ( ) ( ) ( )21
lim : log

m

i iq i
H p H f p p p

→
= = −∑  (3.6.15) 

b�f_jm�g_lhqghklb�D_jjb^`Z 

 ( ) ( ) ( )21
: lim : log

m

i iq i
H p u H f u u p

→
= = −∑ . (3.6.16) 

JZkkfhljbf�hkgh\gu_�k\hckl\Z�bgnhjfZpbb�jZaebqby�J_gvb� 
���<uimdehklv��BgnhjfZpby�jZaebqby�_klv�\_s_kl\_gguc��\uimd�

euc�b�iheh`bl_evguc� �hljbpZl_evguc��nmgdpbhgZe�k�fbgbfmfhf� �fZd�

kbfmfhf��ijb� 0q >  ( )0q < . 

Bf_xl�f_klh�ke_^mxsb_�g_jZ\_gkl\Z 

 ( ): 0qI p u > , ( )0q > , (3.6.17) 

 ( ): 0qI p u < , ( )0q < , (3.6.18) 
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 ( ) ( ) ( )1 2 2 2 1 1 2 2: : :q q qI a p a p u a I p u a I p u + ≤ +  , (3.6.19) 

]^_� 1 2 1a a+ = , 1 0a > , 2 0a > �b�bgnhjfZpbb�jZaebqby 

 ( ) 1
1 2 1

1
: log

1

m
q q

q i i
i

I p u p u
q

−=
−

∑ , (3.6.20) 

 ( ) 1
2 2 2

1
: log

1

m
q q

q i i
i

I p u p u
q

−=
−

∑ . (3.6.21) 

JZ\_gkl\Z� 0q = �beb� p u= �^Zxl�agZq_gb_� ( ): 0qI p u = . 

GZ�jbk�����ijb\h^ylky�aZ\bkbfhklb�wgljhibb�b�bgnhjfZpbb�jZaeb�

qby�J_gvb�hl�qbkeZ� q �ijb�agZq_gbyo� 2m= , 1 1 4p = , 1 1 3u = ��]^_�\b^gh�

m[u\Zgb_� ( )qH p �b�\hajZklZgb_� ( ):qI p u �k�m\_ebq_gb_f�q . 

Jbk� ���� AZ\bkbfhklb nmgdpbhgZeh\ fh^_eb J_gvb hl qbkeZ q: 

1 – ( )
q

H p , 2 – ( ):
q

I p u  

GZ� jbk����� ij_^klZ\e_gZ� aZ\bkbfhklv� bgnhjfZpbb� jZaebqby� J_gvb�

( ):qI p u � hl� jZkij_^_e_gby� ijb� agZq_gbyo� 2m= , 1p p= , 1 1 3u = � b�

3; 1; 0; 1; 3q = − − . 
 

( ), ( : )
q q

H p I p u  

1,5 
 
 
 

1 
 
 
 

0,5 1 

2 

–10               –5                                    5                 10  q 
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Jbk� ���� AZ\bkbfhklv bgnhjfZpbb jZaebqby J_gvb hl jZkij_^_e_gby� 
1 – (q = –3), 2 – (q = –1), 3 – (q = 0), 4 – (q = 1), 5 – (q = 3) 

��� :^^blb\ghklv� ^ey� g_aZ\bkbfuo� h[t_dlh\�� Imklv� khklhygby�

kemqZcgh]h�h[t_dlZ�hibku\Zxlky�ghjfbjh\Zggufb�kh\f_klgufb�jZkij_�

^_e_gbyfb� 12p �b� 12u ��BgnhjfZpby�jZaebqby�aZibr_lky�lZd� 

 ( ) 1
12 12 2

1
: log

1

m n
q q

q ij ij
i j

I p u p u
q

−=
−

∑∑ . (3.6.22) 

<�kemqZ_�klZlbklbq_kdhc�g_aZ\bkbfhklb�khklhygbc�bf__f�jZ\_gkl\Z�

ij i jp p p= �b� ij i ju u u= ��Lh]^Z�ba����������\ul_dZ_l�k\hckl\h�Z^^blb\ghklb 

 ( ) ( ) ( )12 12 1 1 2 2: : :q q qI p u I p u I p u= +  (3.6.23) 

^ey�bgnhjfZpbb�jZaebqby�g_aZ\bkbfuo�h[t_dlh\ 

 ( ) 1
1 1 2

1
: log

1

m
q q

q i i
i

I p u p u
q

−=
−

∑ , (3.6.24) 

 ( ) 1
2 2 2

1
: log

1

n
q q

q j j
j

I p u p u
q

−=
−

∑ . (3.6.25) 

���JZ\_gkl\h�^ey�aZ\bkbfuo�h[t_dlh\��<�h[s_f�kemqZ_�aZ\bkbfuo�

h[t_dlh\�jZkkfhljbf�kh\f_klgu_�jZkij_^_e_gby� ij i j i
p p p= �b� ij i j i

u u u=  

ijb�j_ZebaZpbb�khklhygby�k� ip �b� iu ��Ijb\_^_f�^\Z�ih^oh^Z�d�gZoh`^_�

( : )
q

I p u  

2

0

–2

–4

–6

5 
 

4 

3 

2 

1 

1  p 
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gbx�mkeh\by�Z^^blb\ghklb�^ey�aZ\bkbfuo�h[t_dlh\��<�i_j\hf�kemqZ_�aZ�

ibr_f�iZjZf_ljbah\Zggh_�jZkij_^_e_gb_ 

 ij i j i
f f f= ,   1

m n m

ij i
i j i

f f= =∑∑ ∑ , (3.6.26) 

]^_ 

 
1

1

q q
ij ij

ij m n
q q
ij ij

i j

p u
f

p u

−

−
=

∑∑
,   

1

1

q q
i i

i m
q q
i i

i

p u
f

p u

−

−
=

∑
, (3.6.27) 

 

1
1

1

11

m n
q q

q qi i
j i j ii j q q

m n m nj i j i j i
q qq q

ij ij i j i j i
i j i j

p u p u
f p u

p u f p u

− −
−

−−
= =

∑∑

∑∑ ∑ ∑
. (3.6.28) 

Bkihevam_f�agZq_gby�kemqZcguo�bgnhjfZpbc�jZaebqby�b�ihke_�\u�

qbke_gbc�bf__f�jZ\_gkl\h�^ey�aZ\bkbfuo�h[t_dlh\ 

 ( ) ( ) ( )12 12 1 1 21 21
: : :q q qI p u I p u I p u= + , (3.6.29) 

]^_�nmgdpbhgZe� 

 

( ) 1
221 21

1

2
1

1
: log

1

1
log .

1

m n
q q

q i j i j i
i j

m n
q q
ij ij

i j
m

q q
i i

i

I p u f p u
q

p u

q p u

−

−

−

= =
−

=
−

∑ ∑

∑∑

∑

 
(3.6.30)

 

Mkeh\b_� Z^^blb\ghklb� ^ey� aZ\bkbfuo� h[t_dlh\� ��������� ih� nhjf_�

kh\iZ^Z_l� k� khhl\_lkl\mxsbf� mkeh\b_f� \� klZlbklbq_kdhc�fh^_eb�R_g�

ghgZ–<bg_jZ� 
<h�\lhjhf�kemqZ_�\\_^_f�jZ\_gkl\Z�^ey�^jm]h]h�iZjZf_ljbah\Zggh]h�

jZkij_^_e_gby 

 
1

11

q q
ij ij

ij m n
q qq q

i i j i j i
i j

p u

p u p u

−

−−
ϕ =

∑ ∑
,   

1

1

q q
i i

i m
q q
i i

i

p u

p u

−

−
ϕ =

∑
, (3.6.31) 
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1

1

q q
j i j iij

nj i
q qi
j i j i

j

p u

p u

−

−

ϕ
ϕ = =

ϕ ∑
,    1

n

j i
j

ϕ =∑ , (3.6.32) 

kemqZcgu_�bgnhjfZpbb�jZaebqby 

 ( ) ( ) ( ) ( )12 12: : 1 :ij ij ij ij qI f u qI p u q I p u= − − , (3.6.33) 

 ( ) ( ) ( ) ( )1 1: : 1 :i i i i qI u qI p u q I p uϕ = − − , (3.6.34) 

 ( ) ( ) ( ) ( )21 21
: : 1 qij i j i j i j i

I u qI p u q I p uϕ = − − . (3.6.35) 

b�mkeh\gmx�bgnhjfZpbx�jZaebqby 

 ( ) 1
221 21

1
log

1

n
q q

qi j i j i
j

I p u p u
q

−=
−

∑ . (3.6.36) 

Ihke_�mkj_^g_gby�jZaghklb�f_`^m�kemqZcgufb�bgnhjfZpbyfb�jZa�

ebqby� ( ) ( ) ( ): : :ij ij i i j i j i
I f u I u I u− ϕ − ϕ �ihemqbf�mkeh\b_�Z^^blb\ghklb 

 
( ) ( ) ( )

( ) ( )

12 12 1 1 21 21

12 12

: :

1
: : .

1

q q qI p u I p u I p u

I f I
q

= + −

 − ψ − ψ ϕ −

 
(3.6.37)

 

A^_kv�^_n_dl�bgnhjfZpbb� jZaebqby� aZ\bkbl�hl� jZaghklb�bgnhjfZ�

pbb�jZaebqby� 
Ijb� i ifψ = �b ipψ = �kj_^gb_�mkeh\gu_�bgnhjfZpbb�jZaebqby�bf_�

xl�ke_^mxsbc�\b^ 

 

( ) ( )

( )

21 21 21 21

11
2

1
2

1

log
1

log ,
1 1

m

q qi i
i

m n
q qq q

i i j i j im n
i jq q

i mj i j i
q qi j
i i

i

I p u I p u f

p u p u

f p u
q q p u

−−

−

−

= =

= =
− −

∑

∑ ∑
∑ ∑

∑

 

(3.6.38)
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( ) ( )21 21 21 21

1
2

1
log .

1

m

q qi i
i

m n
q q

i j i j i
i j

I p u I p u p

p p u
q

−

= =

=
−

∑

∑ ∑
 

(3.6.39)
 

<�ij_^_e_� 1q → �^_n_dl�bgnhjfZpbb�jZaebqby�jZ\_g�gmex�b�mkeh�

\b_� Z^^blb\ghklb� ��������� kh\iZ^Z_l� k�nhjfmehc� ����������NmgdpbhgZeu�

�������������������b����������ijbgbfZxl�agZq_gb_�kj_^g_c�mkeh\ghc�bgnhj�

fZpbb�jZaebqby����������klZlbklbq_kdhc�fh^_eb�R_gghgZ–<bg_jZ�� 
4. KemqZcgh_� hldehg_gb_��JZkkfhljbf� kemqZcgu_� bgnhjfZpbb� jZa�

ebqby ( ) ( ) ( ) ( )2: logi i i i i iI f u h f h u f u = − − =  �b� ( ) ( ) ( ):i i i iI p u h p h u = − − =   

( )2log i ip u= ��dhlhju_�jZ\gyxlky�jZaghklyf�kemqZcguo�wgljhibc��Ihke_�

eh]Zjbnfbjh\Zgby� jZkij_^_e_gby� �������� ihemqbf� k\yav� kemqZcguo� hl�

dehg_gbc�wlbo�\_ebqbg�hl�bgnhjfZpbb�jZaebqby�J_gvb 

 ( ) ( ) ( ) ( ): : : :i i q i i qI f u I p u q I p u I p u − = −  , (3.6.40) 

dhlhjZy�g_�bf__l�ZgZeh]Z�kemqZcghc�bgnhjfZpbb�jZaebqby� 
JZ\_gkl\h� ��������� _klv� mjZ\g_gb_� imqdZ� ijyfuo� \� iehkdhklb�

( ) ( ){ }: , :i i i iI f u I p u �k�p_gljhf�\�lhqd_� ( ) ( ){ }: , :q qA I p u I p u= . 

JZkij_^_e_gb_���������fh`gh�ij_^klZ\blv�\�wd\b\Ze_glghc�nhjf_ 

 ( ) ( )1 :1 2 qq I p uq q
i i if p u

− −−= . (3.6.41) 

���BgnhjfZpby� jZaebqby� k� = 1iu m .�Ih^klZ\bf� jZ\gh\_jhylgh_�

jZkij_^_e_gb_� 1iu m= �\����������b�ihemqbf�jZ\_gkl\h 

 ( ) ( )
1

2 2

1 1
: log log

1

qm
q

q i q
i

I p u p H p m
q m

−   = = − −   −  
∑ . (3.6.42) 

Ba� mkeh\bc�\uimdehklb�bgnhjfZpbb�jZaebqby�J_gvb��hij_^_ey_fuo�g_�

jZ\_gkl\Zfb� ��������� b� ���������� ke_^m_l�� qlh� wgljhiby�f_gvr_� �[hevr_��

wgljhibb�jZ\gh\_jhylgh]h�khklhygby�ijb� 0q >  ( )0q < . 

���G_jZ\_gkl\Z. >ey�bgnhjfZpbb�jZaebqby�bf__f�ke_^mxsb_�g_jZ�

\_gkl\Z� 
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 ( ) ( ) ( )12 12 1 1 2 2: : :q q qI p u I p u I p u≤ + , (3.6.43) 

 ( ) ( ) ( ): : :qI f u I p u I p u> > , ( )0 1q< < , (3.6.44) 

 ( ) ( ) ( ): : :qI f u I p u I p u< < , ( )0q > , (3.6.45) 

 ( ) ( ): :qI p u I f u> �b� ( ) ( ): :qI p u I p u> , ( )0q < . (3.6.46) 

��� JZkoh`^_gb_�� Hij_^_ebf� dhebq_kl\_ggmx� f_jm� bgnhjfZpbb�

jZaebqby�\�gZ[ex^_gbyo�u �hlghkbl_evgh� p  

 ( ) 1
2

1
: log

1

m
q q

q i i
i

I u p u p
q

−=
−

∑  (3.6.47) 

b�jZkkfhljbf�kmffm 

 

( ) ( ) ( )
1 1

2 2

: : :

1
log log ,

1

q q q

m m
q q q q
i i i i

i i

J p u I p u I u p

p u u p
q

− −

= + =

 = + −  
∑ ∑

 
(3.6.48) 

dhlhjZy� y\ey_lky� jZkoh`^_gb_f��JZkoh`^_gb_� _klv� kbff_ljbqgZy�nmgd�

pby� ( ) ( ): :q qJ p u J u p= �hlghkbl_evgh�jZkij_^_e_gbc� p �b� u . <�ij_^_e_�

1q → �ba����������ke_^m_l�ba\_klgZy�f_jZ 

 ( ) ( ) ( )21
: lim : log

m
i

q i iq i i

p
J p u J p u p u

u→

 
= = −   

∑ . (3.6.49) 

NmgdpbhgZe� ���������y\ey_lky�\uimdeuf�b�Z^^blb\guf�^ey�g_aZ\b�

kbfuo�h[t_dlh\� 
<�jZ[hl_�>���@�jZkkfZljb\Z_lky�jZkoh`^_gb_�\�ke_^mxs_f�\b^_ 

 ( )
1 1

2

2
: log

1 2

m m
q q q q
i i i i

i i
q

p u u p
J p u

q

− − + 
=  

−    

∑ ∑
, (3.6.50) 

dhlhjh_�ijb� 1q → �lZd`_�bf__l�ij_^_e�����������>ey�kjZ\g_gby�nmgdpbh�

gZeh\����������b����������mqblu\Z_f�g_jZ\_gkl\h� 
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1 1
2 2

1 1

2

1
log log

2

log ,
2

m m
q q q q
i i i i

i i

q q q qm
i i i i

i

p u u p

p u u p

− −

− −

 + ≤  
 +

≤  
  

∑ ∑

∑
 

(3.6.51) 

dhlhjh_�\ul_dZ_l�ba�k\hckl\Z�\uimdehklb�eh]Zjbnfbq_kdhc�nmgdpbb� 

Ihke_�^_e_gby� ���������gZ� ( )1q − �ihemqbf�ke_^kl\b_��qlh�nmgdpbh�

gZe� ��������� f_gvr_� �[hevr_��� q_f� nmgdpbhgZe� ��������� ijb� 0q >  

( )0 1q< < . 

���F_jZ�g_lhqghklb��F_jZ�klZlbklbq_kdhc�g_lhqghklb�hij_^_ey_l�

ky�nmgdpbhgZehf�ijb�Z^^blb\ghklb�f_j 

 

( ) ( ) ( )

( )1
2 2 1

1

: :

1
log log ,

1

q q q

m
q
i

q i
q

m
iq

i
i i

H p u H p I p u

pN p

p q pN pu u

−
−

−

= + =

= − =
−          

∑

∑

 (3.6.52) 

dhlhjuc�[ue�\\_^_g�\�jZ[hl_�>��@��>jm]b_�\ujZ`_gby�^ey�f_ju�g_lhqgh�

klb 

 ( ) ( ) 1
2 1 2

1
: log log

1

m
q

q q i i
i

H p u N u u p
q

−
−= − =

−
∑ , (3.6.53) 

 ( ) ( )1
2 1 2 1

1
: log log

1

q
m

q q
q q iq

i

q
H p u N u p

qu
−

−
  = − =   −  

∑ , (3.6.54) 

g_� y\eyxsb_ky� kmffhc� wgljhibb� b� bgnhjfZpbb� jZaebqby�� ijb\h^ylky��

khhl\_lkl\_ggh�� \� jZ[hlZo� >��@� b� >���@�� <� ij_^_e_� 1q → � ba� ��������-

���������\ul_dZ_l�f_jZ�g_lhqghklb�D_jjb^`Z 

 ( ) ( ) ( )21
: lim : log

m

q i iq i
H p u H p u u p

→
= = −∑ . (3.6.55) 

GZ�jbk������ij_^klZ\e_gu�aZ\bkbfhklb�wgljhibb� ( )qH p ��bgnhjfZ�

pbb� jZaebqby� ( ):qI p u � b�f_ju� g_lhqghklb� ( ):qH p u � \� \b^_� ��������� hl�

jZkij_^_e_gby�ijb� 2m= , 2q = , 1p p= �b�Z�� 1 1 3u = ��[�� 1 1 2u = . 
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Z [ 
 

Jbk� ���� AZ\bkbfhklb nmgdpbhgZeh\ fh^_eb J_gvb hl jZkij_^_e_gby� 

1 – wgljhiby ( )
q

H p , 2 – bgnhjfZpby jZaebqby ( ):
q

I p u ,  

3 –f_jZ g_lhqghklb ( ):
q

H p u  

 

���BgnhjfZpbhgguc �jZ^bmk��=_hf_ljbq_kdZy�bgl_jij_lZpby�g_jZ�

\_gkl\Z� ��������� ijb� 1 2 1 2a a= = � ^Z_l� nhjfmem� ^ey� bgnhjfZpbhggh]h�

jZ^bmkZ�>��@ 

 

( ) ( ) ( )

2

1
:

2 2

1
: :

2 2 2

1
log ,

21

q q q q

q q

q
m m m

q qi i
i i

i i i

p u
R p u H H p H u

p u p u
I p I u

p u
p u

q

+   = − + =    
 + +    = + =        

 +     =     −      
∑ ∑ ∑

 

(3.6.56)

 

dhlhjZy� ijb� 1q → � kh\iZ^Z_l� k� nmgdpbhgZehf� ��������� klZlbklbq_kdhc�

l_hjbb�R_gghgZ–<bg_jZ��>jm]b_�\ujZ`_gby�^ey� ( ):qR p u  ijb\h^ylky�\�

h[ahjZo�>��������@� 
����F_jZ�Q_jgh\Z��BgnhjfZpby� jZaebqby� J_gvb� \dexqZ_l� \� k_[y�

f_jm�Q_jgh\Z�>��@ 

 ( ) 1:
m

q q
q i i

i
p u p u−Γ = ∑  (3.6.57) 

( ), ( : ), ( : )
q q q

H p I p u H p u

1,6

1,2

0,8

0,4

0
0,2       0,4        0,6        0,8         1  p 

1,6

1,2

0,8

0,4

0
0,2        0,4         0,6        0,8          1  p 

( ), ( : ), ( : )
q q q

H p I p u H p u

3 

1 

2 

3 

1 

2 



 145

^ey� jZaebqby� jZkij_^_e_gbc� p � b� u �� <� bgl_j\Ze_� 0 1q≤ ≤ � nmgdpby�

( ):q p uΓ �y\ey_lky�ZgZeblbq_kdhc��dhg_qghc�b�g_hljbpZl_evghc��GZ�dhg�

pZo� bgl_j\ZeZ� bf__f� jZ\_gkl\Z� f u=  ( )f p= � ijb� 0q =  ( )1q = � b�

( ) ( )0 1: : 1p u p uΓ = Γ = . 

����BgnhjfZpbhggh_ � jZkklhygb_��>ey� ]_hf_ljbq_kdhc� bgl_jij_�

lZpbb�bgnhjfZpbb�jZaebqby�\�\b^_�iheh\bgu�g_kbff_ljbqgh]h�jZkklhy�

gby� ( ) ( )21
, :

2 qp u I p uδ = � hl� p � ^h� u � g_� \uihegy_lky� g_jZ\_gkl\h� lj_�

m]hevgbdZ��Bf__l�f_klh�g_kbff_ljbqguc�ZgZeh]�l_hj_fu�IbnZ]hjZ 

 ( ) ( ) ( ): : :q q qI p u I p w I w u= + ,  (3.6.58) 

]^_� jZ\_gkl\h� ^hklb]Z_lky� lh]^Z� b� lhevdh� lh]^Z�� dh]^Z� kijZ\_^eb\h� 
mkeh\b_ 

 1 1 1
m m m

q q q q q q
i i i i i i

i i i
p u p w w u− − −=∑ ∑ ∑ . (3.6.59) 

Ijb� 1q = � ba� ��������� b� ��������� ke_^mxl� khhlghr_gby� ��������� b�

���������\�klZlbklbq_kdhc�fh^_eb�R_gghgZ–<bg_jZ� 
����Ghjfbjh\Zgghklv�b�jZaf_jghklv��BgnhjfZpby�jZaebqby�J_gvb�

m^h\e_l\hjy_l�mkeh\bx�ghjfbjh\Zgghklb� 

 
2

1
2

1 1 1
1,0 : , log 1

2 2 1
q q

q i i
i

I p u
q

−  = =  − 
∑ , (3.6.60) 

Z� lZd`_� jZ\gy_lky� hlghr_gbx� nbabq_kdhc� [_ajZaf_jghc� jZaebqZxs_c�

bgnhjfZpbb�gZ�agZq_gb_�nbabq_kdhc�wgljhibb� ( )phys
qH u �ijb�jZ\gh\_jh�

ylghf�khklhygbb�k� 2m= ��<uihegy_lky�ke_^mxs__�jZ\_gkl\h 

 ( )
( ):

:
1 1

,
2 2

phys
q

q
phys
q

I p u
I p u

H
=

 
  

, (3.6.61) 

]^_� 

 ( ) 11
: ln

1

m
phys q q
q i i

i
I p u p u

q
−=

−
∑ , ( )

21
ln

1
phys q
q i

i
H u u

q
=

−
∑ ,  (3.6.62) 
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1 1 1 1

, 1,0 : , ln 2
2 2 2 2

phys phys
q qH I   = =      

. (3.6.63) 

<� klZlbklbq_kdhc� nbabd_� bkihevam_lky� nbabq_kdZy� jZaf_jgZy� bg�

nhjfZpby�jZaebqby� ( ) ( ): :phys
q qI p u kI p u=  [23]. 

����>bnn_j_gpbZevgu_ � khhlghr_gby��>bnn_j_gpbjmy� bgnhjfZ�

pbx�jZaebqby� ( ):I f p �\�jZ\_gkl\_�����������ihemqbf�>������@� 

 ( ) ( ): :
1

q
dI f u dI f p

q
=

−
. (3.6.64) 

Bkihevam_f� ij_h[jZah\Zgb_�E_`Zg^jZ� b� ba� ��������� bf__f� ^bnn_�

j_gpbZevgh_�khhlghr_gb_ 

 ( ) ( ): :
1q

q
dI p u I f p d

q

 
= −  − 

 (3.6.65) 

\aZbfhk\yab�bgnhjfZpbb�jZaebqby�J_gvb�k�bgnhjfZpb_c�jZaebqby�Dmev�

[ZdZ–E_c[e_jZ�^ey�g_ij_ju\guo�agZq_gbc�iZjZf_ljZ�q . 

����BgnhjfZpby�Nbr_jZ��JZkkfhljbf�iZjZf_ljbq_kdb_�jZkij_^_�

e_gby� ( )ip θ � b� ( )ip θ + δθ �� khhl\_lkl\mxsb_� fZehfm� baf_g_gbx� h^gh�

f_jgh]h�iZjZf_ljZ� δθ ��Ij_^_evgu_�agZq_gby�f_ju�Q_jgh\Z�b�bgnhjfZ�

pbb�jZaebqby�J_gvb�bf_xl�\b^ 

 
( ) ( ) ( )

( ) ( )

1

2

:

1
1 ,

2 ln 2

m
q q

q i i
i

p p

q q

−

θθ

Γ θ θ + δθ = θ θ + δθ =

−
= + Γ δθ

∑
 

(3.6.66) 

 
( ) ( ) ( )

( )

1
2

2

1
: log

1

,
2 ln 2

m
q q

q i i
i

I p p
q

q

−

θθ

θ θ + δθ = θ θ + δθ =
−

= Γ δθ

∑
 

(3.6.67)

 

]^_�\_ebqbgZ 

 
( ) ( )

2
lnm

i
i

i

p
pθθ

∂ θ 
Γ = θ ∂θ 

∑  (3.6.68) 

_klv�f_jZ�bgnhjfZpbb�Nbr_jZ�h�\_ebqbg_�g_nemdlmbjmxs_]h��iZjZf_l�

jZ� θ �\�l_hjbb�hp_gb\Zgby�fZl_fZlbq_kdhc�klZlbklbdb�>������������������@��
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JZaebqgu_� Zki_dlu� \hijhkZ� h[� bgnhjfZpbb�Nbr_jZ� fh`gh� gZclb�� gZ�

ijbf_j��\�jZ[hlZo�>��������@. 
15. f -bgnhjfZpby� jZaebqby��NmgdpbhgZevguf� h[h[s_gb_f� bg�

nhjfZpbb�jZaebqby�J_gvb 

 ( ) 2 1: logq q

p
I p u N

u−
 =   

 (3.6.69) 

hij_^_ebf�\ujZ`_gb_ 

 ( ) 1:f q

p
I p u f N

u−
  =     

, (3.6.70) 

dhlhjh_�ij_^klZ\ey_l�kh[hc�nmgdpbx�ihemghjfu�jZkij_^_e_gby� 
<�kemqZ_�lj_o�jZkij_^_e_gbc�bf__f�ihemghjfm 

 

( )1 11

1

qq
m

i
q i

i i

ww
N p

u u

−−

−

     =          
∑  (3.6.71) 

b� f -bgnhjfZpbx�jZaebqby 

( ) 1: :f q

w
I p w u f N

u−
  =     

,                     (3.6.72) 

h[h[sZxsmx�nmgdpbhgZe� ����������?keb� f �_klv�eh]Zjbnfbq_kdZy�nmgd�

pby��lh�ba����������ihemqbf�ke_^mxsbc�nmgdpbhgZe�>��@ 

 ( )
1

2

1
: : log

1

q
m

i
f i

i i

w
I p w u p

q u

−
 

=   −  
∑ . (3.6.73) 

Ijb� w p= � ba� ��������� b� ��������� ke_^mxl�� khhl\_lkl\_ggh�� 

f -bgnhjfZpby�jZaebqby����������b�bgnhjfZpby�jZaebqby�J_gvb���������� 

�����H[h[s_ggu_�ihemghjfu�b�f_ju 

JZkkfhljbf�hkgh\hiheZ]Zxsb_�h[h[s_gby�ihemghjf�ijhba\hevghc�

kemqZcghc�\_ebqbgu 

 ( )

1 qm
q

i i
i

q m

i
i

T p
N T

p

 
 

=  
   

∑

∑
 (3.7.1) 
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b�jZkij_^_e_gby 

 ( )

1
1

qm
q
i

i
q m

i
i

p
N p

p

+ 
 

=  
   

∑

∑
, (3.7.2) 

dhlhju_�hij_^_eyxlky�kihkh[hf�mkj_^g_gby� 
Ghjfbjh\ZggZy� f-ihemghjfZ�� NmgdpbhgZevguf� h[h[s_gb_f� y\�

eyxlky�\a\_r_ggu_�ghjfbjh\Zggu_�f -ihemghjfu 

 ( )
( )

( )

1

,

qm
q

i i
i

q f m

i
i

T f p
N T

f p

 
 

=  
   

∑

∑
, (3.7.3) 

 ( )
( )

( )

1

,

qm
q
i i

i
q f m

i
i

p f p
N p

f p

 
 

=  
   

∑

∑
, (3.7.4) 

]^_�nmgdpby�hl�jZkij_^_e_gby�h[eZ^Z_l�k\hckl\hf�fmevlbiebdZlb\ghklb�

( ) ( ) ( )i j i jf p p f p f p= . 

Wgljhiby�b�bgnhjfZpby�jZaebqby�ij_^klZ\eyxlky�\ujZ`_gbyfb 

 ( ) ( )
( )

( )

1

, 2 1, 2

1
log log

1

m
q
i i

i
q f q f m

i
i

p f p
H p N p

q f p

−

−

 
 

= − =  
−  

  

∑

∑
, (3.7.5) 

 ( )
( )

( )

1 1

, 2 1, 2

1
: log log

1

m
q q
i i i

i
q f q f m

i
i

p u f p
p

I p u N
u q f p

− −

−

 
  = =    −   
  

∑

∑
, (3.7.6) 

dhlhju_�bf_xl�ij_^_evgu_�agZq_gby� 
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 ( ) ( )
( ) ( )

( )
2

1

log
lim

m

i i
i

f q mq

i
i

p f p
H p H p

f p
→

= = −
∑

∑
, (3.7.7) 

 ( ) ( )
( )

( )

2

1

log

: lim :

m
i

i
i i

f q mq

i
i

p
f p

u
I p u I p u

f p
→

 
   = =

∑

∑
, (3.7.8) 

h[h[sZxsb_�wgljhibx�R_gghgZ–<bg_jZ�b�bgnhjfZpbx�jZaebqby�Dmev�

[ZdZ–E_c[e_jZ� 
<�dZq_kl\_�ijbf_jZ�ijb\_^_f�kemqZc�mkj_^g_gby�ijb�ihfhsb�jZk�

ij_^_e_gby 

 ( )
i

i

s
i

i m
s
i

i

p
f p

p
=

∑
, (3.7.9) 

 
qlh�^Z_l��kh]eZkgh����������ke_^mxsmx�wgljhibx�>���@ 

 ( )
1

2

1
log

1

i

i

m
q s
i

i
q m

s
i

i

p
H p

q p

+ − 
 

=  
−  

  

∑

∑
, (3.7.10) 

]^_� 1is ≥ , 1q ≠ �b� 0q > . 

Ijb� is s= �ba����������\ul_dZ_l�nmgdpbhgZe 

 ( )
1

2

1
log

1

m
q s
i

s i
q m

s
i

i

p
H p

q p

+ − 
 

=  
−  

  

∑

∑
 (3.7.11) 

k� 1s≥ , 1q ≠ �b� 0q > ��dhlhjuc�bamqZeky�\�jZ[hlZo�>������@� 

F_jZ� klZlbklbq_kdh]h� jZkklhygby�� ?keb� \� ��������� iheh`blv�

1 q s r− = − ��Z�ijb� 1s = �k^_eZlv�aZf_gm� q �gZ� 1q r− + ��lh�ihemqbf�khhl\_l�

kl\mxsb_�wgljhibb� 
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 ( ) ( )2 2

1
log log

m
r
i

s s i
r r m

s
i

i

p
H p T p

s r p

 
 

= − =  
−    

∑

∑
 (3.7.12) 

k� r q≠ , 0r > �b� 0s > �>��@�b 

 ( ) 1
2

1
log

m
r q r
q i

i
H p p

r q
− +=

−
∑  (3.7.13) 

k� 1r q r− < < , 1r ≥ � >���@��NmgdpbhgZe� ���������y\ey_lky�h[h[s_gghc�f_�

jhc�klZlbklbq_kdh]h�jZkklhygby� ( )s
rT p �f_`^m� rp �b� sp  [63, 66]. 

( ),3h -wgljhiby��Hij_^_ebf�^ey�dZ`^hc�kemqZcghc�\_ebqbgu� T �b�

ex[uo�qbk_e�q �b� s �nmgdpbx 

 ( )

sm
q

i i
s i
q m

i
i

T p
G T

p

 
 

=  
   

∑

∑
, (3.7.14) 

dhlhjZy�ijb�\uiheg_gbb�\_jhylghklghc�ghjfbjh\db�bf__l�\b^ 

 ( )
sm

s q
q i i

i
G T T p

 =   
∑ . (3.7.15) 

Nmgdpby����������y\ey_lky�\a\_r_gguf�kj_^gbf�ih�Dhefh]hjh\m–GZ]mfh�
ijb� 1s q= .  

<ujZ`_gb_����������^ey�jZkij_^_e_gby 

 ( )1

sm
s q
q i

i
G p p−

 =   
∑  (3.7.16) 

b�_]h�k\hckl\Z�jZkkfZljb\Zebkv�\�jZ[hlZo�>����������������@��Z�khhl\_lkl�

\mxsZy�wgljhiby 

 ( ) ( )2 1 2log log
m

s s q
q q i

i
H p G p s p−= − = − ∑  (3.7.17) 

ij_^klZ\ey_l�kh[hc� ( ),h φ -wgljhibx�>���@� 
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 ( ) ( )
m

h
i

i
H p h pφ

 = φ  
∑  (3.7.18) 

ijb�nmgdpbyo�kl_i_gghc� ( ) qp pφ = �b�eh]Zjbnfbq_kdhc� ( ) 2logh G G= − . 

JZkkfhlj_ggu_� ^\moiZjZf_ljbq_kdb_� wgljhibb� b� bgnhjfZpby� jZa�

ebqby�bf_xl�eh]Zjbnfbq_kdmx�f_jm�b�bkke_^h\Zebkv�\�khhl\_lkl\mxsbo�

jZ[hlZo�dZd�h[h[sZxsb_�\ujZ`_gby�^ey�wgljhibb�b�bgnhjfZpbb�jZaeb�

qby�J_gvb� 

�����>\mo-�b�k-iZjZf_ljbq_kdZy�bgnhjfZpby�jZaebqby� 
�F_jZ�OZmk^hjnZ 

Ihemqbf�^\moiZjZf_ljbq_kdbc�ZgZeh]�bgnhjfZpbb�jZaebqby�J_gvb��

>ey�q_]h�jZkkfhljbf�fbgbfmf�bgnhjfZpbb�jZaebqby�Dmev[ZdZ-E_c[e_jZ 

 ( ) 2: log
m

i
i

i i

f
I f p f

p

 
=    

∑  (3.8.1) 

ijb� nbdkbjh\Zgguo� jZkij_^_e_gbyo� { }1, , mp p p= ! � b� { }1, , mu u u= ! � k�

mkeh\b_f�khojZg_gby�ghjfbjh\db�^ey� { }1, , mf f f= ! �b�^\mo�f_j�g_lhq�

ghklb 

 ( ) ( )2: log
m

i i
i

H f p p f= −∑ ,   ( ) ( )2: log
m

i i
i

H f u u f= −∑ . (3.8.2) 

<\_^_f� g_hij_^_e_ggu_�fgh`bl_eb�EZ]jZg`Z� ( )1 q− , τ , α � b�� kh�

]eZkgh� \ZjbZpbhgghfm� ijbgpbim�� bkke_^m_f� [_amkeh\guc� wdklj_fmf�

nmgdpbhgZeZ�>��@ 

 
( ) ( )

( )

2 2

2

log 1 log

log .

m m
i

i i i
i ii

m m

i i i
i i

f
L p q p f

p

u f f

 
= + − +   

+τ + α

∑ ∑

∑ ∑
 

(3.8.3) 

<Zjvbjmy�nmgdpbhgZe�b�bkihevamy�jZ\_gkl\h� 

 
[ ( )2 2

2

1
log 1 log

ln 2

log 0,

m
i

i i
i i

i

f
L f q p

p

u

δ = δ + + − +

+τ + α =

∑
 

(3.8.4)
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ihemqbf�ghjfbjh\Zggh_�jZkij_^_e_gb_ 

 ( )1 ,q
i i if p u q−τ −= τΓ . (3.8.5) 

A^_kv�hij_^_e_gZ�h[h[s_ggZy�f_jZ 

 ( )
1

,
q

q
m m

q i
i i i D

i i
i

p
q p u p

u

−

−τ
 
 τ = =
  

∑ ∑Γ  (3.8.6) 

b�\_ebqbgZ 

 
1qD

q

τ=
−

, (3.8.7) 

\�dhlhjuo� q �b� τ �_klv�^_ckl\bl_evgu_�qbkeZ��f_gyxsb_ky�\�ij_^_eZo�^h�

imklbfuo�agZq_gbc� 
Ih^klZ\bf� jZkij_^_e_gb_� �������� \� \ujZ`_gby� bgnhjfZpbc� jZaeb�

qby�b�jZkoh`^_gby 

 

( )

( ) ( )

2

2 2

: log

1 log log , ,
i

m
i

i
i i

m
i

iD
i i

f
I f p f

p

p
q f q

u

 
= =   

 
= − − Γ τ   

∑

∑
 

(3.8.8) 

 

( )

( ) ( )

2

2 2

: log

1 log log , ,
i

m
i

i
i i

m
i

iD
i i

p
I p f p

f

p
q p q

u

 
= =   

 
= − + Γ τ   

∑

∑
 

(3.8.9)

 

 

( ) ( ) ( )

( ) ( )2

: : :

1 log
i

m
i

i iD
i i

J f p I f p I p f

p
q f p

u

= + =

 
= − −   

∑
 

(3.8.10)
 

b�ihke_�ij_h[jZah\Zgbc�bf__f�ke_^mxsb_�khhlghr_gby�>��@ 

 ( ) ( ) ( ),: : :
1 qD q

q
I f p I f u I p u

q τ= −
−

, (3.8.11) 
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 ( ) ( ) ( ),

1
: : :

1 qq DI p f I p u I p u
q τ= −

−
, (3.8.12) 

 ( ) ( ) ( ) ( )1
: : : :

1 1 q qD D

q
I f p I p f I f u I p u

q q
+ = −

− −
. (3.8.13) 

<����������–����������\\_^_gu�g_klZg^Zjlgu_�bgnhjfZpbb�jZaebqby 

 

( ) ( ) ( )

( ) ( )2

:

log : ,

q

q

m

D i q i i
i

m
i

i qD
i

i

I f u h f D h u f

f
f H f D H f u

u

 = − − = 

 
  = = − −   

∑

∑
 

(3.8.14)
 

 

( ) ( ) ( )

( ) ( )2

:

log :

q

q

m

D i q i i
i

m
i

i qD
i

i

I p u h p D h u p

p
p H p D H p u

u

 = − − = 

 
  = = − −   

∑

∑
 

(3.8.15)

 

b�^\moiZjZf_ljbq_kdbc�ZgZeh]�bgnhjfZpbb�jZaebqby�J_gvb 

 

( ) ( )1

, 2

1

2 2 1

1
: log

1

1
log log .

1

q

q

q q

m D qq
q D i i

i

q
m

i
i qD D

i
i

I p u p u
q

p p
p N

q u u

−

−

−

= =
−

    = =   −   

∑

∑
 

(3.8.16) 

Ijb� 1qD = �ba���������–(3.8.16��\ul_dZ_l�bgnhjfZpby�jZaebqby�Dmev[ZdZ-

E_c[e_jZ�b�J_gvb 

 
( ) ( )

( ) ( )

1 2

1
,1 2

: : log ,

1
: : log .

1

m
i

i
i i

m
q q

q q i i
i

p
I p u I p u p

u

I p u I p u p u
q

−

 
= =    

= =
−

∑

∑
 (3.8.17) 

G_�jZkkfZljb\Zy�\k_�k\hckl\Z�nmgdpbhgZeh\��hlf_lbf�ebrv�g_dhlh�

ju_�ba�gbo�� 
���<uimdehklv�b�Z^^blb\ghklv��BgnhjfZpby�jZaebqby����������_klv�

\uimdeuc��Z^^blb\guc�nmgdpbhgZe�^ey�g_aZ\bkbfuo�h[t_dlh\� 
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 ( ) ( ) ( ), 12 12 , 1 1 , 2 2: : :
q q qq D q D q DI p u I p u I p u= + . (3.8.18) 

Ijb� 1qD > �b� 0q >  ( 1qD < �b� 0q < ��hg�bf__l�iheh`bl_evgh_��hljb�

pZl_evgh_��agZq_gb_��?keb� 0q = ��lh�kijZ\_^eb\u�jZ\_gkl\Z 

 ( ) ( )0,1 0, 2: 0, : log q

q

m D

D i
i

I p u I p u u= = − ∑ , (3.8.19) 

Z�ijb� p u= �bf__f�g_gme_\u_�agZq_gby 

 
( ) ( )( )

( ) ( )( ) ( )

1 1 1

, 2

1 1 1

1
: log

1

1 ,

q

q

q

m D q

q D i
i

q D q

I p p p
q

D H p

+ − −

+ − −

= =
−

= − −

∑
 

(3.8.20)
 

 ( ) ( ) ( )1, : 1
qD qI p p D H p= − − . (3.8.21) 

���BgnhjfZpby�jZaebqby�k� 1iu m= .�Ijb�jZ\gh\_jhylghf�jZkij_�

^_e_gbb� 1iu m= �ba����������ihemqbf�nmgdpbhgZe 

 
( )

( )

( )

1

, 2

2

1 1
: log

1

log .

q

q

D qm
q

q D i
i

q q

I p u p
q m

H p D m

− = = −  
 = − − 

∑
 

(3.8.22)

 

Ba� mkeh\bc� \uimdehklb� \ul_dZ_l�� qlh� wgljhiby� J_gvb� f_gvr_�

�[hevr_��\ujZ`_gby� 2logqD m�ijb� 0q > �b� 1qD >  ( 0q < �b� 1qD < ). 

��� JZkoh`^_gb_�� Dhebq_kl\_ggZy� f_jZ� jZkoh`^_gby� hij_^_ey_lky�

ke_^mxsbfb�\ujZ`_gbyfb 

 
( ) ( ) ( )

( ) ( ) ( ) ( )

: : :

: : ,

q q qD D D

q

J p u I p u I u p

H p H u D H p u H u p

= + =

= − + + +      
 

(3.8.23) 

 

( ) ( ) ( )
( ) ( )

, , ,

1 1

2 2

: : :

1
log log .

1

q q q

q q

q D q D q D

m mD q D qq q
i i i i

i i

J p u I p u I u p

p u u p
q

− −

= + =

 = + −  
∑ ∑

 
(3.8.24)

 

���F_jZ�g_lhqghklb��F_jZ�klZlbklbq_kdhc�g_lhqghklb�hij_^_e_gby�
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h^gh]h�khklhygby�kemqZcgh]h�h[t_dlZ�hlghkbl_evgh�^jm]h]h�hij_^_ey_lky�

nmgdpbhgZeZfb� 

 

( ) ( ) ( )

( ) ( )2

: :

: log ,

q qD D

m

q q i i
i

H p u H p I p u

D H p u D u p

= + =

= − = − ∑
 

(3.8.25)
 

 

( ) ( ) ( )

( )
( )

, ,

1
2 2 1

1

: :

1
log log .

1

q q

q

q

q D q q D

m
q
i

q i
m D qq

i iq D i

H p u H p I p u

pN p

qp p uN
u

−

−

−

= + =

= − =
− 

 
 

∑

∑

 
(3.8.26)

 

��� F_jZ� OZmk^hjnZ�� H[h[s_ggZy� f_jZ� ( ),q τΓ � jZkkfZljb\ZeZkv� 

\�l_hjbb�bgnhjfZpbb�>���@��Hlf_lbf�\aZbfhk\yav�__�k�f_jhc�OZmk^hjnZ�

\�l_hjbb�fmevlbnjZdlZeh\��>ey�wlh]h�jZkkfhljbf�fgh`_kl\h� ω ��dhlhjh_�

jZaeh`bf�gZ�kq_lgh_�qbkeh�ih^fgh`_kl\� iω �k�^bZf_ljZfb� i <A A  ( )0>A . 

Ih^fgh`_kl\Z�bf_xl�jZaf_jghklv� ( )−τ ��<_jhylghklv��qlh� we_f_gl�fgh�

`_kl\Z� ω �gZoh^blky�\� iω �_klv� ip ��Lh]^Z�\�l_hjbb�fmevlbnjZdlZeh\�\\h�

^blky�lZd�gZau\Z_fZy�klZlbklbq_kdZy�kmffZ�>��@ 

 { }( )
( )

, , ,
m m

q
i i i

i
q p

=
−ττ ω = ∑

A

A AΓ , (3.8.27) 

]^_�qbkeh�khklhygbc� rm c −≈ A . 
H[h[s_gb_�f_ju�OZmk^hjnZ�gZ�kemqZc�fmevlbnjZdlZeh\�_klv�\_eb�

qbgZ�>��@ 

 ( )
( )

0
, lim

m
q
i i

i
q p −τ

→
τ = ∑

A

A

AΓ . (3.8.28) 

>ey�dZ`^h]h� q �kms_kl\m_l�h^gh�agZq_gb_� ( )qτ = τ �b�f_jZ�bf__l�dh�

g_qgh_�agZq_gb_�\�ij_^_eZo� ( )0 ,q< τ < ∞Γ ��Lh]^Z�\\h^blky�h[h[s_ggZy�

jZaf_jghklv�J_gvb 

 
( )

0
1q

q
D

q

τ
= ≥

−
, (3.8.29) 
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dhlhjZy�ijb� 0τ = �bf__l�agZq_gb_� 0qD = ��Z�ijb� 0q = �b� ( )0 1τ = �kh\iZ^Z�

_l�k�jZaf_jghklvx�OZmk^hjnZ� 0D r= − ��<�blh]_�f_jZ� ( )0,1Γ �ij_^klZ\ey�

_l�kh[hc�ba\_klgmx� 0D -f_jgmx�f_jm�OZmk^hjnZ�fgh`_kl\Z�ω  

 ( )
( )

0
, lim

m
q
i i

i
q p −τ

→
τ = ∑

A

A

AΓ . (3.8.30) 

Wlb� k\_^_gby� ba� l_hjbb� fmevlbnjZdlZeh\� ihdZau\Zxl�� qlh� h[h[�

s_ggZy�f_jZ�OZmk^hjnZ����������k\yaZgZ�k�h[h[s_gghc�f_jhc���������ke_�

^mxs_c�aZ\bkbfhklvx 

 ( ) ( )
0

, lim ,q q−τ
→

τ = τ
A

AΓ Γ  (3.8.31) 

ijb� i iu = A A . 

���Ghjfbjh\Zgghklv�b�jZaf_jghklv��>\moiZjZf_ljbq_kdbc�ZgZeh]�

bgnhjfZpbb�jZaebqby�J_gvb����������g_�m^h\e_l\hjy_l�mkeh\bx�ghjfbjh�

\Zgghklb�gZ�_^bgbpm��KijZ\_^eb\h�khhlghr_gb_ 

 ,

1 1
1,0; ,

2 2qq D qI D  =  
. (3.8.32) 

Nbabq_kdZy�[_ajZaf_jgZy�bgnhjfZpby�jZaebqby�bf__l�ke_^mxsbc�\b^ 

 ( ) ( )1

,

1
: ln

1
q

q

m D qphys q
q D i i

i
I p u p u

q

−=
−

∑ . (3.8.33) 

NmgdpbhgZe����������_klv�hlghr_gb_�\ujZ`_gby����������d�agZq_gbx�

nbabq_kdhc�wgljhibb� ( )phys
qH u �ijb�jZ\gh\_jhylghf�khklhygbb�k� 2m= , 

lh�_klv�\uihegy_lky�jZ\_gkl\h� 

 ( )
( ),

,

:
:

1 1
,

2 2

q

q

phys
q D

q D
phys
q

I p u
I p u

H
=

 
  

,   
1 1

, ln 2
2 2

phys
qH   =  

. (3.8.34) 

>ey� \lhjh]h� ^\moiZjZf_ljbq_kdh]h� ZgZeh]Z� bgnhjfZpbb� jZaebqby�

J_gvb�bf__f�\ujZ`_gb_� 
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 ( )
( )

( )
( ), 1

, 2

: 1
: log ,

1 1 11,0; ,
2 2

q q

q

phys
mq D D qq

q D i i
iphys q

q

I p u
I p u p u

D qI

−= =
− 

  

∑  (3.8.35) 

dhlhjh_�m^h\e_l\hjy_l�mkeh\bx�ghjfbjh\Zgghklb 

 ,

1 1
1,0; , 1

2 2qq DI   =  
. (3.8.36) 

Ijb� 1qD = �h[Z�ZgZeh]Z�kh\iZ^Zxl�k�bgnhjfZpb_c�jZaebqby�J_gvb� 

7. k-iZjZf_ljbq_kdZy�bgnhjfZpby�jZaebqby��GZoh^bf�[_amkeh\�
guc�wdklj_fmf�wgljhibb�R_gghgZ–<bg_jZ�ijb�aZ^Zgghklb� k �f_j�g_lhq�

ghklb� ( ): rH f p � k� nbdkbjh\Zggufb� jZkij_^_e_gbyfb�

{ }1 2, , ,r r r rmp p p p= !  ( )1, ,r k= ! � b� khojZg_gbb� ghjfbjh\db� ^ey�

{ }1, , mf f f= ! ��Ba�jZ\_gkl\Z�gmex�i_j\hc�\ZjbZpbb�nmgdpbhgZeZ 

 ( ) ( )2 2log log
m k m m

i i r ri i i
i r i i

L f f p f f= − + α + α∑ ∑ ∑ ∑ , (3.8.37) 

]^_� kα  –�fgh`bl_eb�EZ]jZg`Z��ihemqbf�ghjfbjh\Zggh_�jZkij_^_e_gb_ 

 
1 2

1 2

1 2

1 2

k

k

i i ki
i m

i i ki
i

p p p
f

p p p

αα α

αα α
=

∑

!

!

,    1
m

ri
i

p =∑ . (3.8.38) 

Ihke_� ih^klZgh\db� ��������� \� wgljhibx� ihemqbf� __� fZdkbfZevgh_�

agZq_gb_ 

 ( ) ( ) 1 2
2 1 2: log k

k m

r r i i ri
r i

H f H f p p p pαα α= α −∑ ∑ ! , (3.8.39) 

dhlhjh_�ihke_�^_e_gby�gZ�ijhba\_^_gb_�
k

r
r

α∏ �ijbf_l�\b^� 
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( ) ( )

( )
1 2, , , 1 2

1 1
:

: : : .
k

k

r rk k
r

r r
r r

k

H f H f p

I p p pα α α

= α +
α α

+

∑
∏ ∏

!

!

 

(3.8.40)

 

A^_kv�\\_^_gZ� k -iZjZf_ljbq_kdZy�bgnhjfZpby�jZaebqby 

 

( )
( )

1 2

1 2
1 2

1 2

, , , 1 2

1

2 1 2

2 1 2
1 2

: : :

log

1
log .

k

k
k

k

k

m

i i ki
i

m

i i ki
ik

I p p p

p p p

p p p

α α α

α α α
αα α

αα α

=

 = − =  

= −
α α α

∑

∑

!

!

!

!

!
!

 

(3.8.41)

 

JZkkfhljbf� ijbf_j� k� ^\mfy� jZkij_^_e_gbyfb� 1i ip p= � b� 2i ip u= . 

Imklv� kijZ\_^eb\h�jZ\_gkl\h� 1 2 1α + α = �k� 1 qα = �b� 2 1 qα = − ��Lh]^Z�ba�

���������\ul_dZ_l�q -bgnhjfZpby�jZaebqby�>���@ 

 

( ) ( )
( )

1
,1 2

1 11
*

2 1 2

1
: log

1

log log .

m
q q

q q i i
i

qq

q q

I p u p u
q q

p u
N N

u p

−
−

−

− −

= − =
−

    = =          

∑
 

(3.8.42)

 

Ijb� 0q = �b� 1q = �bf__f��khhl\_lkl\_ggh��\ujZ`_gby�bgnhjfZpbc�jZaeb�

qby�Dmev[ZdZ–E_c[e_jZ 

 ( )0,1 2: log
m

i
i

i i

u
I p u u

p

 
=    

∑ , (3.8.43) 

 ( )1,0 2: log
m

i
i

i i

p
I p u p

u

 
=    

∑ . (3.8.44) 

�����Lbi�Z^^blb\ghc�q-wgljhibb�b�q -bgnhjfZpbb� 
jZaebqby 

JZkkfhljbf� khklhygb_� kemqZcgh]h� h[t_dlZ�� dhlhjh_� hibku\Z_lky�

fmevlbiebdZlb\guf�jZkij_^_e_gb_f� ij i jp p p= �� Z� ip �b� jp � _klv�jZkij_�
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^_e_gby�^\mo�g_aZ\bkbfuo�h[t_dlh\��Lh]^Z�\uihegy_lky�k\hckl\h�fmev�

lbiebdZlb\ghklb�ihemghjfu 

 1 2N N N= , (3.9.1) 

]^_� ( )1 12qN N p−= , ( )1 1 1qN N p−= �b� ( )2 1 2qN N p−= . 

Imklv�\uihegy_lky�k\hckl\h�Z^^blb\ghklb�^ey�wgljhibb�\�\b^_�jZ�

\_gkl\Z 

 1 2H H H= + , (3.9.2) 

\�dhlhjhf� ( )H H N= , ( )1 1H H N= �b� ( )2 2H H N= . 

<�wlhf�kemqZ_�ihemqbf�^bnn_j_gpbZevgh_�mjZ\g_gb_�>�����@ 

 1 2

1 2

ln lnln d N d Nd N

dH dH dH
= = = −λ , (3.9.3) 

j_r_gb_f�dhlhjh]h�y\ey_lky�nbabq_kdZy�[_ajZaf_jgZy�wgljhiby� 

 ( ) ( )1
1lnphys

q qH p N p−
−= −λ  (3.9.4) 

k�lhqghklvx�^h�dhwnnbpb_glZ� 1−λ . 
Mqblu\Zy� mkeh\b_� ghjfbjh\Zgghklb� wgljhibb� \� l_hjbb� bgnhjfZ�

pbb��ihemqbf� ln 2λ = �b�hdhgqZl_evgh�bf__f�wgljhibx�J_gvb 

 ( ) ( )2 1 2

1
log log

1

m m
q

q q i i
i i

H p N p p p
q−

 = − =  −  
∑ ∑ . (3.9.5) 

:gZeh]bqgh�bkihevam_f�ihemghjfu 

 12
1

12
q

p
N N

u−

 
=    

, 1
1 1

1
q

p
N N

u−

 
=    

, 2
2 1

2
q

p
N N

u−

 
=    

, (3.9.6) 

m^h\e_l\hjyxsb_� mkeh\bx� fmevlbiebdZlb\ghklb� ��������� b� aZdhg� Z^^b�

lb\ghklb�^ey�bgnhjfZpbc�jZaebqby 

 1 2I I I= +  (3.9.7) 

Ihke_�\uqbke_gbc�bf__f�mjZ\g_gb_ 

 1 2

1 2

ln lnln d N d Nd N

dI dI dI
= = = λ , (3.9.8) 

\ujZ`_gb_�nbabq_kdhc�[_ajZaf_jghc�bgnhjfZpbb�jZaebqby� 
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 ( ) 1
1: lnphys

q q

p
I p u N

u
−

−
 = λ   

 (3.9.9) 

b�nmgdpbhgZe�J_gvb 

 ( )
1

2 1 2

1
: log log

1

m
q q
i i

i
q q m

i
i

p u
p

I p u N
u q p

−

−

 
  = =    −     

∑

∑
. (3.9.10) 

GZijbf_j��ijb�bkihevah\Zgbb�h[h[s_gghc�ihemghjfu� ��������bf_�

_f�ke_^mxsb_�agZq_gby�nmgdpbhgZeh\ 

 ( )
( )

( )

1

2

1
log

1

m
q
i i

i
q m

i
i

p f p
H p

q f p

− 
 

=  
−    

∑

∑
, (3.9.11) 

 ( )
( )

( )

1 1

2

1
: log

1

m
q q
i i i

i
q m

i
i

p u f p
I p u

q f p

− − 
 

=  
−    

∑

∑
. (3.9.12) 

Ijb� wlhf�^he`gh� \uihegylvky� k\hckl\h�fmevlbiebdZlb\ghklb�nmgdpbb�

( ) ( ) ( )i j i jf p p f p f p= ��k�ihfhsvx�dhlhjhc�ijhba\h^blky�mkj_^g_gb_�\�

khhl\_lkl\mxsbo�ihemghjfZo� 
LZdbf� h[jZahf�� bf__f� h^bg� lbi� eh]Zjbnfbq_kdhc� aZ\bkbfhklb� hl�

jZkkfZljb\Z_fuo� ihemghjf�� khhl\_lkl\mxsbc� k\hckl\m� Z^^blb\ghklb�

wgljhibb�b�bgnhjfZpbb�jZaebqby� 

������Wdklj_fmf�wgljhibb�J_gvb� 
b�ijbeh`_gby 

Bkke_^m_f�wdklj_fZevgu_�k\hckl\Z�f_j�J_gvb��iha\heyxsb_�gZoh�

^blv� gZb[he__� \_jhylgh_� jZkij_^_e_gb_� \� kemqZ_� aZ^Zgghklb� kj_^g_]h�

agZq_gby�ijhba\hevghc�kemqZcghc�\_ebqbgu� 
Ijb\_^_f�hkgh\gu_�hij_^_e_gby� 
Hij_^_e_gb_� ���<a\_r_ggh_� kj_^g__� dZ`^hc� kemqZcghc� \_ebqbgu�

{ }1, , mT T T= ! � \� khklhygbb� k� iZjZf_ljbah\Zgguf� jZkij_^_e_gb_f�

{ }1, , mf f f= ! �jZ\gh� 
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 ( )

m
q

i im
i

q i i m
qi
i

i

T p
T T f

p
= =

∑
∑

∑
E ,    1

m

i
i

p =∑ . (3.10.1) 

?keb� 1ip = � beb� 1ip m= �� lh� \ujZ`_gb_� ��������� jZ\gy_lky� h[uqghfm�

kj_^g_fm�Zjbnf_lbq_kdhfm 

 ( ) 1 m

q i
i

T T
m

= ∑E . (3.10.2) 

Ba�hij_^_e_gby���\ul_dZxl�ke_^mxsb_�k\hckl\Z� 
��� H^ghjh^ghklv� b� ghjfbjh\Zgghklv �� Ijb� aZf_g_� p � gZ� pλ  

( )0a > ��\ujZ`_gb_����������y\ey_lky�h^ghjh^guf�nmgdpbhgZehf�gme_\hc�

kl_i_gb�hlghkbl_evgh� p ��qlh�hagZqZ_l�_]h�h^ghjh^ghklv� 

Ghjfbjh\Zgghklv�gZ�_^bgbpm�hagZqZ_l�\uihegbfhklv�jZ\_gkl\Z 

 ( )1 1q =E . (3.10.3) 

���:^^blb\ghklv�b�fmevlbiebdZlb\ghklv ��Imklv�kemqZcgZy�\_eb�

qbgZ� 12 1 2T T T= + �beb� 12 1 2T T T= �jZ\gy_lky��khhl\_lkl\_ggh��kmff_�kemqZc�

guo�\_ebqbg�beb�ijhba\_^_gbx�h^gh]h�beb�^\mo�g_aZ\bkbfuo�h[t_dlh\��

Lh]^Z�ihemqbf�jZ\_gkl\Z 

 ( ) ( ) ( )12 1 2q q qT T T= +E E E , (3.10.4) 

 ( ) ( ) ( )12 1 2q q qT T T=E E E , (3.10.5) 

hagZqZxsb_� Z^^blb\ghklv�b�fmevlbiebdZlb\ghklv�gZ[ex^Z_fuo�fZdjh�

kdhibq_kdbo�\_ebqbg� 
Hij_^_e_gb_� ���GZqZevgu_�b�p_gljZevgu_�fhf_glu� n -]h�ihjy^dZ�

kemqZcghc�\_ebqbgu�T �jZ\gu 

 
m

n
n i i

i
T fα = ∑ , (3.10.6) 

 ( )
nm

n i q i
i

T T f µ = − ∑ E , (3.10.7) 

]^_� ( )i i qT T T∆ = − E �_klv�nemdlmZpby��kj_^g__�agZq_gb_�dhlhjhc�jZ\gy_l�

ky�gmex� 
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<gZqZe_�jZkkfhljbf�wdklj_fmf�wgljhibb�J_gvb 

 ( ) 2

1
log

1

m
q

q i
i

H p p
q

=
−

∑   (3.10.8) 

ijb�^hihegbl_evguo�mkeh\byo�aZ^Zgghklb�kj_^g_]h�agZq_gby�ijhba\hev�

ghc�kemqZcghc�\_ebqbgu� { }1, , mT T T= ! �b�ghjfbjh\db�jZkij_^_e_gby 

 ( )
m

q i i
i

T T f= ∑E ,   1
m

i
i

p =∑ .  (3.10.9) 

<Zjvbjm_f�ke_^mxsbc�nmgdpbhgZe 

 2

1
log

1

m m m
q
i i i i

i i i
L p T f p

q
= + τ − α

−
∑ ∑ ∑   (3.10.10) 

b�ba�mkeh\by 

 

( )

1 1 0,

m

q i
i

m
q

i im m
q qi

i i i i im m
q qi i
i i

i i

L H p p

T p
q

T p p p p
p p

− −

δ = δ − α δ +

 
 τ+ δ − δ = 
 
  

∑

∑
∑ ∑

∑ ∑

  
(3.10.11) 

]^_�i_j\Zy�\ZjbZpby�wgljhibb�J_gvb�b�kj_^g_]h�agZq_gby 

 ( )
( )

( ) ( )

1ln

1 ln 2 1 ln 2

m m
q

i i i i
i i

q m
q
i

i

q f p q p p
H p

q q p

−δ δ
δ = =

− −

∑ ∑

∑
,  (3.10.12) 

 ( ) ( ) ( ) ( )1ln
m m

q
q i i i i i im

qi i
i

i

q
T q f T p p T p

p

−δ = ∆ δ = ∆ δ∑ ∑
∑

E ,  (3.10.13) 

ihemqbf�jZ\_gkl\h 

 
( )

( ) ( ){ }
1

1 1 ln 2 0
1 ln 2

q
i

i qm
q
i

i

qp
q T T

q p

−
 + − τ − − α = 

− ∑
E .  (3.10.14) 



 163

Ba�����������ke_^m_l�ghjfbjh\Zggh_�jZkij_^_e_gb_ 

 ( ) ( ){ }
( )

( )
1 1

11 1 ln 2
q

i i q qp q T T
−

− = + − τ − τ E Γ .  (3.10.15) 

A^_kv�nmgdpby� 

 ( ) ( ) ( ){ }
( )1 1

1 1 ln 2
qm

q i q
i

q T T
−

 τ = + − τ − ∑ EΓ   (3.10.16) 

aZ\bkbl�hl� q �b� τ ��dhlhju_�f_gyxlky�\�ij_^_eZo�^himklbfuo� agZq_gbc��

Ijb� ( ) ( )1 1 ln 2 0i qq T T + − τ − < E �bf__f� 0ip = ��Z�ijb� 1q = �ba� ����������

ihemqbf�jZkij_^_e_gb_���������klZlbklbq_kdhc�fh^_eb�R_gghgZ–<bg_jZ 

 ( )12 iT
ip τ −= τΓ , ( ) 2 i

m
T

i

ττ = ∑Γ .  (3.10.17) 

Ih^klZ\eyy�����������\�����������ihemqbf 

 ( ) 2

1
log

1

m
q

q i
i

H p p
q

= =
−

∑  

 
( )

( ) ( )

1

2

1
log

1 1 1 ln 2

qm
q i

i
i q

p

q q T T

− τ = = −   + − τ −  
∑

E

Γ
 

 ( )
( ) ( ) ( )

( ) ( )

1

1
2

1 ln 21
log

1
1 1 ln 2

q
m q i i qq

q
i

i q

q p T T

q
q T T

−
−

  − τ τ −  = τ − = −   + − τ −  

∑
E

E

Γ
Γ  

 ( ) ( ) ( )1
2

1
log 1 ln 2

1

m m
q q

q i i q i
i i

q p T T f
q

−    = τ − − τ − =    −    
∑ ∑ EΓ  

 ( ) ( )1
2 2

1
log log

1
q

q qq
−= τ = τ

−
Γ Γ .  (3.10.18) 

Kh]eZkgh������������\ul_dZ_l�jZ\_gkl\h 

 ( )
( )

( )
1 1 1

1

qm
q

q i q
i

p N p
− −

−
   τ = =    
∑Γ   (3.10.19) 

b�^bnn_j_gpbZevgh_�khhlghr_gb_ 

 ( ) ( )q qdH p d T= −τ E   (3.10.20) 
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f_`^m�wgljhib_c�J_gvb�b�kj_^gbf�agZq_gb_f�kemqZcghc�\_ebqbgu�T . 
>Ze__�iheh`bf��qlh�jZkij_^_e_gb_� p �ijhba\hevgh_��Z�jZkij_^_e_�

gb_�u �bf__l�\b^ 

 ( ) ( ){ } ( ) ( )1 1 1
0 0 01 1 ln 2 ,

q

i i q qu q T T
− − = + − τ − τ E Γ   (3.10.21) 

]^_ 

 ( ) ( ) ( ){ } ( )1 1

0 0 01 1 ln 2
m q

q i q
i

q T T
− τ = + − τ − ∑ EΓ ,  (3.10.22) 

 ( )0

m
q

i i
i

q m
q
i

i

T u
T

u
=

∑

∑
E .  (3.10.23) 

GZoh^bf�bgnhjfZpbx�jZaebqby�J_gvb�>��@ 

 ( ) 1
2

1
: log

1

m
q q

q i i
i

I p u p u
q

−= =
−

∑  

 1
2 2

1 1
log log

1 1

m m m
q q q

i i i i
i i i

f u p p
q q

− = = + − − 
∑ ∑ ∑   

 ( ) ( ){ } ( )1
2 0 0 0

1
log 1 1 ln 2

1

m
q

i i q q
i

f q T T
q

− + + − τ − τ = −
∑ E Γ  

 2 2

1 1
log log

1 1

m m
q q
i i

i i
p u

q q
= − +

− −
∑ ∑   

 ( ) ( ) ( ){ }2 0 0

1
log 1 1 ln 2

1 q qq T T
q

 + + − τ − = −
E E  

( ) ( ) ( ) ( ) ( ){ }2 0 0

1
log 1 1 ln2 . (3.10.24)

1q q q qH p H u q T T
q

   = − − + + − τ −   −
E E  

Ijb� 1q = � ba� ���������� ke_^m_l� agZq_gb_� bgnhjfZpbb� jZaebqby�

Dmev[ZdZ–E_c[e_jZ����������klZlbklbq_kdhc�fh^_eb�R_gghgZ–<bg_jZ� 
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( ) ( )

( ) ( ) ( ) ( )
1

0 0

: lim :

.

qq

q q q q

I p u I p u

H p H u T T

→
= =

   = − − − τ −   E E
  

(3.10.25)
 

Imklv�kemqZcgufb�h[t_dlZfb�y\eyxlky�qZklbpu��jZkkfZljb\Z_fu_�

\�klZlbklbq_kdhc�nbabd_��Iheh`bf��qlh� ln 2kβ = − τ �_klv�h[jZlgZy�l_fi_�

jZlmjZ�� iH  –� ^bkdj_lgu_� agZq_gby� wg_j]bb� qZklbpu� b� ( )q qE H= E  – 

kj_^gyy�wg_j]by�qZklbpu��Lh]^Z�wdklj_fmf�nbabq_kdhc�wgljhibb�J_gvb 

 ( ) ( ) ( )ln ln
1

m
q

q i q q q
i

k
H p p k E F

q
= = β = β −

−
∑ Γ   (3.10.26) 

^hklb]Z_lky��kh]eZkgh������������ijb�jZ\gh\_kghf�jZkij_^_e_gbb 

 ( ) ( ){ } ( )
( )

1 1
1 11 1

q

i i q qp q k H E
−

− −= + − β − βΓ ,  (3.10.27) 

]^_� qF  –�k\h[h^gZy�wg_j]by��>bnn_j_gpbZevgu_�khhlghr_gby 

 ( )q qTdH p dE= , ( )q qdF H p dT= −   (3.10.28) 

khhl\_lkl\mxl�khhlghr_gbyf�jZ\gh\_kghc�klZlbklbq_kdhc�l_jfh^bgZfb�

db�aZfdgmluo�kbkl_f�>�@� 
Hldjulu_� kbkl_fu��gZoh^ysb_ky� \� hdjm`_gbb� k� l_fi_jZlmjhc� 0T , 

oZjZdl_jbamxlky�� kh]eZkgh� �����������nbabq_kdhc�bgnhjfZpb_c�jZaebqby�

J_gvb�>��@ 

 
( ) ( ) ( )

( ) ( )

1
0 0 0

1
0 0

1
: ln

1

ln 1 1
1

m
q q

q i i q q
i

q q

I p p p p H p H p
q

k
q k E E

q

−

−

 = = − − + −

 + − − β − −

∑
  

(3.10.29)

 

k�jZ\_gkl\hf� ( )0: 0qI p p = �ijb�jZkij_^_e_gbb 

 ( ) ( ){ } ( )
( )

1 1
1 1

0 0 0 01 1
q

i i i q qp p q k H E
−

− −= = + − β − βΓ ,  (3.10.30) 

]^_� 0 01 Tβ = �b� ( )0 0q qE H= E . 

>bnn_j_gpbjmy� ����������ih�\j_f_gb��ihemqbf�ke_^mxs__�khhlgh�

r_gb_�^ey�hldjuluo�kbkl_f� 
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 ( ) ( )
( ) ( )0

1
0 0 0

:
1 1

q
q q

q q

dE
dI p p dH p

T q k E E−
≥ − +

 − − β − 

,  (3.10.31) 

dhlhjh_�hlebqZ_lky�hl� ����������gZebqb_f�jZaghklb�kj_^gbo�wg_j]bc�qZk�

lbpu��AgZd�g_jZ\_gkl\Z�^hklb]Z_lky�^ey�kemqZy�g_h[jZlbfuo�ijhp_kkh\� 
Ijb� 1q = �ba�jZkij_^_e_gbc� ����������b� ����������\ul_dZxl�dZghgb�

q_kdb_�jZkij_^_e_gby�=b[[kZ�>�@ 

 ( ){ }1expi ip k H F−= − β − , ( ){ }1
0 0 0expi ip k H F−= − β −   (3.10.32) 

Z�^bnn_j_gpbZevgu_�khhlghr_gby�����������b�����������kh\iZ^Zxl�k�khhl�

ghr_gbyfb�klZlbklbq_kdhc�l_hjbb�=b[[kZ�>��@ 

 ( )TdH p dE= , ( )dF H p dT= − ,  (3.10.33) 

 ( ) ( )0
0

1
:dI p p dH p dE

T
≥ − + .  (3.10.34) 

<�aZdexq_gb_�hlf_lbf��qlh�\�jZkkfZljb\Z_fhc�\ZjbZpbhgghc�aZ^Zq_�

hklZ_lky�hldjuluf�\hijhk�h�agZdhhij_^_e_gghklb�\lhjhc�\ZjbZpbb� 2Lδ , 
qlh� hkeh`gy_l� ^Zevg_crmx� bgl_jij_lZpbx� l_jfh^bgZfbq_kdh]h� khhl�

ghr_gby� �����������>jm]b_� ljm^ghklb�� k\yaZggu_� k� mkj_^g_gb_f�ijb�ih�

fhsb� jZkij_^_e_gby� f �� jZkkfZljb\Zxlky� \� fhgh]jZnbb� >��@�� D� gbf�

fh`gh�hlg_klb�g_ebg_cguc�oZjZdl_j�bgnhjfZpbb�jZaebqby� ����������hl�

ghkbl_evgh�baf_g_gby�kj_^g_c�wg_j]bb�� 
 


